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The transliteration scheme followed in this book to represent Devanagari 
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Preface 


Rquitateacat sale sftrenerarh 


Victorious is the illustrious Bhaskaracarya 
whose feet/words are revered by scholars/gods 


Thus proclaims an inscription set up by Bhaskaracarya’s grandson Cangadeva. 
Indeed, from the middle of the twelfth century onwards, Bhaskara’s magiste- 
rial writings have been revered through all the centuries in all parts of India, 
and he is respectfully referred to as Bhaskaracarya. 


Therefore, when I visited Prof. 5. R. Sarma in Disseldorf, Germany, in 
April 2013, we decided to celebrate the 900th birth anniversary of Bhaskara- 
carya in 2014 at the Vidya Prasarak Mandal (VPM), Thane. On my return 
to India I consulted the trustees and members of the management committee 
of the VPM, and they readily agreed to the idea. 


Prof. Sarma immediately started planning the details of the academic part 
of the proposed international conference. An advisory committee was formed 
with Prof. Michio Yano (Kyoto Sangyo University, Kyoto), Prof. Takao 
Hayashi (Doshisha University, Kyoto), Prof. K. Ramasubramanian (Indian 
Institute of Technology, Bombay), Dr. Arvind P. Jamkhedkar (Retired Di- 
rector, Department of Archeology and Museums, State of Maharashtra) and 
Prof. Sudhakar Agarkar (Dean, VPM’s Academy of International Education 
and Research), along with Prof. Sarma and myself. An organizing committee 
was also established which included the Principals and Directors of differ- 
ent institutions within the Vidya Prasarak Mandal. The Institute of Oriental 
Studies, Thane, also agreed to join as a co-organizer. 


In addition to an international conference, it was decided to celebrate 
Bhaskaracarya’s birth anniversary with outreach activities throughout the 
year. This outreach was to consist of workshops on the works of Bhaskaracarya, 
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in particular, on the Lilavatz, in schools and colleges run by the VPM and other 
organizations. We deemed this to be very important because our educational 
curriculum pays hardly any attention to the scientific heritage of the nation. 
This plan of addressing the students of schools and colleges through the work- 
shops and the international community of science-historians through the con- 
ference was very much in the spirit of what Bhaskaracarya wished to achieve 
through his writings. In each of his texts, he repeatedly states that his works 
are meant to be accessible to beginners (bala-lilavagamya) but commanding 
of respect and appreciation from experts (vidagdha-ganaka-priti-prada). 


Prof. Sudhakar Agarkar took upon himself the onerous task of conducting 
almost sixty-five workshops single-handedly during the calendar year 2014 in 
various parts of Maharashtra, Madhya Pradesh and Andhra Pradesh to diverse 
kinds of groups. The participants included school children, college students, 
teachers and bankers. There has been a wonderful response to the workshops 
and Prof. Agarkar deserves hearty appreciation from the academic community 
for this laudable work. 


The international conference was held during 19-21 September 2014 with 
forty registered participants both from India and abroad, which included coun- 
tries like Canada, France, Japan, New Zealand, and the United States. The 
conference was inaugurated by the well-known nuclear scientist Prof. Anil 
Kakhodkar and the valedictory address was delivered by the eminent com- 
puter scientist Prof. Deepak Phatak of the Indian Institute of Technology, 
Bombay. 


It is customary in India to commence conferences of this nature with a 
musical rendering of beautiful Sanskrit verses as an invocation. Since Bhaska- 
racarya’s works themselves contain several beautiful invocatory verses, it was 
decided to commence every major session including plenary lectures with a 
recital of these verses by scholars and professional musicians. At the end of 
the academic sessions, there were cultural programmes every day. On two 
evenings the students of Vidya Prasarak Mandal’s Joshi Bedekar College, 
Thane, presented dance and music programmes. On one evening there was a 
scintillating dance drama entitled the “ Lilavati Ganitham” specifically tailored 
and choreographed for the conference. This was performed by the team from 
the Rishi Valley School, Madanapalli, Andhra Pradesh. The conference was 
held at the environment-friendly sprawling campus of the Thane College of 
the Vidya Prasarak Mandal. I am thankful to the Principals, Directors and all 
the student volunteers of the college who worked hard to make the conference 
a success. 


The lectures of the conference are available in audio-visual format at the 
Bhaskara 900 website (http://www.vpmthane.org/bhaskara900/). Electronic 
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copies of Bhaskara’s works and important studies related to them are also 
available at this website. 


A selection of the papers presented at the conference are collected in this 
volume of proceedings, appropriately named Bhaskara-prabha (The Radiance 
of Bhaskara). It gives me great pleasure to present this volume to the aca- 
demic community, on behalf of the editorial team and myself. My colleagues 
on the editorial board, Professors Takao Hayashi, Clemency Montelle and 
K. Ramasubramanian have put in great efforts in meticulously editing this 
volume. To them and to the supporting team at the IT Bombay our warmest 
thanks. Thanks are also due to Prof. Sudhakar Agarkar, Dr Arvind Jamkhed- 
kar, Prof. S. R. Sarma and Prof. Michio Yano for their invaluable help. Last 
but not least, our sincere thanks and appreciation go to all the participants 
of the conference. 


June 24, 2018 Vijay Bedekar 
Mumbai Chairman 
Vidya Prasarak Mandal, Thane 
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Introduction 


Among the galaxy of mathematicians who flourished on the Indian subcon- 
tinent, Bhaskaracarya holds a very special place. Born in 1114 CE, Bhaskara 
wrote a collection of works on mathematics and astronomy which not only 
contained many technically brilliant results, but delighted readers with their 
poetic sophistication, imaginative appeal, and enduring charm. From the sim- 
ple addition of two numbers, to elaborate algorithms accounting for subtleties 
in planetary motion, Bhaskara enchanted his audience as much with his lu- 
cidity and eloquence, as his singular insight, intellectual ingenuity, and skills 
as a gifted teacher. 


Bhaskara alludes to these qualities in the opening verses of his monumental 
treatise on astronomy, the Siddhantasiromant, arguably one of the most com- 
prehensive and erudite astronomical treatises, where he declares (Siddhanta- 
Siromani, ch. 1.3): 


krtva cetasi bhaktito nijaguroh padaravindam tatah 
labdhva bodhalavam karoti sumatiprajniasamullasakam | 
sadurttam lalitoktiyuktamamalam lilavabodham sphutam 
satsiddhantasiromanim suganakaprityai krtt bhaskarah || 


The blessed Bhaskara composes the Siddhantagiromani, [filled] with enchanting 
meters (sadurttam), whose style of writing is simple (lalitoktiyuktam), besides being 
flawless and clear, aiming to explain concepts with playful elegance (lilavabodha) 
to make the intellect of the smart ones fully blossom, having devoutly placed the 
lotus feet of his teacher into his heart, having gained merely an iota of knowledge 
from him, for the purpose of pleasing expert mathematicians (suganakaprityat). 
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With these words Bhaskara acknowledged his multiple desiderata above and 
beyond the articulation of astronomical rules and procedures: a composition 
to be filled with charming verses, easy to understand, flawless, clear, and writ- 
ten such that dedicated readers may advance their expertise with a sense of 
great joy in the learning process. Indeed, there is not a single scholar since 
who would doubt the importance and significance of this remarkable work, 
and pay due homage to Bhaskara’s ability to cast even the most thorny astro- 
nomical concepts in an appealing and poetically remarkable way. Throughout 
the ages, commentators on his works have equally admired his literary flair as 
they have the brilliance and ingenuity of his rules. As early as the thirteenth 
century, we find testament to Bhaskara’s mastery, in an inscription authored 
by Cangadeva (see Part I). Having extolled Bhaskara’s intellectual accom- 
plishments in various branches of traditional knowledge systems, Cangadeva 
concludes with this glorious tribute: 


fagaitarectal state sireerart: | 
vibudhabhivanditapado jayati Sribhaskaracaryah | 


Triumphant is the illustrious Bhaskaracarya whose feet /words (pada)' are vener- 
ated by the wise gods (vibudha). 


The flow of time hasn’t diminished the glory of Bhaskara’s works. Admira- 
tion has continued over the centuries to recent times. For instance, D. Arka- 
somayaji, an eminent scholar of the twentieth century with expertise in both 
traditional gastras and modern mathematics, in his dedication to the explana- 
tory notes on the Ganitadhyaya of the Siddhantasiromani, brings out the dis- 
tinction of Bhaskara’s work with the following beautiful imagery [SiSi1 980, 
pp. viii-ix]: 


fear da Guise fo seh ard aaretrad Il 

yah siddhantasiromanim na pathati sribhaskararyasya yah 
catmanam laghupustakeksanaparah cet panditam manyate | 
rangattungatarangitam himagiriprasyandigangajalam 

hitva tena supankilam kila jalam snatum samasriyate || 


He, who does not study the Siddhantasiromani of Bhaskaracarya, and feels that 
he is a scholar reading a few other substandard books on Hindu astronomy, does 
verily go to bathe in a dirty pond, ignoring the holy Ganga, jumping down the 
heights of the Himalayas in surging and dancing billows! 


1 It may be noted here that the words pada and vibudha have been employed with a 
double entendre. 

? Since the reading Ufed: in the published edition of the text is grammatically incorrect 
in the current context, we have emended it to the above form. 
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1 The Indian mathematical tradition and the place of 
Bhaskara in it 


While Bhaskara was pre-eminent among mathematicians and astronomers, he 
paid due acknowledgement to his predecessors for the inspiration he derived 
from them. At the beginning of the Siddhantasiromani (1.2), he states: 


oe a 


Drerdha: WIAA: | 
aaa Saas UST Sei: 
dl vale AeasaqaaaasetM: II 
krtt jayati jisnujo ganakacakracudamanih 
jayanti lalitoktayah prathitatantrasadyuktayah | 
varahamthiradayah samavalokya yesam krtth 
krtt bhavati madrgo’pyatanutantrabandhe ‘lpadhih || 


Triumphant is the blessed Brahmagupta, the son of Jisnu, who is a crest-jewel 
among the mathematicians. [Similarly,] exalted are those like Varahamihira, who 
have excelled in reasoning out principles of mathematics, and have authored beau- 
tiful works (lalitoktayah) in mathematical astronomy. Having carefully studied 
(samavalokya) their works, even a lesser intellect like me becomes blessed /qualified 
(krtv) to compose large (atanu) technical treatises. 


By the use of the word krti, here a double entendre meaning both ‘blessed’ 
and ‘qualified’, Bhaskara clearly expresses his indebtedness to earlier mathe- 
maticians like Brahmagupta and Varahamihira. Having gained a solid footing 
by studying their works, Bhaskara made significant contributions to advance 
the state of knowledge in specific areas of astronomy and mathematics. Thus, 
he was able to forge ahead and develop many existing discoveries, particularly 
with reference to planetary phenomena, with his own elegance and eloquence, 
which left an indelible mark on the Indian astronomical tradition. 


From the fifth century onwards, authors including Aryabhata, Brahma- 
gupta, Bhaskara I, Sridhara, Mahavira, and Sripati, all made significant con- 
tributions to the advancement of mathematics and astronomy in India. For 
instance, one of Aryabhata’s most brilliant contributions lies in his formulation 
of a method for finding the first-order sine differences, which is tantamount 
to solving the harmonic equation y” + y = 0 in its discrete form. He also gave 
a procedure for solving first order indeterminate equations, known as kuttaka. 
Brahmagupta in the seventh century, carrying forward the tradition, came up 
with the ingenious law of composition called ‘bhavana’ for solving second order 
indeterminate equations, which is considered to be a landmark achievement in 
the annals of algebra. Some other notable results in mathematics such as the 
cyclic method (cakravala) for solving equations of the type 2? — Dy? = 1 for a 
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given D with integer solutions for x and y, usually attributed to Bhaskara, can 
actually be traced to the work of the earlier astronomer Jayadeva. However, 
it was Bhaskara who brought the cakravala method into prominence through 
his compositions, casting it in charming and memorable verses. 


A particularly significant insight in the Indian tradition was the enuncia- 
tion of a result equivalent to the differential formula 6 sin 8 = cos@ 66. This 
relation, first articulated by Aryabhata II, was advanced by Bhaskara in the 
context of discussing the instantaneous motion of planets. It was first brought 
to the attention of modern scholars by Bapudeva Sastri (1821-1900), while 
translating Siddhantasiromani into English along with Lancelot Wilkinson. 
More broadly, it is interesting to note that the ‘derivative’ of the sine was 
extensively employed by Bhaskara in his mathematical formulation of various 
astronomical problems, with evident awareness that the variable attains its 
maximum value when its differential vanishes. This of course is not meant to 
convey that he developed the modern notion of derivative. Nevertheless, it 
indicates that some fundamental principles in the realm of infinitesimal cal- 
culus were discovered and ingeniously applied in the context of corrections to 
planetary positions. 


In geometry, though Sripati had given the exact result for the surface area 
of a sphere prior to Bhaskara, his value of 7 was less accurate. Moreover, it 
was Bhaskara who gave the correct formula for both the surface area and 
the volume of the sphere. In addition, he was the first to have devised and 
presented the brilliant demonstration of the result by ingeniously summing 
up the values of canonical sines Bran sinia (a = 225’). 


Some of Bhaskara’s other notable results include the ‘net of numbers’ 
(ankapaga) for problems involving permutations and combinations and the 
general rule for sin(A + B). He also drew into ever more prominence the im- 
portance of ‘algebra’ (avyakta-ganita) in mathematics by composing a work 
dedicated entirely to the subject. In the field of astronomy, it was Bhaskara 
who seems to have first posed the interesting question concerning why the 
earth stands unsupported in space, given that all the heavy objects in space 
fall on the surface of the earth due to its force of attraction. The explanation 
offered by him may not be quite convincing in modern times, but given the 
limitations of the theoretical framework that was available for a clear under- 
standing of the phenomena, it is indeed remarkable that he made an attempt 
to pose such a question and answer it. Again it is Bhaskara who seems to have 
been the first astronomer to have discussed the concept of ksayamasa or the 
omitted lunar month, a subtle and brilliant discovery which does not appear 
in any of his predecessors’ works. 


Above all, from a pedagogical view point, he was, as far as we know, the 
first astronomer to have written an auto-commentary to his works. This com- 
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mentary, though lucid in style, is succinctly written and is totally devoid of 
verbosity. Besides helping the reader to easily assimilate the content of his 
verses, it contributes greatly to interpreting the verses. 


2 The works of Bhaskara 


In addition to the Siddhantasiromani, Bhaskara authored the astronomical 
handbook, the Karanakutuhala, as well as two mathematical treatises, the 
Lilavatt and the Bijaganita, on arithmetic and algebra respectively. Within 
a short period of their composition, they became canonical expository works 
in each of these Sanskrit genres, and they still serve to be so after almost 
nine centuries. However there has been considerable disagreement amongst 
scholars—both early and modern—regarding the status of the Lilavati and 
the Bijaganita. The issue of contention is whether these two treatises should be 
considered as independent works or rather as parts of the Siddhantasiromani, 
which contains the Grahaganitadhyaya and the Goladhyaya. In the following, 
we outline some aspects of the history of this claim, as well as argue why it is 
highly problematic. 


2.1 Traditional views presenting the Lilavatt and the 
Bijaganita as a part of the Siddhantasiromani 


As early as the sixteenth century, discussions concerning the status of these 
works can be found in the literature. The first instance we know of is from 
renowned Bhaskara commentator, Ganesa Daivajfia, who raises the issue 
at the beginning of his Buddhivilasint, a lucid commentary on the Lilavati 
[Lila1937, pp. 4-5): 


SARE Teitiaaeat Beard Fray: genPrarguaitrest aera 
UeP TAL Sera | 


$ribhaskaracaryo grahaganitaskandhariipam siddhantam cikirsuh grahaganitadyu- 
payogitvena tadadhyayabhutam patiganitam adavarabhate | 


Bhaskaracarya, desirous of composing a siddhanta dealing with sections (skandha) 
on planetary computations, commences, at the beginning, with a chapter as a 
part of it that deals with arithmetic, since that [topic] will be extremely useful in 
planetary computations. 
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Here GaneSa states two things. Firstly, the phrase tadadhyayabhutam qualified 
by patiganitam indicates that he considers the Lilavatt to be a chapter of the 
Siddhantasiromani. Secondly, by the use of the word adau, he notes that it 
appears right at the beginning of this work. 


This point of view is clearly contradicted by another learned commentator 
on Bhaskara, Munisvara, who was writing at the beginning of the seventeenth 
century. Commenting on the colophon, namely: 


gid wa Reade dteradide: Were: ware steal 
itt bhaskariye siddhantasiromanau lilavatisamjnah patyadhyayah samapta iti | 


Thus the chapter on arithmetic (pati) called the Lilavatt in the Siddhantasiromani 
composed by Bhaskara is over. 


Munigvara notes [Ms-11512, f. 251v]: 


ARRAS ART: ARR PTAA We ATA TA ATT Sat 
TWAT SSIS SAT GASTHROT UTE: | 

bhaskarasya’yam bhaskariyah bhaskaranirmite siddhantasiromanau granthe pata- 
dhikaranantaramarabdho’yam patyadhyayo lilavatyakhya ityevam samyakprakarena 
praptah | 

The word Bhaskariya means that which belongs to Bhaskara. [That is,] in the 
text Siddhantasiromani that is composed by Bhaskara, this chapter on arithmetic 


called the Lilavati, begun immediately after the chapter dealing with the nodes 
(patas), has thus been obtained (i.e., completed) properly. 


The elaboration made by Munisvara on the colophon evidently points to the 
fact that he too believes the Lilavati to be a chapter of the Siddhantasiromani. 
But what is noteworthy here is where he situates this chapter; he is clearly 
of the opinion that it appears after the chapter entitled patadhikara (‘chapter 
on patas’) of the Grahaganitadhyaya, and not at the beginning, as stated by 
Ganesa. Thus, though Ganesa and Munisvara are of the view that the Lila- 
vatt forms a part of the Siddhantasiromani, there is no agreement between 
them as to where it appears in the treatise. This confusion among them may 
point to an underlying unreliability in the textual tradition they had inherited 
and may indicate subsequent collating efforts of Bhaskara’s works by zealous 
scribes. Indeed, placing the Lalavati in either of the proposed locations in the 
Siddhantasiromani leads to serious problems, as we will show below. 


Modern scholars appear to have continued to uphold this claim, seemingly 
influenced by the testimony of these earlier commentators. Colebrooke, for 
instance, maintains [Col2005, p. ii]: 


The treatises in question, which occupy the present volume, are the Vijagaviita and 
Lildvati of Bhascara Acharya and the Ganitdd’hyaya and Cuttacdd’hyaya of Brah- 
megupta. The two first mentioned constitute the preliminary portion of Bhascara’s 
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Course of Astronomy, entitled Sidd’*hdntasirémani. The two last are the twelfth and 
eighteenth chapters of a similar course of astronomy, by Brahmegupta, entitled 
Brahma-sidd’hanta. 


It is unambiguous from the above quote, that Colebrooke is of the view that 
the Lilavati and the Bijaganita constitute the early part of the Ganitadhyaya 
of the Siddhantasiromani—precisely the opinion expounded by Ganega. Con- 
tinuing further, Colebrooke concludes his discussion on the above topic with 
the following note [Col2005, p. iii]: 


Carana-cutuhala, a practical astronomical treatise, the epoch of which is 1105 Saca; 
33 years subsequent to the completion of the systematic treatise. The date of the 
Sidd’hanta-sirdmani, of which the Véja-garita and Lildvati are parts, is fixt then 
with the utmost exactness, on the most satisfactory grounds, at the middle of the 
twelfth century of the Christian era, A. D. 1150. 


thus reiterating his position that the two form a part of the larger treatise 
Siddhantasiromani. Colebrooke further consolidates his opinion in a footnote 
[Col2005, p. iii, fn. 3]: 


Though the matter be introductory, the preliminary treatises on arithmetic and 
algebra may have been added subsequently, as is hinted by one of the commentators 
of the astronomical part ( Vdrtic.). The order there intimated places them after the 
computation of planets, but before the treatise on spherics; which contains the 
date. 


In this footnote, Colebrooke includes the abbreviation ‘ Vartic’ in parenthe- 
ses, which alludes to a gloss by Nrsimha Daivajna. Essentially, Colebrooke is 
referring to the opinion of Munisvara. Since this view has been relegated to 
a footnote, it may suggest that Colebrooke was more inclined to adopt the 
view of Ganega over that of Munigvara.? Subsequently, many other scholars, 
including S. B. Dikshit, K. V. Sarma, B. V. Subbarayappa, who produced ei- 
ther a translation and/or notes on the Siddhantasiromani, by and large have 
accepted either of the two positions indicated above. In addition, a few of 
these scholars seem to have further confounded the issue by arguing that 
the Goladhyaya was intended to come before the Ganitadhyaya. This view 
seems to have originated from the fact that Bhaskara, in a few places in his 
Vasanabhasya on the Ganitadhyaya, cites excerpts from the Vasanabhasya on 
the Goladhyaya. 


The view that the Lalavati and the Bijaganita are part of the Siddhanta- 
Stromani has found its way into more mainstream literature as well. For in- 
stance, George Joseph notes in one of his recent works [Jos2016, p. 249]: 


3 It is quite probable that Colebrooke got an idea of Nrsimha’s view through some 
informants. 
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His fame rests on Siddhantasiromani (Crown of treatises) a work in four parts: 
Lilavati (arithmetic), Bijaganita (algebra), Goladhyaya (chapter on celestial globe) 
and Grahaganita (the mathematics of planets). The first two parts are essentially 
texts on mathematics and the last two relate to astronomy. 


The sequence of the four parts in the order Lilavate, Bijaganita, Goladhyaya, 
and Grahaganitadhyaya proposed by Joseph shows he too subscribes to the 
view that the Goladhyaya was intended by Bhaskara to precede the Graha- 
ganitadhyaya. 


2.2 Compelling reasons to consider the Lilavati and the 
Bijaganita as independent works 


There are several problems with the claim that the Lilavati and Bijaganita 
form a part of the Siddhantasiromani. These arise when one considers fea- 
tures and excerpts from the texts themselves. The first and most significant 
is that nowhere in the works of Bhaskara do we find him expressing the view 
that the Siddhantasiromani consists of four parts. Neither do we find pointers 
indicating this four-fold division in his auto-commentary, the Vasanabhasya. 
In fact, there is much evidence that points to the fact that the Vasanabhasya 
was authored much later than the Siddhantasiromani, the Lilavati, and the 
Biujaganita. 


Furthermore, assuming that the Lilavatt was a part of the Siddhanta- 
Siromani, it seems appropriate, given the contents of this text, that it would 
appear in the early part of the treatise, and not somewhere later on. How- 
ever, it cannot be placed in the early part of the treatise, before, say, the 
Ganitadhyaya, since the third verse of the Ganitadhyaya, ‘krtva cetasi bhak- 
tito ...’,4 provides the title of the Siddhantasiromani. If the Lilavatt was to 
come before the Ganitadhyaya, there would be several hundred verses before 
this third verse wherein Bhaskara puts forth his intention of composing the 
Siddhantasiromani. It would be extremely unusual for an author to present 
the title of a work so late in the treatise. 


There are additional reasons as to why the view that the Lilavatt and Bi- 
jaganita constitute two chapters in between the Ganitadhyaya and the Golad- 
hyaya isn’t tenable. Notably, there is no Vasanabhasya for the Lilavati or 
the Bijaganita, as there are for the Ganitadhyaya and the Goladhyaya. It 
would be very peculiar for Bhaskara, who is so eloquent and elaborate in 
his Vasanabhasya, to restrict his auto-commentary to merely two of the four 


* For the full verse see p. i. 
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chapters of the Siddhantasiromani (the proposed first and the last chapters) 
and simply disregard the other two chapters, providing only the occasional 
brief explanation and illustrative examples. 


Moreover, the verses that appear in the concluding part of both the Lila- 
vatt and Bijaganita seem to sustain the notion that they are meant to be 
independent treatises. For instance, in the Bzjaganita, we find the following 
verse appearing towards the very end of the work (verse 217): 


aaa sto wee: Wereat arastadredt feget wos: | 
wearers At Ut Uh AMA Series ST ART Il 


astinmahesvara iti prathitah prthivyam 
acaryavaryapadavim vidusam prapannah | 
labdhva’vabodhakalikam tata eva cakre 
tajjena bijaganitam laghu bhaskarena || 


There was a great scholar,® well-known to the world, by name Maheégvara, who 
achieved the distinction of being described as foremost amongst the preceptors. 
This shorter version of the Bijaganita was composed by his son, Bhaskara, having 
gained just a little of his knowledge. 


Here, Bhaskara describes what a great teacher and scholar his father Mahes- 
vara was, and that he has just shared a part of his knowledge (bodhakalika) 
that he could gain from him. Traditionally, such references to one’s own lin- 
eage, and that of one’s teachers, are done only at the end of treatises, and 
not anywhere in between. If the Bijaganita were to be a middle chapter of 
the Siddhantasiromani, why would Bhaskara describe his lineage there, which 
would fall somewhere in the middle of the large treatise? Such a feature would 
put him at odds with well-established standard practices and norms in ac- 
knowledgements that appear towards the end of a treatise. 


There are additional compelling passages from the two treatises which fur- 
ther reinforces the idea that these were independent treatises. A careful read- 
ing of the style of the upakrama (beginning note) and the upasamhara (con- 
cluding note), that appear in these two treatises, certainly compels one to 
think that they are independent treatises themselves. Towards the end of the 
Bijaganita, we find the following statement (verse 224): 


Ta Tareas Fa -- 
aed air ret stst a ferer aie: | 
fora GEarrat erepere I 


5 The use of the word asit, notably past tense, is clearly indicative of the fact that Bhaska- 
ra’s father and teacher, Mahesvara, was not alive during the period of composition of this 
work. The use of an almost identical phrase in Pragnadhydaya, verse 61, towards the end 
of the Siddhantasiromani, reveals that Bhaskara had lost his father before he was 36. 
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tatha goladhyaye mayoktam — 

asti trairasikam pati bijam ca vimala matih | 

kimajrnatam subuddhinamato mandarthamucyate || 

In a similar way, it was stated by me in the Goladhyaya: 

For those intelligent ones who have [a grasp of] the rule of three [which is essentially] 
arithmetic (pati) and pure intellect [which is essentially] algebra (bija, literally seed 
or primary cause), what is unknown? Accordingly, [this work] is set forth for the 
slow-witted. 


This is fairly telling. A statement as above cannot be made by an author unless 
the text they are referring to was already completed; in this case, the Golad- 
hyaya must have been completed before Bhaskara authored the Bijaganita. 
If this were not the case, the statement preceding the verse quoted above 
would be meaningless; alluding to a verse which has not yet been composed 
as “already done” is impossible. Indeed, almost all editions of the Bijaganita 
include this statement. This is but one of several instances in the text which 
refute the opinion of the large single four-chaptered work. 


There is another instance of convincing evidence from Bhaskara’s own 
statements that point to the idea that the Siddhantasiromani was authored 
before he wrote the Bijaganita (along with its brief explanations in prose). 
While commenting on verses 37 and 38 of the Bijaganita, Bhaskara notes: 


ATELY Wares 1° 


asyodaharanani prasnadhyaye 


The examples of this are [to be found] in the Question-chapter. 


Since the prasnadhyaya referred to in the above quotation forms the last sec- 
tion of the Goladhyaya of the Siddhantasiromani, how could one explain the 
above statement by presuming the Brjaganita to be an earlier part of the 
Siddhantasiromani? This of course can be explained by supposing that sec- 
tions of the Bijaganita and brief explanatory notes were supplied by Bhaskara 
later. But such a supposition seems unlikely. 


In light of the arguments raised above, it seems more compelling to re- 
gard the Lilavatt and the Bijaganita as independent works of Bhaskara—as 
we consider the Karanakutuhala to be so—and not as an integral part of 
Siddhantasiromani. One might also question, as has been done in the case 
of the Lilavatt and the Bijaganita, the status of the Goladhyaya as being an 
independent work also. However this appears very unlikely, since one of the 
most famous verses in the Siddhantasiromani, which gives its date of composi- 
tion, appearing in the Pragnadhyaya (‘Chapter on [the three] questions’) of the 


® See [BiGa2009, p. 31], wherein Hayashi has also supplied in parentheses ‘gola- 
dhyayantargata’. 
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Goladhyaya, seems definitive. We find the word Siddhantasiromani appearing 
in the last quarter of the verse (Pragsnadhyaya 58): 


PAP TAT HTT SHAT: | 
Sprays Far Reararratt erat: II 


rasagunapurnamahisamasakanrpasamaye ’bhavanmamotpattih | 
rasagunavarsena maya siddhantasiromani racitah || 


My birth took place in 1036 of the reign reckoned after the Saka kings. When I 
was 36, the Siddhantasiromani was composed by me. 


just as it appeared right at the beginning, in verse 3, of the Ganitadhyaya. 


As regards to the sequence of composition, it seems plausible that given 
the various cross references through out the text, the following sequence of 
works does not lead to any contradiction: 


. Lilavati 


. Siddhantasiromani (Ganitadhyaya and Goladhyaya) 


1 

2 

3. Bijaganita 
4. Vasanabhasya’ 
5 


. Karanakutuhala 


Indeed, these works served as an inspiration for generations of scholars to 
come. Future astronomers grappled with the nuances of Bhaskara’s rules, but 
were also motivated to develop and improve on them. Even in modern times, 
his works have widespread appeal and still continue to charm. Many of his 
versified techniques and procedures have achieved legendary status and are 
used in the classroom to add historical interest to teaching mathematics as 
much as they are held up as exemplars of the heights to which Indian thinkers 
have been able to achieve. Accordingly, aspects and elements from his works 
have been explored by modern scholars whose reflections fill the chapters of 
this book. 


3 Synopses of the contributions 


This volume is divided into seven parts to reflect the various areas that mod- 
ern scholarship on Bhaskara and his contributions has focused on. At the 


” Even within the Vasanabhasya, there are pointers to show that the commentary to the 
Goladhydaya should precede that of Ganitadhyaya. 
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beginning of each part, a marigalacarana (opening invocatory verse) from the 
appropriate work of Bhaskara is given in Sanskrit along with a poetic transla- 
tion. The volume ends with a substantial bibliography which is common to all 
chapters, and is divided into three parts: Primary sources, Secondary sources, 
and Catalogues, dictionaries, and manuscripts. Its length testifies to the con- 
siderable amount of scholarship Bhaskara’s works have inspired over almost 
nine centuries. In the following, a brief synopsis of each chapter is presented. 


3.1 Part I: Bhaskaracarya and his poetic genius 


Details surrounding the lineage and circumstances of ancient authors in India 
are usually conspicuously absent in the historical record, even for very famous, 
prolific scholars. However, historians are in a more fortunate position when it 
comes to Bhaskara, due to the existence of two stone inscriptions that pro- 
vide much information concerning the life and ancestry of this mathematician, 
as well as testify to his excellent reputation and celebrate his extraordinary 
scholarship. The very first contribution of this volume, Carigadeva’s Inscrip- 
tion of 1207, includes the text and translation of one of these inscriptions, 
along with an account of its discovery and study by Indian and European ar- 
chaeologists, supplemented by an analysis of its contents. The two inscriptions 
are still extant today and may be viewed at their respective sites. To appre- 
ciate their current state and locality, the editors have provided photographic 
documentation from recent visits to these sites along with oral testimony from 
the local temple officials, whose families have been connected to the site for 
generations. 


One of the most persistent stories in Indian mathematical lore is the so- 
called legend of Lilavati. This legend, which has since assumed the status of a 
well-known fact in many historical accounts, is explored by S. R. Sarma in his 
contribution The Legend of Lilavati. Multiple versions of the story circulate 
but all generally include the theme that Lilavatt was Bhaskara’s daughter 
and by misfortune, was either widowed or unable to be married. As a conso- 
lation, Bhaskara wrote a book on arithmetic and named it after her. Locating 
the earliest known instance of the legend in a Persian translation appearing 
in 1587 by poet Abii’] Fayd Faydi, Sarma then systematically evaluates the 
evidence to reveal that the legend has undoubtedly no substance and was 
probably made up to explain the curious title of the book. To complete the 
investigation, Sarma explores the origin of the legend and looks at stories 
which have a similar nature. The lessons learned for historians are important 
ones. As Sarma observes: “It is one of the tasks of the history of science to 
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dispel the legends and establish the true facts of the life and achievements of 
the scientists of the past ages”. 


The poetic genius of Bhaskara has long been recognised and explains the 
enduring appeal of his works above and beyond their scientific content. To this 
end, Pierre Filliozat combines literary analysis with due acknowledgement to 
the mathematical content to highlight the specific literary devices Bhaskara 
frequently employs in his contribution The poetical face of the mathematical 
and astronomical works of Bhaskaracarya. With recourse to the discipline of 
alankarasastra, Filliozat discusses how a state of rasa or ‘aesthetic savour’ 
is evoked in the reader. In doing so, he details the poetic embellishments 
employed by Bhaskara by excerpting several examples from his works and 
demonstrates how successful he was in bringing a fusion between science and 
poetry, eliciting delight in his readers. 


3.2 Part HT: The Lilavatt 


In a similar spirit, the contribution of K. Ramasubramanian, K. Mahesh, and 
Aditya Kolachana, entitled The Lila of the Lilavati, explores reasons for the 
perennial charm of the Lilavate, by simultaneously highlighting the technical 
and literary features of many of its verses. They reveal hitherto unexplored 
aspects of the text such as Bhaskara’s balancing of brevity and clarity in 
his verses, the imaginative qualities of his examples, the variety of metres he 
employs, and the range of alankara that he uses to enhance the appeal of 
his work. By presenting numerous examples from various sections of the Lila- 
vat, they affirm Bhaskara’s mastery of both the poetic arts and the technical 
sciences, which justifies his reputation as an author of unique and unparalleled 
significance. 


The Lilavatt was extremely popular and among the many copies made 
of this text, a significant proportion circulated in scripts other than Deva- 
nagar. In their contribution Two Malayalam commentaries on the Lilavati, 
N. K. Sundareswaran and P. M. Vrinda detail the existence of commentaries 
in Malayalam script on the Lilavatz. They explore these two commentaries, 
which they call the Yogasraya and the Abhipreta, from a selection of nine 
manuscripts. In their analysis, they offer direct excerpts from the commen- 
taries revealing that these Malayalam commentators often offered alternative 
methods to those given in the Lalavati, which were presumably intended to 
supplement the content of the text, or add value to their own composition or 
even offer better and varied options to the reader. In particular, the methods 
outlined by them for the extraction of the square root and the cube root of a 
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number are noteworthy. Accordingly, they give us a rich sense of the textual 
tradition of the Lilavati in the centuries after its composition, and the ways in 
which it circulated in various regional cultures of inquiry as well as the means 
by which practitioners continued to keep old texts relevant by blending them 
with newer techniques and procedures. 


Another instance of the reception of the Lilavati is explored by K. Ra- 
makalyani in her contribution entitled Ganesa Daivajna’s upapattis for some 
rules of the Lilavati. Here, she gives an account of select upapattis from the 
one hundred or so GaneSsa includes in his commentary, the Buddhivilasini. 
Ramakalyani identifies some common themes in these upapattis; some take 
the form of a logical or verbal explanation, others include algebraic proofs, 
demonstrations, geometric proofs, and the like. For each of these modes of 
exegesis, she chooses a salient example, citing the relevant excerpt from the 
Lilavatt and the passage from Ganesa’s commentary along with an explana- 
tion and discussion of the content. By doing so, she gives insight into the sorts 
of features that caught the commentators eye and their response with various 
appropriate modes of reasoning. 


The Lilavatt must also be understood in a broader context, namely in a 
long established tradition of arithmetical texts containing mathematical rules, 
procedures, and examples. One particular topic that enjoyed notable atten- 
tion was that concerning the areas of trilaterals and quadrilaterals. In his 
contribution Mensuration of quadrilaterals in the Lilavati, S. G. Dani sur- 
veys the various rules given by Indian authors predating Bhaskara, including 
Brahmagupta, Sridhara, Mahavira, and Sripati. Against this backdrop he ex- 
amines Bhaskara’s treatment of the topic, both in his verse-text and in his 
auto-commentary and explores Bhaskara’s concern for a perceived flaw in the 
traditional formulas. In this way he illustrates the ways in which later math- 
ematicians engaged with their predecessors over a mathematical issue both 
heuristically as well as logically. 


While being part of a continuous tradition in mathematics on the Indian 
subcontinent, it is not uncommon to find mathematicians introducing new 
rules to solve old problems as well as new topics. One such topic that Bhaska- 
ra introduces in his Lilavatt is one called ankapasa (‘net of numbers’). This is 
explored in detail by Takanori Kusuba in his contribution entitled Anikapaga 
in the Lilavati. This topic considers various permutations of digits which does 
not appear in any of Bhaskara’s predecessors’ works. Kusuba examines four 
rules concerning such permutations with examples along with commentaries 
on these passages by Bhaskara himself, and by Ganega and Narayana. 
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3.3 Part III: The Bijaganita 


While the Lilavatt concerns arithmetic, Bhaskara’s companion work, the Bi- 
jaganita, focuses on algebra. An overview of this work is provided by Sita 
Sundar Ram in her contribution The Bijaganita of Bhaskaracarya. From the 
definition of bija, through notions of zero and infinity, to indeterminate equa- 
tions and quadratics, she gives us an insight into some of the mathematical 
highlights contained in this text. In her discussion on the problem related 
to vargaprakrti, she includes an interesting historical note, relating to how 
Fermat posed the same problem as a challenge to his fellow mathematicians, 
obviously unaware that it had been solved in India almost six centuries ear- 
lier. In this way, she showcases the variety of topics included in this genre and 
the detailed way in which Bhaskara expounded on them. 


Among the many topics it addresses, the Bijaganita devotes a chapter to 
rules related to surds entitled karantsadvidham (‘six operations on the surd’). 
Shriram M. Chauthaiwale examines and analyses these rules in his contri- 
bution The critical study of algorithms in Karanisadvidham. He provides a 
translation of the 22 verses that make up this chapter, along with an explana- 
tion of the algorithms they contain. With these explanations and numerical 
examples, Chauthaiwale highlights the novel contributions of Bhaskara on 
this subject, namely, his observance of the conditions under which these rules 
work, as well as their limitations and the various criteria according to which 
a solution can be found. 


3.4 Part IV: The Siddhantasiromani: Ganitadhyaya 


Besides the two works devoted to mathematics, Bhaskara wrote the monu- 
mental Siddhantasiromani, an astronomical text providing astronomers with 
detailed procedures and parameters for the purpose of determining planetary 
motion, eclipses, calendrics and time-keeping. This treatise is also accompa- 
nied by an auto-commentary, called the Vasanabhasya, in prose. In his con- 
tribution entitled Grahaganitadhyaya of Bhaskaracarya’s Siddhantasiromani, 
M. S. Sriram selects various key results from the early chapters concerning 
mean and true planetary motion and locating direction and time. In order 
to illustrate the ways in which Bhaskara explained and rationalised the rules 
in the Siddhantasiromani, Sriram excerpts pertinent passages from Bhaska- 
ra’s commentary and provides a translation and detailed technical analyses 
of their contents using modern notation. His explanatory notes, closely fol- 
lowing Bhaskara’s Vasanabhasya, enable the reader to have a full and direct 
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appreciation of the voice of Bhaskara wherein he not only presents the rules, 
but articulates what motivated him to formulate them. 


A critical part of the efforts of astronomers was the regulation of the cal- 
endar. A notable feature of the Indian calendar was the practice of omitting 
a lunar month, called ksayamasa, to keep lunar and solar phenomena in sync. 
In his contribution, Bhaskaracarya and ksayamasa, Michio Yano studies this 
feature, observing that the first astronomer to explicitly discuss this problem 
was Bhaskara. Examining passages from the Ganitadhyaya of the Siddhanta- 
Siromani, Yano carefully explains Bhaskara’s rules and parameters from first 
principles. Furthermore, to understand better the frequency of these omitted 
months and how accurate Bhaskara’s rules were, he makes a series of com- 
parisons with results generated by his pancanga program. In doing so, Yano 
touches upon the fascinating issue of theory and practice within astronomy 
in second millennium Sanskrit sources. 


3.5 Part V: The Siddhantasiromani: Goladhyaya 


Besides his detailed auto-commentary the Vasanabhasya to the Siddhanta- 
siromani, Bhaskara also provided short notes to other mathematical works 
namely the Lilavati and the Bijaganita. M. D. Srinivas more broadly consid- 
ers Bhaskara’s role as a commentator in various other works in his contribu- 
tion Vasanabhasyas of Bhaskaracarya. In doing so, he compares and contrasts 
Bhaskara’s exegetical style with those of other, later commentators on similar 
passages, offering lucid yet precise English translations of the long passages 
in Sanskrit. Among the topics he covers are a discussion on the precession of 
the equinoxes, the variation of astronomical parameters in different texts, and 
the rationale behind various guiding principles. Through this, Srinivas gives 
us a glimpse of the impact Bhaskara had on later generations of astronomers 
and the ways in which these later thinkers grappled with and resolved issues 
in the astronomical sciences. 


Indispensable to astronomy is trigonometry, and rules pertaining to sines 
and related trigonometric functions. These rules are generally found near the 
beginning of a siddhanta treatise, most commonly in the chapter devoted to 
determining the true longitudes and motions of the planets. In addition to a 
comprehensive account of sine values, Bhaskara allocated an entire separate 
chapter to the topic of trigonometry, entitled the Jyotpatti, thus being one of 
the first scholars to treat this topic in a somewhat independent way. In her 
contribution The production of sines in Bhaskaracarya’s Jyotpatti, Clemency 
Montelle examines this chapter in detail. Only 25 verses in length, Montelle 
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analyses the mathematical relations included in this chapter for determining 
various sine values, above and beyond the 24 values Bhaskara includes earlier 
in the work. Invoking passages from the text, she speculates why Bhaskara 
provides multiple rules, considers the technical terminology associated with 
these trigonometric procedures, and explores how this special treatment un- 
derscores an increasing interest to treat trigonometry outside the context of 
astronomy, as an intrinsically interesting and important mathematical topic 
in its own right. 


One of the notable rules included in the Jyotpatti is the so-called sums to 
products formula involving sines and cosines. In fact, this is the first time this 
rule was explicitly stated in the Indian tradition. Setsuro Ikeyama examines 
this rule and its justification in his contribution An application of the addi- 
tion and subtraction formula for the sine in Indian astronomy. Ikeyama then 
further considers its treatment and rationalisation by later scholars, Madhava 
and Nilakantha, who derive the rule in several different ways and explicitly 
link it to various astronomical phenomena using plane trigonometry in the 
sphere. Ikeyama thus not only reveals how the rules were arrived at, but also 
demonstrates how they underpin many complicated astronomical expressions. 


It is inconceivable indeed to think of an astronomical tradition that does not 
make regular observations aided by instrumentation, however crude they may 
be as compared to the sophisticated devices we may have today. In his con- 
tribution Astronomical instruments in Bhaskaracarya’s Siddhantasiromani, 
S. R. Sarma takes to task claims that while Bhaskara advanced many im- 
portant mathematical and astronomical procedures, he did not make much 
headway with respect to observational astronomy. He does this by a through 
study of the Siddhantasiromani’s chapter devoted exclusively to astronomi- 
cal instruments, the Yantradhyaya. As well as detailing the contents of this 
chapter, he places Bhaskara firmly in an evolving tradition of descriptions of 
observational instruments beginning with Brahmagupta and explores Bhaska- 
ra’s attitude towards observational astronomy using key passages from this 
chapter. 


3.6 Part VI: The Karanakutuhala 


The other seminal astronomical work Bhaskara composed was the karana text 
entitled Karanakutuhala. Some of the ingenious approximating simplifications, 
typical of a karana work, are explored by Kim Plofker in her contribution 
Bhojaraja and Bhaskara: Precursors of Karanakutuhala algebraic approxima- 
tion formulas in the Rajamrganka. In particular, Plofker considers formulas 


XXXiVv Editors 


which involve algebraic approximations for measuring gnomon shadows and 
the possible connections with those found in the earlier handbook, the Raja- 
mrganka of Bhojaraja. Through a careful textual comparison and detailed 
mathematical analyses she explores issues relating to the ways in which these 
masterly approximations might have been made. 


3.7 Part VII: Reach of Bhaskara’s work and its 
pedagogical significance 


Bhaskara’s works circulated widely and their popularity grew beyond regional 
boundaries to different cultures of inquiry. In particular, many of his works 
were translated into Persian as part of a larger translation movement during 
the Mughal period. S. M. Razaullah Ansari documents this transmission in 
his contribution Persian translations of Bhaskara’s Sanskrit texts and their 
impact in the following centuries. In his account he considers the motiva- 
tions for commissioning translations, the circumstances of specific translators 
and their repertoire, and examines manuscript surveys of various repositories 
holding translations of the works of Bhaskara. He then outlines the impact 
Bhaskara’s work had on scientific traditions within the Mughal community 
as well as exploring more generally the phenomenon of translations and how 
they impacted upon the inheritor culture’s astronomical and mathematical 
practices. 


The challenges of weaving mathematical and astronomical content into 
verse are numerous, not least is the task of encoding long strings of numbers 
key to these subjects into a metrical framework. One of the earliest systems 
devised by Indian mathematicians to achieve this was called Bhutasankhya, 
or the object-numeral system of numeration. Medha Shrikant Limaye in her 
contribution entitled Use of Bhutasankhya in the Lilavati of Bhaskaracarya 
surveys the use of this system and the ways in which Bhaskara takes advan- 
tage of it to fulfil his poetic aspirations. Against a backdrop of the historical 
uses of this system, Limaye collects all the instances of Bhutasankhya used 
in the Lilavati and classifies these into various branches of inquiry, including 
astronomy, calendrics, philosophy, and so on, with an explanation and cita- 
tion of the textual passage where appropriate to clarify where the numerical 
associations of these words derive from. 


The use of the Lilavati as an introductory text to teach mathematics bears 
testimony to its clarity and charm, and indeed that it continues to capture 
modern audiences almost a millennium after it was composed is further con- 
firmation of its appealing character. Hari Prasad Koirala explores how and 
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why this feature of the Lilavati is worth exploring for pedagogical purposes 
in his contribution Implications of Bhaskaracarya’s Lilavatt to the common 
core state standards in mathematics. He highlights the specific ways in which 
the Lilavatt can be used to enhance some of the common core state stan- 
dards in the current United States mathematics curriculum, including topics 
in arithmetic, elementary algebra, geometry, and mensuration. Among the 
many examples he offers, Koirala highlights the ways in which Bhaskara’s 
verses can not only inspire students with their subject matter, but help them 
use tools to enhance their mathematical understanding as well as their ability 
to communicate their ideas. 


4 Outreach programmes 


In addition to scholarly contributions, the 900th birth year of Bhaskara was 
celebrated by developing and facilitating various outreach programs targetting 
students of all ages throughout India to showcase and honour his name and 
achievements. The ambitions of this grand scale outreach project was to instil 
a sense of pride in younger generations of one of their most celebrated thinkers, 
by sketching some details of his mathematical achievements, and capturing 
their imagination through his poetic flair. 


The individual who championed this vision was Dr. Vijay Bedekar, and it 
was his colleague Prof. Sudhakar Agarkar, who in a span of this single calendar 
year, conducted sixty-five workshops at different places throughout the states 
of Maharashtra, Andhra Pradesh and Madhya Pradesh, reaching thousands of 
students. The resulting outreach was thus remarkable. These workshops were 
arranged for students studying at many different levels. Workshops were also 
extended to reach students undergoing professional courses, such as those en- 
rolled in polytechnics, and engineering or management programs. In addition, 
arrangements were made so that teachers, parents, and members of industrial 
associations could attend dedicated workshops too. On the request of many 
educational institutions in India, further workshops on the Lilavatt have been 
conducted beyond 2014. 


The general format of the workshop was comprised of two sessions of 90 
minutes each. The first session was devoted to acquainting the participants 
with the long and rich tradition of mathematics in India. Contributions of 
ancient thinkers such as Baudhayana, Pingala and Katyayana were discussed, 
followed by the contributions of early mathematicians like Aryabhata and 
Brahmagupta who flourished in the middle of the first millennium. Against 
this historical backdrop, Bhaskara was introduced and the influence of previ- 
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ous mathematicians on his work, as well as his innovations, were brought out 
clearly. Reference was also made to the inscription by his grandson Cangadeva 
at Patanadevi near Chalisgaon in Maharashtra (see Part 1). 


The second session of the workshop was devoted to Bhaskara’s famous 
book on arithmetic, the Lilavati. The salient features of this composition, 
including its poetic descriptions, its didactic nature, its simplicity and clarity, 
and so on, were highlighted. Students were exposed to Bhaskara first hand as 
they were presented with mathematical problems directly excerpted from the 
Lilavatt and were asked to solve them. The choice of the problems was made 
carefully keeping in mind the level of the abilities of the audience. From simple 
problems involving basic arithmetical operations to more sophisticated ones 
which involved trigonometry, progressions, or interest computations, students 
of all levels could enjoy problems from Bhaskara. 


The experience of conducting these workshops has been very encouraging. 
Students delighted in reading this mathematical text book and tackling the 
practical problems Bhaskara posed. It gave them an appreciation of histori- 
cal mathematics in its own context, and also allowed them to enjoy solving 
problems because of the timeless appeal of Bhaskara’s way of formulating the 
problems as attractive examples. An important outcome of the workshops on 
the Lilavatt was raising a greater awareness among students and teachers of 
India’s rich mathematical heritage. While most historical surveys focus on 
a somewhat Eurocentric account of mathematical achievements, these work- 
shops enabled the participants to realise that India’s contribution to math- 
ematics has been substantial. More importantly, Bhaskara is now a familiar 
name to the many thousands of students who participated in these workshops. 


IIT Bombay K Ramasubramanian 
June 21, 2018 Takao Hayashi 
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PART I 


BHASKARACARYA 
AND HIS POETIC GENIUS 


SacshetS besser: Saas | 
désqaaeatsstes: Rreaey Hag 


udbhatabuddhir bhatte samkhye ’samkhyah svatantradhis tantre | 
vede ’navadyavidyo ‘nalpah silpadisu kalasu || 

svacchando yas chandasi Sastre vaisesike visesajnah | 

yah Sriprabhakaraguruh prabhakaradargane kavih kavye || 
bahugunaganitaprabhrtiskandhatritaye trinetrasamah | 
vibudhabhivanditapado jayati Sribhaskaracaryah || 


Triumphant is the illustrious Bhaskaracarya, whose feet are revered by the wise, 
[who was] eminently learned in Bhatta’s doctrine, unique in the Sa@nikhya, an in- 
dependent thinker in the Tantra, possessed of unblemished knowledge of the Veda, 
[and] inferior to none in sculpture and other arts, who could employ [various] po- 
etic metres at his will, who was deeply versed in the Vaigesika system, who was 
the illustrious Prabhakaraguru in Prabhakara’s doctrine [of Mimamsa], who was 
the poet in [the art of writing] poetry, and who was equal to the three-eyed [God 
Siva] in the three branches [of Jyotihsastra], beginning with ganita which comprises 
various [mathematical] procedures. 


fe 
OLLI 


| Check for 
updates 


Cangadeva’s inscription of 1207 


Editors* 
1 Discovery and study of the inscription 


Bhaskaracarya’s grandson Cangadeva established a college (matha) for the 
propagation of his grandfather’s works (§ri-bhaskaracarya-nibaddha-sastra- 
vistara-hetoh) and announced this fact in an inscription in 1207. This in- 
scription was discovered by the noted antiquarian scholar Dr. Ramachandra 
Vittal Lad, popularly known as Bhau Daji (1822-74), some time before 1865 
and published in that year [Daj1865, pp. 392-418]. Later, when the journal 
Epigraphia Indica was launched, F. Kielhorn published, in the very first vol- 
ume of this journal, the text of the inscription together with his own English 
translation in a format which became the standard style! for the publication 
of inscriptions in India [Kiel1892, pp. 338-346]. Since this inscription throws 
valuable light on the family of Bhaskaracarya, the text of the inscription is 
reprinted in this volume dedicated to Bhaskaracarya, together with Kielhorn’s 
English translation.” The inscription was composed in Sanskrit verse, but the 
operative part, which details the obligations of the public, is couched in a form 
of the contemporary local variant of old Marathi so that it is accessible to the 
common people. Kielhorn did not translate this part. In his linguistic study 
of old Marathi inscriptions, Alfred Master provided an English translation of 
this part [Mas1957, pp. 430-431], which is also added here. 


Kielhorn states that the inscription is engraved ‘on a stone-tablet in the 
ruined temple of the goddess Bhavani at Patna, a deserted village about ten 


* 


The editors would like to gratefully acknowledge the inputs received from 
Prof. S. R. Sarma in preparing this note. 

One of the important features of this style is that the text of the inscriptions is repro- 
duced according to the lines in which the inscription is engraved on the stone or on the 
copper plate. 

? For the convenience of the readers of this volume, the text is reproduced here according 
to the metrical lines of Sanskrit verses, without the palaeographic notes added by Kielhorn 
and the transliteration is modified. The Sanskrit verses presented here are taken from 
the Ganakatarangint of Sudhakara Dvivedi [GaTal933, pp. 39-42]. 
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miles south-west of Chalisgaon in Khande$s ... It consists of 26 lines which 
cover a space of about 26” broad by 1'6” high. The writing is on the whole 
well preserved, but at the top a small portion of the surface of the stone has 
peeled off, causing the nearly complete loss of about a dozen aksharas in the 
middle of the first line; and a few aksharas are illegible in the concluding lines. 
The average size of the letters is half-an-inch. The characters are Nagari of 
about the thirteenth century’ 


2 Current status of the inscription 


Having gathered information from the officials of the Archaeological Survey 
of India (ASI) that the inscription is still in the temple of ‘Bhavani’, locally 
known as Patanadevi (20°20’ N; 74°58’ E), near the town Chalisgaon, an 
expedition? was made recently to the temple to personally inspect the in- 
scription and take stock of its current condition. Figures 1 and 2 depict the 
main temple hall (mandapa) and a section of the exterior part of the temple, 
which was ravaged during the Muslim invasion. 


Figure 1: An image of the main mandapa of the Patanadevi temple. 


3 This was undertaken by one of the editors, K. Ramasubramanian, along with three 
of his enthusiastic research scholars, K. Mahesh, Aditya Kolachana and Devaraja Adiga, 
between June 4-5, 2018. The credit of capturing nice photographs of the inscription as 
well as the other artefacts that are included here goes to the team members, and in 
particular to Devaraja Adiga. 
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On inquiring about the inscription, we were informed by the temple priest 
that currently the inscription is not available for public viewing due to reno- 
vation activity of the temple premises that has been undertaken by the ASI, 
and that this stone tablet has been safely kept along with other sculptures in 
a corner of the temple. 


Figure 2: A section of the ravaged portion of the Patanadevi temple. 


However, since the trip was undertaken with the due permission of the 
director general of the Archaeological Survey of India, we were able to gain 
access to the inscription and examine first hand its current status. Here it may 
be added that it was due to the enthusiastic assistance and support offered by 
the priest, Sri Kishore Balakrishna Joshi,* who was on duty that day, that we 
were able to gain access to the inscription, as it was kept in a location which 
is inaccessible to the public. 


As may be noted from the (full) image of the inscription given in Figure 3, 
a small portion of the top of the stone-tablet has been damaged. We were 
informed by the priest there, whose family has been associated with the tem- 
ple for generations, that this inscription was moved from its original setting 
in the matha (which no longer exists) to the temple, long ago. The dam- 
age Kielhorn noted on a small portion of the top of the stone tablet was no 
doubt caused by this move. In addition, the surface erosion of this inscription 


4 Joshi ji was kind enough to introduce us to his father Sri Balakrishna Padmakar Joshi, 
whom we met at his residence in Chalisgoan and gather more information about the 
temple and its history. 
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(see Figure 4), which has rendered it almost illegible, may be related to its 
subsequent exposure to the elements. 


Figure 4: A magnified portion of a central part of inscription in Figure 3. 
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Based on living memory over generations, the priest was able to supply 
some details testifying to the significance of the temple and the site in which 
it is located. However, the knowledge of the precise location of the original 
matha has long since been lost. Though the temple seems to have been ravaged 
during the Mughal invasion, remnants of which are evident all over the temple 
(see Figure 5), the premises have been somewhat restored and people visit the 
temple in large numbers, during the festive seasons® to offer worship as well 
as perform certain special rituals. 


Figure 5: The mutilated sculptures of the temple. 


The priest also said that there were currently serious efforts by the ASI 
to further restore the temple and its surroundings to its original glory and 
celebrate the heritage of India’s most famous mathematician. This was evident 
by fresh supplies of granite blocks, spread near the temple premises, that 
have been brought to the site for construction work. He further added that 
as soon as this is completed, the inscription will be once again available to be 
viewed and appreciated by the public, as a protected and celebrated heritage 
monument. 


® According to the priest, the number of people who visit the temple would even cross 
10,000 per day during special occasions. 
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3 Contents of the inscription 


The inscription begins with a benediction, invoking the protection of the seven 
planetary deities. Then follow three ornate verses extolling Bhaskara’s erudi- 
tion in various branches of learning. 


Verses 5-8 are devoted to the praise of the ruling prince, Simghana Yadava 
of Devagiri (r. 1209-1247), his father Jaitrapala (also known as Jaitrasimha or 
Jaitugi I, r. 1191-1209) and his grandfather Bhillama (r. 1187-1191) [Fle1882]. 
In verses 9-16 are described the chieftains of the Nikumbha dynasty, who, as 
the feudatories (bhrtya) of the Yadava over lords of Devagari, ruled Khandesh, 
with their capital at Patan. These are Krsnaraja, his son Indraraja, his son Go- 
vana and his son Soideva [Biih1879, pp. 39-42]. When the inscription was set 
up, Soideva was not alive any more and his younger brother Hemadideva had 
become the ruler (soideve divam yate Sasti tasyanusambhavah ... hemadidevah, 
vv. 15-16). 


Thereafter, the ancestors of Bhaskaracarya belonging to the Sandilya-gotra 
are described in verses 17-19. These are Trivikrama, his son Bhaskarabhatta 
who received the title Vidyapati from Bhoja Paramara of Dhara (r. ca. 1010- 
1055), his son Govinda, his son Prabhakara, his son Manoratha and his son 
Mahesvara, who was the father of Bhaskaracarya. 


Verses 20-22 describe Bhaskaracarya, his son Laksmidhara, who was the 
chief pandit (vibhudhagranih) of the Yadava king Jaitrapala, and his son 
Cangadeva, who became the chief astrologer of Jaitrapala’s son Simghana 
(simghana-cakravarti-datvajfia-varya). 


4 Anantadeva’s inscription of 1222 


Anantadeva, the grandson of Bhaskaracarya’s brother Sridhara, founded a 
temple of goddess Dvaraja-devi (also known as Saraja-devi1) at Bahal (20°36’ 
N; 75°9’ E). To record this event, his younger brother MaheSvara set up an 
inscription, which is dated Saka 1144, Jovian year (southern style) Citrabhanu, 
Caitra Sukla 1 (= Tuesday, 15 March 1222) [Kie1894, pp. 110-113].° This 
inscription gives some additional information about the family, in particular 
about the authorship of MaheSsvara, the father of Bhaskaracarya and Sridhara. 


An image of the dilapidated structure of the temple in which the Anan- 
tadeva inscription can be found in its original setting is shown in Figure 6. 
This temple, situated in a small cliff-top, is unfortunately in a neglected and 


® See also [CESS1970, p. 41], s.v. Anantadeva, where a significant part of the inscription 
is reproduced. 
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ruined state. Since even the idols of the gods and goddesses do not exist in 
the sanctum sanctorum, which itself is open to the sky, the place is totally 
deserted. But fortunately, the structure above the spot in which the inscrip- 
tion is set is still in tact, and hence the inscription is not exposed to the 
elements and vagaries of nature. Therefore, unlike Cangadeva’s inscription at 
the Patanadevi temple, which has become badly eroded, this inscription is 
still well preserved and the text therein is perfectly readable. An image of the 
inscription is shown in Figure 7. 


Figure 6: The dilapidated temple founded by Anantadeva at Bahal. 


Combining the information of these two inscriptions, a genealogical tree 
can be drawn up as depicted in Figure 8 [Pin1981, p. 124]. 


5 Bhaskaracarya’s ancestors and descendants 


5.1 Trivikrama 


Cangadeva’s inscription mentions six ancestors of Bhaskaracarya and de- 
scribes the sixth ancestor Trivikrama as kavi-cakravartin (v. 17). There are two 
other persons who bore the same name and with whom the present Trivikrama 
is sometimes identified; but there is no basis for such identification. 


One of these is Trivikramabhatta, son of Nemaditya, who drafted the text 
of two land grants issued by the Rastrakuta king Indraraja III [DrB1907, 
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Figure 7: An image of Anantadeva’s inscription at Bahal. 


pp. 24-41]. The last verse in both these grants, engraved on copper plates, 
reads thus: 


Hatters Tee SAAT | 

Sal BAT WAST SSRIS ASAT II 

Sri trivikramabhattena nemadityasya sununa | 

krta Sasta pragaste’yam indrarajanghrisevina || 

This praiseworthy panegyric was composed by the illustrious Trivikramabhatta, 


son of Nemaditya (and) serving the feet of Indraraja. 
(Translation by D. R. Bhandarkar) 


Since these land grants were issued in 915, the Trivikrama who drafted these 
would be about half a century older than the present Trivikrama whose son 
received the title Vidyapati from Bhoja Paramara who reigned Malwa from 
ca. 1010-1055. 


The other one is Trivikrama, of Sandilya-gotra, and son of Devaditya, 
who composed the Nalacampu, which is also known as Damayanti-katha 
[NaCal978, pp. 21-26]. Kielhorn identifies him with Bhaskaracarya’s ancestor 
Trivikrama.’ It is tempting to think that Bhaskaracarya inherited his fond- 
ness for Slesa from the author of the Nalacampu which abounds in this kind 
of word-play. But there is no firm basis for this identification either, except 


” There can be hardly any doubt that the kavicakravartin Trivikrama, with whom the 
list opens, is the mahakavi Trivikramabhatta, the author of the Damayanti-katha, who, 
in the introduction of his work, describes himself as the son of Nemaditya (or Devaditya) 
and grandson of Sridhara, of the Sandilya vaniga [Kie1892, p. 340]. 
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Trivikrama 


' 


Bhaskarabhatta 


(Vidyapati at the court of Bhoja Paramara, reign ca. 1010-1055) 


v 
Govinda 
v 
Prabhakara 
v 
Manoratha 
v 
MaheSsvara 
v 
{ v 
Bhaskaracarya Sripati 
(b. 1014) 
v 
{ Ganapati 
Laksmidhara 
\ v 
Cangadeva Anantadeva Mahesvara 
(fl. 1207) (fl. 1222) 


Figure 8: Genealogical tree of Bhaskaracarya. 


that the author of the Nalacampu belongs to the same Sandilya-gotra like 
Bhaskaracarya. On the other hand, if we assume that the name Devaditya is 
a misreading for Nemaditya in the available manuscript corpus of the Nala- 
campu, its author could be identical with Trivikrama, the author of the land 
grants. 
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5.2 Bhaskarabhatta, the Vidyapati at the court of 
Bhoja Paramara 


Cangadeva’s inscription states that Trivikrama’s son Bhaskarabhatta was 
given the title Vidyapati by the king Bhoja (v. 17) of the Paramara dynasty. 
Bhoja is renowned as a great patron of letters and himself an author of many 
works of diverse nature. To be made the Vidyapati at his court must indeed 
have been a great honour. In modern parlance, Vidyapati would correspond to 
the ‘President of the Royal Academy of Letters’, but it is not known what his 
duties and privileges at the Bhoja’s court were. Bhaskarabhatta, or Vidyapati, 
is not mentioned in any documents or legends related to Bhoja. 


Bilhana, the poet from Kashmir, also held the title of Vidyapati at the 
court of Vikramaditya VI Calukya (1076-1126) and this title conferred on 
him certain privileges like riding on a mighty elephant under a blue parasol, 
as he states in his Vikramankadevacarita [ViCal875, 18.101ab]: 


Teast Hat asa rarafacss | 
nilacchatronmadagajaghatapatramuttrastacolat 
calukyendradalabhata krti yo’tra vidyapatitvam | 


There the lucky poet received from the Chalukya king, the terror of the Cholas, 
the dignity of Chief Pandit, distinguished by the grant of a blue parasol and a mast 
elephant. (Translation by Biihler) 


A similar title of Vidyadhikarin was enjoyed by the noted Telugu poet Srimatha 
(1365-1450) at the court of the Reddi kings who drafted some of their inscrip- 
tions [Ram1911, pp. 313-326]. In one of these dated Friday 21 February 1419, 
the Sanskrit part ends as follows: 


Rrenfirerst sftavat desided: | 

[ayerterart ard Prtch weIeAA II 

vidyadhikart Srinatho virasri-vemabhipateh | 

[alkarodakaro vacam nirmalam dharmasasanam || 

Srimatha, the Vidyadhikarin, composed the text of this religious endowment 


(dharma-sasana) of the illustrious warrior king Vema, the text which is a mine 
of faultless words. 


The second inscription dated Wednesday 15 January 1416 concludes with the 
phrase ‘Srinathakrti’ (Srinatha’s work). In the third inscription dated Tues- 
day 31 January 14138, there is no mention of the author of the inscription. 
Therefore, some historians concluded that the position of Vidyadhikarin at 
the royal court involved the drafting of the texts of the royal inscriptions. 
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But there is no evidence that Bhaskarabhatta composed the text of any 
inscriptions issued by king Bhoja. Pratipal Bhatia, who made a thorough 
study of all the inscriptions of the Paramara dynasty, does not mention any 
inscription authored by Bhaskarabhatta [Bha1967]. Nor there is any evidence 
that Bilhana composed the text of any inscriptions of Vikramaditya IV of 
Kalyan. 


5.3 Mahesvara 


About his own father Mahesvara, Bhaskaracarya states that this treasure 
house of boundless erudition (nihgesavidyanidhi) and the crest-jewel of as- 
trologers (daivajna-cudamant) resided in Vijjalavida on the slopes of the 
Sahyadri range [SiSi1952, Pragnadhyaya, v. 61, p. 300]. 


Cangadeva’s inscription (v. 19) merely states that MaheSvara was a great 
poet (kavisvara), but Anantadeva’s inscription (vv. 3-4) enumerates four 
works composed by him, namely 


1. Karanasekhara, 

2. Pratisthavidhi or Pratisthavidhi-dipaka, 

3. a tika on Varahamihira’s Laghujataka and 

4. a book on prognostication (phala-grantha). 
Of these, the last two are extant; the Laghujataka-tika is available in about 


ten manuscripts and the book on prognostication, entitled Vrtta-sataka in 105 
verses, is extant in several manuscripts [CESS1981, pp. 397-399]. 


5.4 Laksmidhara 


Bhaskaracarya’s son Laksmidhara is described in verses 22-23. Because Laksmi- 
dhara was an expert in all branches of learning (sakalasastrarthadaksa), the 
Yadava king Jaitrapala (r. 1191-1209) took him away to his capital Devagiri 
and made him there the head of the learned men at his court (vibudhagrant). 
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5.5 Cangadeva 


Bhaskaracarya’s grandson Cangadeva was said to be the chief astrologer 
of king Simghana, who ruled the kingdom of Devagiri from 1209 to 1247 
(simghana-cakravarti-daivajna-varya). He was also the guru of the local chief- 
tain Soideva of the Nikumbha dynasty. 


5.6 Anantadeva 


It will not be out of place to mention the available details from the Bahal 
inscription about Anantadeva, the grandson of Bhaskaracarya’s brother Srid- 
hara. According to this inscription (v. 7), Anantadeva wrote commentaries on 
the Chandascityuttara, the twentieth chapter of the Brahmasphutasiddhanta 
of Brahmagupta, and on the Brhajjataka of Varahamihira [Kie1894, p. 112). 


Ve sated aquest eas | 
Et FT wast aera Ta Il 
ramyam brahmavinirmitam vyavrnutacchandasciteruttaram | 


horam ca pravaram varahamihiracaryapranitam prthum || 


[He] beautifully explained the chandascityuttara composed by Brahma [Gupta], as 
well as the highly acclaimed and elaborate Hora [sastra] written by Varahamihira. 


However [CESS, Series A, vol. 1 (1970), p. 41] does not record any manuscripts 
of these two works. He was the chief astrologer (daivajnaganagrani) of the 
Yadava king Simghana (1209-1247), and built a temple of Dvaraja-devi at 
Bahal. As mentioned above, the construction of the temple was recorded in 
an inscription, which was drafted by Anantadeva’s younger brother Mahesvara 
and engraved by the Nagara Brahmin Pandit Gangadhara, on 15 March 1222. 
The temple must have been built earlier. 


6 Royal patronage 


Some of these ancestors and descendants of Bhaskaracarya enjoyed royal pa- 
tronage. Bhaskaracarya’s fifth ancestor and namesake held the title of Vidya- 
pati at the court of Bhoja Paramara in the first half of the eleventh century. 
Bhaskaracarya’s son Laksmidhara was made the chief of the learned persons 
(vibudhagrant) by the Yadava king Jaitrapala (r. 1191-1209) at his court 
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at Devagiri. The grandson Cangadeva was the chief astrologer of Simghana 
(r. 1209-1247) at Devagiri as well as the guru of the Nikumbha chief Soideva. 


Anantadeva from the collateral family was also the chief astrologer at 
the court of Simghana, probably after the death of Cangadeva. There ap- 
pears to have been some sort of rivalry between the cousins Cangadeva 
and Anantadeva, for neither Cangadeva’s inscription makes any reference to 
his grandfather Bhaskaracarya’s brother Sridhara and his descendants, nor 
does Anantadeva’s mention his grandfather Sridhara’s more famous brother 
Bhaskaracarya and his descendants! 


Returning to the subject of royal patronage, unlike some of his ancestors 
and some of his descendants, Bhaskara does not appear to have sought royal 
patronage. If he was patronised by any king, Cangadeva would have men- 
tioned it in his inscription. Bhaskara himself does not praise any contempo- 
rary king in any of his works. He probably remained at Vijjalavida or Bijjalbid 
throughout his long life and engaged himself in writing and teaching, although 
no names of his direct students have come down to us. This town does not 
exist any more, but most probably it lay close to the temple of Bhavani where 
Cangadeva’s inscription is located. 


7 The matha founded by Cangadeva 


The inscription states (vv. 23-25) that Cangadeva founded an institution 
(matha) for the propagation of the works composed by the illustrious Bhaskara- 
carya [Kie1892, v. 23]: 


SERA MAReAMaeded: Hod Ad TI 
Sribhaskaracaryanibaddhasastravistarahetoh kurute matham yah | 


Who, to spread the doctrines of promulgated by the illustrious Bhaskaracarya, he 
founded a matha. (Translation by Kielhorn) 


This institution was primarily meant to promote studies on the Siddhantasiro- 
mani and other works composed by Bhaskaracarya and also the works by the 
other members of the family. In short, it was supposed to foster the tradition 
of scholarship and carry it forward in a manner that would have been cher- 
ished by Bhaskara. Among the members of the family, we know only of the 
works of Bhaskara’s father Mahesvara, but not the works by other members 
if there are any. For the purpose of study, some of the works may have been 
copied at this matha, but no such manuscript copies have come down to us. 
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7.1 Foundation of the matha 


When Cangadeva wished to establish a matha, the Nikumbha prince Soideva 
gifted a piece of land for it, on the occasion of a lunar eclipse, as stated in the 
inscription, in a prose passage thus [Kie1892, p. 346]: 


waa stench 992¢ Weasaese sara Aran seta siratseadar 
ara eaeagd Psrersrt wr Taz | 

svasti. Srigake 1128 prabhavasamvatsare sravanamdase paurnamasyam candra- 
grahanasamaye §Srisoidevena sarvajanasannidhau hastodakapurvakam nijaguru- 
mathaya sthanam dattam | 

May it be well! In Saka 1128, in the year Prabhava, on the full-moon day in the 
month of Sravana, at the time of an eclipse of the moon, the illustrious Soideva, in 
the presence of all the people, granted land to the matha founded by his preceptor 
[confirming the gift] (see p. 22) by [pouring out] water from his hand.® 


About the date on which the gift was made, Kielhorn observes: 


Soideva’s grant ... is dated in the Saka year 1128, in the [Jovian] year [southern 
style] Prabhava, on the full-moon day of the month Sravana, at the time of an 
eclipse of the moon. The date itself shows that there must be some mistake in it; 
for Prabhava corresponds to Saka 1129 expired and not to Saka 1128 expired. And, 
besides if the grant has been really made in Saka 1128 expired, the date would fall 
in AD 1206, and in that year there was no lunar eclipse at all. The year of the grant 
therefore was clearly Saka 1129 expired, which was the Jovian year Prabhava: and 
calculating for that year, I find that Sravana-sudi corresponds to the 9th August, 
AD 1207, when there was a lunar eclipse, at 12 hours 26 minutes Greenwich time, 
or, at Ujjain, 11 hours 29 minutes after the mean sunrise. The eclipse, a partial one, 
lasted 2 hours 40 minutes and would, therefore, have been just visible in Khandes. 


7.2 Date of the inscription 


The inscription itself was not set up at the time of the land grant on 9 Au- 
gust 1207, but later for the following reasons. On 9 August 1207, Soideva 
was still alive and made the land grant. But the inscription was made after 
Soideva’s death and when his younger brother Hemadi was ruling, as the in- 
scription clearly states (verse 15: soideve divam yate Sasti tasyanusambhavah, 
(see p. 8). The inscription also states that Cangadeva, besides being the guru 
of Soideva, was also the chief astrologer at the court of the Yadava king 
Simghana (verse 23: simghana-cakravarti-daivajnavaryo ... cargadevah). This 


8 The formal act of making a religious gift (dé@na) consists in pouring water upon one’s 
right palm and letting the water flow down. 
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Singhana ascended the throne of Devagiri in Saka 1131 [Fle1882, pp. 71,73]. 
Therefore the inscription was set up at the earliest in Saka 1131 (AD 1209-10) 
if not later. 


7.38 Endowments for the matha 


The inscription states that the Nikumbha chieftain Soideva and his younger 
brother and successor Hemadi, and also other people gifted land and other 
things to the matha. Moreover, certain kinds of taxes were levied for the 
regular maintenance of the matha. The details of these levies are written in 
a contemporary vernacular so that people who have to pay these taxes could 
know what their obligations were. 


The sales tax on the goods sold in the market town, which is due to the 
king, is donated by the king to the matha. Likewise, the monies usually paid 
by the sellers to Brahmins, are to be donated by the latter to the matha. Also 
some part of the tax levied on pack-horses and bullocks would now go to the 
matha. 


There were also levies in kind. Out of every hundred areca nuts (pophalz) 
purchased, the purchaser (gahaka) was to donate five to the matha. Likewise 
a part of oil seeds brought to the oil mill would go to the matha, as also one 
ladle of oil from each oil mill should go to the matha, and so on. 


7.4 Location of the matha 


The inscription mentions that Soideva gave a piece of land for the matha in 
1207, but does not mention the location or the area of the land. When the 
inscription was engraved a few years later, the stone slab on which it was 
engraved must have been set up somewhere in that matha. Probably when 
the matha ceased to exist, the stone slab with the inscription was moved to 
the temple of Bhavani and was embedded in a wall. It is quite probable that 
the matha was close to the temple; otherwise the stone slab could not have 
been carried over a long distance. It is not known when the temple was built 
and by whom. 


The temple is dedicated to Bhavani or Candika, but she is called Patana- 
devi in local parlance, in the sense of the presiding deity of the place ‘Patan’. 
In the vicinity is a temple of Mahadeva, built by the Nikumbha prince Govana, 
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the father of Soideva and Hemadideva, in Saka 1075. 9 Probably the Patana- 
devi temple was also built about the same time, as both the temples are said 
to follow the Hemadipanti style of architecture [Biih1879]. 


The Gazetteer of the Bombay Presidency, vol. XII, on Khandesh, carries 
the following description of the Patana-devi temple [GaZ1890, p. 482]: 


Half a mile from the village, towards the hill on the opposite or the east bank of 
the stream, is a temple of Devi. A flight of twenty-five steps, leading down to the 
stream, has on each side a lamp pillar, dipmdl, one much older than the other. The 
building is a quadrangle, surrounded by stone and cement varandahs, otds, with 
a ruined roof and shrine. In the shrine are three cells in a line and a smaller cell 
facing the third cell. Two of the three main cells have lings, and two have images 
of goddesses and sacred bulls. The third with an image of Devi is the only one still 
worshipped. The small cell on the left has an image of Vishnu. In the vestibule 
are the representations of the Sheshashayi, Devi and Laksmi Narayana. The cells 
and the vestibules are built in the Hemadpanti style and the ground is paved. 
The building contains thirty-five pillars, some round and some four-cornered, and 
seven of them with new stone supports. The pillars and doors are to some extent 
ornamented. The ruined walls in places have been repaired with brick. The entire 
building is sixty-nine feet long, fort-five broad, and fourteen high. At an outer 
corner of the temple is a stone with a Sanskrit inscription. 


Appendix: Cangadeva’s inscription 


Sacsts bss: Saas | 

destaaeaistet: BeaMey Hay Ml [say] 

Wes Tess ares sales faetss: | 

a: STH STS: WHat He: ret 113 11 prite:] 
“afaaa BASS: | 


TED MATT rer 
fagaPratecset state starrer: Ie Il swnte: 


Triumphant is the illustrious Bhaskaracarya whose feet are revered by the wise, 
[he who was] eminently learned in Bhatta’s doctrine, unique in the Sanikhya, an 
independent thinker in the Tantra, possessed of unblemished knowledge of the 
Veda, [and] great in mechanics and other arts; who laid down the law in metrics, 
was deeply versed in the Vaisesika system, might have instructed the illustrious 
Prabhakara in his own doctrine, was in poetics [himself] a poet, [and] like unto 
the three-eyed [God Siva] in the three branches [of the Jyotisa], the multifarious 
Ganita and the rest.'° 


° Midway between these two temples, the forest department of the State of Maharashtra 
set up a memorial for Bhaskaracarya with a statue of his in 2011. 

10 We preserve here Kielhorn’s original translation, however we have provided an im- 
proved version in the epigram to Part I of this volume. 
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¥ Tagds FG RAR Vaedaeeaeasy | 

feet oa ard Sat freq: Sa aT USI [S77] 
May blessings rest on the illustrious race of Yadu with everything pertaining to it, 
[a race] in which Visnu himself was born, to protect the trembling universe. 


DIEREAHTCUICATE: HITCEHVCH: | 
Stary Megaald: AAAS SoS: 
FATA MAT ASST AMT TTT. 1G Il [argotashit say] 


[In this race] was born the illustrious prince Bhillama, a Lion to the furious com- 
bined arrays of the roaring Gurjara elephants, skilful in cleaving the broad breasts 
of the Latas, [and] a thorn in the hearts of the Karnatas. [And] here there was the 
crest-jewel of princes, the illustrious Jaitrapala, who put an end to the pleasures 
of the beloved ones of the distressed ladies of Andhra. 


wBeMlhrdeod: Walaa: sfretsqorestea: 

Ugrgurayantarasa: Brea Fa: RTT: | 

edie ayaa VPS Hrarate: Ufa 

ARTs Re ISAT SAAT Fert: IIs Il prgafaskifscy] 


From the illustrious Jaitrapala sprang, [in truth] a part of the beloved of Laksm1, 
Simghana, who escaped [the ills of] this mundane existence(?); a ruler of the earth 
who acquired great might on the battle-fields, who in the van of the fight struck 
down the prince ruling over Mathura [and] the lord Kasi, [and] by whose young 
dependent even that valorous Hammira was defeated. 


sated Srsaaat qatar 
arate Aaa ees: Il Il [gare] 


In former days Purusottama became incarnate for the good of the world in Yadu’s 
family. He it is who here is conquering the whole earth [and] who protects me,— 
the ruler of the earth, the lord Simha.1! 


TT FATT | 


Now for the description of the family of the dependents 


MARAIS FSF TAT A ATT | 
Praestt oat Saal VA PeITsTaS AIT 18 II [HIE] 


May fortune attend the illustrious solar race in which the prince Nikumbha was 
born, whose descendant was Rama. 


wariacfatstatataradaaerate: 
cameras cate: SreHeRTTET! | 


11 Here the translation seems to be based on the reading Rrenerate:. 
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satertasatiarrsRdet 7 Saree: 

Wea Wess Fass TRISHA Ad l9e ll RIPCIEEAICKET 
In this [race] was the illustrious prince, named Krsnaraja, who defeated the rulers 
of the earth, meditated solely on the lord of Laksmi, [and] bent his thoughts on 
revering gods and Brahmanas. Since in the qualities of bravery, generosity, dis- 
crimination and prowess none else was his equal, he obtained that title which had 
been gained by the foremost of the Pandavas, [the title of] Dharmaraja. 


FTISATAG IST: AITTTTATTT: 1199 II [argorashit say] 
TRG LIT ST TT: | 

Sas: Heqar SF EETSATAT Ta: 1192 [STE] 
From him sprang a son, the illustrious Indraraja, of far-reaching intelligence [and] 
endowed with eminent prowess; a hero, whose head was fanned by the wives of 
[hostile] feudatories the vow of widowhood, endowed with sterling qualities [and] 
a store-house of religious merit, Govana, skilful as a rider of horses like Revanta, 
at whose sight the god of love, proud as he was of his beauty, left the body. 


Spier? gar: SaaS T OTA: | 
frase: fafearssm: sralsea: Yerargea: 119311 EXISIIGH 


From the illustrious Govana, an ocean, as it were containing countless jewels, 
sprang, a very Indra among the rulers of the earth, the illustrious Soideva, who 
spread the fame of his religious merit, conquered the hosts of enemies, [and] adored 
Vasudeva. 


RRIPTATAT SR: TRARY, el Were: | 
Faas Base: Gad sRaeypaAsaz: 119% II EGIOPET 
A cage of adamant to [shelter] those who sought his protection, always a brother 


to other’s wives, in keeping the vow of truth a very Yudhisthara, [and] ever a fever 
of terror to the enemies’ wives. 


a Vesrereararaat STAI | 

uiged fed ard anfea TIT: 1194 11 [Sey] 
art wergaraatssfras: att Preparer 

feerta: fatroreteatcdesn: Aaa: | 

Hafetarreadivarctavdiat 


bi SAE RSG SE a 9&ll rgarashitedy 


Since Soideva has gone to heaven, his younger brother rules here ‘the country of 
the sixteen-hundred villages’ with its forts and towns. 


May he, Hemadrideva, the son of the illustrious Govana, whose thoughts are fixed 
on Nanda’s son, long live happily,- he who in liberality resembles the son of the 
Sun, [and] who in bravery is like Arjuna; that famous frontal ornament of the 


2 STARTS AAA UTS AF SSE: | 
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princes in Nikumbha’s family, whose hand is a lion to the elephants of the enemies 
of the illustrious Simghanadeva. 


witscrdat Bian Parotserarset Sa: | 

a FSR Harare feawastsRAS ASAT 190 II [sasnte:] 
In the Sandilya race was the king of poets Trivikrama. To him was born a son, 
named Bhaskarabhatta on whom king Bhoja conferred the title of Vidydapati. 


ceraiesadat Stat aaa: | 

WAT: GASTATC WATS SAAT: 192 Il [SIEM] 
From him was born Govinda, the omniscient, like unto the Govinda; [and] he had 
a son, a second Sun, as it were, Prabhakara. 


TARAS St: Sat TARE | 

SA AeA: Tass HATA: 1198 (Sey 
From him was born Manoratha, who fulfilled the desires of the good; [and] from 
him, the illustrious MaheSvaracarya, the chief of poets. 


es ee 
: Uda Faurere:) | 
ward, we aisft at feated eat frarét safe, 
Sa ARealae: Vad Beha Vaesa: 10 II RUIPCEE AIG 


His son was the illustrious Bhaskara, the learned, endowed with good fame and 
religious merit, the root [as it were] of the creeper- true knowledge of the Veda, 
[and] an omniscient seat of learning, whose feet were revered by crowds of poets, 
while his words were rendered perspicuous by the enemy of Kanisa, [and] with 
whose disciples no disputant anywhere was able to compete. 


verre soar: sarah | 
PAUHAAMSITARAR FSS, ARPANSA. 1129 11 ESSA 


Bhaskara’s son was Laksmidhara, the chief of all sages,!? who knew the meaning 
of the Veda, (and) who was the king of logicians (and) conversant with the essence 
of discussion on the subject of sacrificial rites. 


aaareansaasarre Ae GRA: | 
SATO at tet: Hast FETA: 11221 Bey 


Judging him to be well acquainted with the contents of all the Sastras, Jaitrapala 
took him away from this town and made him chief of the learned. 


werd oe: RroorsHatdessraaisatt asa: | 

Aspe gaclualstasesl een 231 ESC 
HTT: 

aeerRaEs wnshr was Pea en CICA 


13 Editorial note: Instead of ‘the chief of all sages’, ‘foremost among the poets’ would be 
a better translation of the word ‘surimukhya’. 
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To him was born a son Cangadeva, [who became] chief astrologer of king Simghana; 
who, to spread the doctrines promulgated by the illustrious Bhaskaracarya, he 
founded a college, [enjoining] that in [this] his college the Siddhantasiromani and 
other works composed by Bhaskara, as well as other works by members of his 
family, shall be necessarily expounded. 


Salsas Fors ect sarte car Penteyfeersesy | 
yeanfe ae: oRoerest arenpesteqerget 1125 II [sasite:] 


The land and whatever else has been given here to the college by the illustrious 
Soideva, by Hemadi and by others, should be protected by future rulers for the 
great increase of [their] religious merit. 


wate ier 992¢ WHaacas Meract ars cea asec Hratseat 
aera eden PorekaroarRart ary | 
May it be well! In Saka 1128, in the year Prabhava, on the full-moon day in the 
month Sravana, at the time of an eclipse of the moon, the illustrious Soideva, in 
the presence of all the people, granted land to the college founded by his preceptor 
[confirming the gift] by [pouring out] water from his hand. 


sat went SF pot sae Gera APA ash user eat reat Ut at Aor sheet | 
met ot fra) aarit satrax ¢ aractt dress ll oe HoT arava deta 
ares TR] Sheer ll Tear sar aor Raya] ul arélker sere Pret 
WEP | Urst UH HEH I Ue Hae sara ile Aer stechy I 
Sat art atefa ddtat wfa get vet der i ways] afast d adres ard ward 
ATS Hel Hest Il See AGENT Il fe] VS SH | gar ye il Taerarefaspex 
[Stg?] UAT | Tae AAT TT [eT] Il THe-feT] UW Ufsat paz] HA I 
pat] at aarat RERT I AAS) Ast] ately i 


In this market-town, whatever is exposed [for sale] by anyone is subject to assess- 
ment. That which would fall to the palace from the purchasers has been given to 
the matha. The Brahmottara, which the Brahmanas have from the sellers, has been 
given by the Brahmanas. The city has given the pack-horse tax, the twentieth of 
drachma [taken] from the purchasers. A settlement has to be made for the stall- 
receipts for the bullocks. The external pack-horse tax should be taken from the 
purchasers. Five areca-nuts [? out of a hundered] to be taken from the purchasers. 
A roller of [oil] seeds of the first oil-mill [rolling] has been given to the matha. A 
ladle each from as many oil-mills as are running. Here what is measured, should be 
measured by the measure in the matha; half the quantity measured to the matha 
and half to the measure. [Also] the cess on clarified butter. Thus the land, the 
boundaries ...in Bala’s service-land ...pandit’s service-land. 


[The last lines are partly effaced.] 


| Check for 
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The legend of Lilavati 


Sreeramula Rajeswara Sarma* 


1 Introduction 


Unlike the writers on other branches of Sanskrit learning about whom we know 
nothing but their names, authors of works on Jyotihsastra, from Aryabhata 
onwards, generally mention the years of their birth or epochs that are closer 
to their own times. Bhaskaracarya states in his Siddhantasiromani that he 
was born in Saka 1036 (=1114 cE) and that he composed the Siddhantasiro- 
mani at the age of 36, i.e., in 1150 [SiSi1981, Gola, Prasnadhyaya, v. 58]. He 
also mentions there the name of his father and his own place of residence 
libid. vv. 61-62]. In his Karanakutuhala, he mentions the epoch which corre- 
sponds to 23 February 1183 and states that he was the son of Mahesvara of 
Sandilya-gotra [KaKu1991, ch. 1.2-3; ch. 10.4]. More important, Bhaskara is 
the only astronomer for the propagation of whose works a matha was estab- 
lished. Bhaskara’s grandson Cangadeva, who set up the matha, recorded this 
fact in an inscription of 1207, where he also gives a detailed genealogy of his 
family [Kie1892, pp. 338-346]. 


Thus Bhaskara is not a mythical figure, but a historical personage whose 
date, provenance and authorship are firmly established. Even so, legends grew 
about him and are perpetuated like the legends of Archimedes’ bathtub or 
Isaac Newton’s apple. Legends are, of course, interesting from the viewpoint 
of cultural history, but they obscure the actual life and achievements of the 
person concerned. In the age of the internet, legends spread far more widely 
than the scientific achievements. It is one of the tasks of the history of science 
to dispel the legends and establish the true facts of the life and achievements 
of the scientists of the past ages. 


*Email: sr@sarma.de 
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2 The legend 


The most persistent legend about Bhaskara relates that he composed the 
Lilavati to console his widowed or unmarried daughter named Lilavati. This 
legend occurs for the first time in 1587 in the Persian translation of the Lilavati 
by Akbar’s Poet Laureate, Abiw’l Fayd Faydt. In the preface, Faydi narrates 
as follows:+ 


Lilavatt was the name of his daughter. From ... the horoscope of her birth, it 
appeared that she would be childless and spend her life without a husband. Her 
father, after much meditation, chose a particular moment for her marriage tha 
would ... enable the daughter to have children and progeny. .. When this momen 
approached, he had the daughter and the groom brought together and set up a 
water clock (tas-i saécat) to determine the correct moment. 


Since what was proposed was not in accordance with what was fated, it chanced 
that the girl, out of curiosity ..., went on looking at the bowl of the water clock and 
enjoyed the sight of water coming in through the hole below. Suddenly, a single 
pearl ... got detached from the bride’s clothes and fell into the bowl and ... stopped 
the inflow of water .... Thus the moment they had been looking for had passed. 


Finally, the luckless father told the ill-starred daughter: ‘I shall write a book titled 
after your name, which will long endure in the world, for a good name is like a 
second life for one and confers immortal life upon the seed’ 


From this time onwards, this legend spread far and wide and is accepted today 
as a historical fact. 


In this paper, we examine the veracity of this legend on the basis of internal 
evidence from Bhaskara’s own works and external evidence from the commen- 
taries on Bhaskara’s works and contemporary social mores. It will be shown 
that there is no truth in the story and that it was a mere legend invented 
to explain the unusual title of the book. We shall also attempt to trace the 
origin of the legend and draw attention to parallel legends of this nature. 


3 Against the norms of Dharmasastra 


From the outset it is obvious that naming a book after an unmarried or 
widowed daughter would have violated the social mores of the period. Faydi 
narrates that Bhaskara’s daughter Lilavaty remained unmarried. He would 
not have known that keeping a daughter unmarried was considered a grave 
sin in Dharmasastra. In this connection, the Yajnavalkya-smrti declares that 


! For the complete preface, see the Appendix 1 of this paper. 
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‘A father,] who does not give away his daughter in marriage, commits the sin 
of killing the embryo, each time she has her monthly course.” As a scrupulous 
follower of tradition, Bhaskara would not have gone against the injunction of 
Dharmasastra. 


On the other hand, according to yet another popular version now current 
in India, Lilavatt was married, but the husband died soon after and Lilavati 
became a widow. To console her Bhaskara named his book after her. This 
version too goes against the traditional value system in India which considers 
the widow inauspicious. Bhaskara certainly would not have named his book 
after a widowed daughter howsoever dear she might have been to him. 


4 Internal evidence 


More important than this is the internal evidence from Bhaskara’s own work 
which also shows the improbability of the legend. It is often asserted that the 
book was written for the daughter Lilavatz, because the word occurs in the 
first and the last verses of the book and because some examples (uddesaka, 
udaharana) are directly addressed to her by name. 


Before examining these cases, it is necessary to understand Bhaskara’s aim 
in writing his works and the style which he adopts for this purpose. In each 
of his books, he repeatedly states that his aim is to make the subject lucid 
so that it is easily comprehensible to the beginners (bala-lila-avagamya), but 
at the same time the work should have enough new material, new methods of 
presentation, new turns of expression, and rationales (upapattis) which would 
earn the appreciation of experts (catura-priti-prada). 


Moreover, Bhaskara is not just an eminent mathematician and astronomer, 
but an accomplished poet as well. In fact, he often refers to himself as kavi 
Bhaskara.* As kavi he infuses his works with poetic flavor+ through lla and 
lalitya. Lila denotes, on the one hand, ‘play, amusement, pastime, child’s play, 
ease or facility in doing anything,’ and on the other, ‘grace, charm, beauty, 


? [yaSm, 1.64]: aprayacchan samapnoti bhriinahatyam rtav rtau | 

Similar statements can be found also in other texts on Dharmasastra. 
: [SiSi1981, Gola, Prasnadhydaya, v. 62]: siddhantagrathanam kubuddhimathanam cakre 
kavir bhaskarah; [KaKu1991, Parvasambhavadhyaya, v. 4]: tatsunuh karanam kuttthalam 
idam cakre kavir bhaskarah. 
“ It is generally thought that Bhaskara was the first mathematician to introduce poetry 
in his work, but even before Bhaskara, Mahavira also tried in his Ganitasdrasangraha to 
enliven the dry arithmetic with poetic flourishes. One of his examples can be treated as 
a minor kavya. Cf. [Sar2004a, pp. 463-476]. 
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elegance, loveliness’ and so on; in short, anything that can be performed 
with ease and cheerfulness. And lalitya means ‘elegance’. Besides lila and lal- 
itya, Bhaskara also employs various figures of speech, including paranomasia 
(Slesa). 


5 The first verse of the Lilavati 


This should be kept in mind when reading the first verse of the Lilavati 
[Lilal1937, v. 1]. After worshipping Ganega in the first half, Bhaskara con- 
tinues the second half as follows: 


Uferererarorrarcatocarsterstary II 

patim sadganitasya vacmi caturapritipradam prasphutam 
samksiptaksarakomalamalapadairlalityalilavatim || 

I shall expound [the book of] algorithms of good mathematics (sadganitasya patim), 
in words concise, soft and faultless (samksiptaksara-komalamala-padair), the book 
which would delight experts (catura-priti-pradam), which is clear and unambiguous 
(prasphutam), and endowed with playful elegance (lalitya-lilavatim). 


The expression lalitya-lilavati at the end of the verse does not refer to 
Bhaskara’s daughter Lalavati but to pate, the subject of the book. Therefore 
lalitya-ltlavatt implies that this book is elegant and is easy and pleasurable 
to read.° In fact, no commentator saw here a reference to a daughter called 
Lilavati. 

Not only in the Lélavatz, but also in his others works, Bhaskara employs the 
terms lala and lalitya (or lalita) repeatedly in order to emphasize that his works 
are elegant, pleasurable and easy to comprehend, besides being innovative 
[BiGa1930, p. 225]; [SiSi1981, Madhyamadhikara, Kalamanadhyaya, v. 3 and 
Gola, Golapragamsa, v. 9]. 


6 Lilavati as the addressee 


In two verses, the udaharanas are addressed to a person described as Lilavati. 
Verse 13 begins with the words, ‘O young and intelligent Lilavati (aye bale 


® Bhaskara employs the expression Ialitya-lilavati also in the invocation at the beginning 
of the Goladhyaya and explains it in his Vasana-bhasya as madhurya-guna-sampanna 
(endowed with graceful style): [SiSi1981, Golapragamsa, v. 1, p. 326]. 
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lalavati matimatt), if you are good in addition and subtraction,’ and asks her 
to solve a problem of simple addition and subtraction. Verse 17 is addressed to 
the ‘young Lildavati, whose eyes are tremulous like those of a young deer’ (bale 
balakurangalolanayane lilavati) and poses a simple problem of multiplication 
and division. 


There is no doubt that in these two verses the author appears to be address- 
ing a young female person as Lilavati. It may be her name or an attribute 
meaning that the person is a charming woman. But if Bhaskara wrote the 
book for his daughter Lilavati, all the udaharanas in this book must be ad- 
dressed to her. But only 7 uda@haranas have feminine addresses,° whereas as 
many as 47 udaharanas contain masculine addresses.” Even some of the fem- 
inine addresses are inappropriate for a daughter: kalyanini would be highly 
inappropriate for a girl whose marriage (kalyana) did not take place or ended 
in her widowhood; the address kante is better suited for a beloved and not for 
a daughter.® 


The term ‘Lilavati’ occurs also in verse 202 (vimalam ced vetsi lilavatim, ‘if 
you know the flawless Lilavati’), but here it refers, as in verse 1, to the work 
of this name and definitely not to a supposed daughter. 


7 Lilavatt in the last verse 


The last verse 272 provides the clinching evidence against the hypothesis of a 
daughter named Lilavatz;, it is a verse with teasing layers of double meaning 
(Slesa): 


SS UMCOIC EI GICH 
Beashkanaded: Uy HIS | 


® Besides the address lalavati (vv. 13, 17), there are bale (vv. 50, 67, 69), caricalaksi (v. 50), 
mrgaksi (v. 55), kalyanini (v. 71) and kante (v. 71). 

” The largest number of addresses are masculine: kovida, ganaka (12 times), ganitakovida, 
ganitika (3 times), nandana, mitra (5 times), vanik (3 times), vaniguvara, vatsa (2 times), 
vayasya, vicaksana, vidvan (2 times), sakhe (23 times), sumate (2 times). 

5 In the BG also there are some feminine addresses like kalyanini, kante, priye, mrgaksi, 
but here also the masculine addresses preponderate: kuttakajna, komalamalamate, ganaka 
(9 times), ganitajria, tata, bijaganitajna, bijajra, bijavittama, bhavitajna (bhavita is a 
section in the Bijaganita), vanik, vatsa, vidvan, sakhe (15 times), sumate. The following 
addresses occur in the [SiSi1981, Gola, Pragnadhyaya]: ganaka (6 times), golaksetravi- 
caksana, tantrika, mitra, vidvan, sakhe. For comparison, Sridhara’s Patiganita contains 
the following addresses: ganaka, ganakottama, vanik, vidvan (5 times) and sakhe (7 times), 
cf. [PaGal1959]. 
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oe igedtt af a 

yesam sujatigunavargavibhusitangy 
Suddha’khilavyavahrtih khalu kanthasakta | 
hilavattha sarasoktim udaharanty 

tesam sadaiva sukhasampadupaiti urddhim || 


Those who memorize (kantha-sakta = kanthastha) the [book] Lélavati, whose sec- 
tions (ariga) are adorned with excellent [rules for] the reduction of fractions to 
a common denominator (su-jati), multiplication (guna), squaring (varga) [etc.], 
having entirely accurate [fundamental] procedures (§uddha-akhila-vyavahrti = 
vyavahara), illustrating (udaharanti) [the rules] with elegant (sarasa) examples 
(ukti), ...their happiness (sukha) and wealth (sampat) increase for ever and ever in 
this world; [in the same manner as] those whose neck is clasped (kantha-sakta) (i.e. 
embraced) by a charming woman (lél@vati), whose limbs (ariga) are adorned with a 
multitude of good qualities (guna-varga) [indicating her] good birth (sujati), perfect 
in all her acts of behavior (Suddha-akhila-vyavahrtih), whispering passionate words 
(sarasoktim udaharantt), ...the intensity of their [erotic] pleasure (sukha-sampat) 
increases for ever and ever. 


Surely Bhaskara would not have composed this verse with such an erotic 
undertone about his own daughter! No commentator sees here a reference 
to his daughter. They see here two levels of meaning, one pertaining to the 
book and another pertaining to a graceful woman.? Thus Bhaskara’s own 
work contains no reference to a daughter called Lilavati, nor do any of the 
commentaries mention a woman or daughter called Lilavate. Then how did 
the story of Lilavatt appear in Faydi’s Persian translation of the Lilavati? 


8 The probable source of the legend in Faydi’s 
translation 


The Mughal emperor Akbar desired that the Muslim intelligentsia be made 
familiar with the classics of Hindu thought so that they have a better inter- 
action with Hindus; therefore he established a bureau of translation, where 
some Sanskrit texts like the Mahabharata, Ramayana and Paricatantra were 
rendered into Persian [AIF 1873, I, 103-104]; [Riz1975, ch. 6, pp. 202-222]. In 
this bureau, translation was not performed by a single scholar proficient in 


® For example, Mahidhara in his Lilavativivarana explains thus: yesam tha loke lila- 
vatigrantho nart ca kanthasakta tesam nityam sukhasampad vurddhim prapnoti (those 
who know by heart the book Lilavati and those who are embraced by a woman, their 
happiness and wealth increase constantly); see also Ganega [Lilal937, p. 285]: athani- 
ganaslesena svakrtapatistavanartipam granthasamapty-alamkaram simhoddhatayaha (now 
he utters the ‘ornament’ at the conclusion of the book, by praising the pat? composed by 
him through [the metaphor] of the embrace by a woman). 
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both Sanskrit and Persian, but by teams of persons, some proficient in San- 
skrit and others in Persian, in three stages. First, Hindu or Jaina scholars of 
Sanskrit prepared a paraphrase in contemporary Hindi of the Sanskrit text to 
be translated. In the second stage, this Hindi paraphrase was translated into 
Persian by one of the several Muslim courtiers. Finally, the Persian translation 
was polished and put into elegant prose and verse by an established Muslim 
scholar at the court [Hod1939, I, pp. 565-566]. What resulted in this process 
cannot be termed an exact translation but rather a Persian paraphrase. 


Bhaskaracarya’s Lilavati also was rendered in this manner into Persian by 
Faydi with the help of Sanskrit scholars from the Deccan [AIF 1873, I, p. 105]. 
John Taylor says that the Persian version has many lacunae, and departs in 
some passages so far from the original as to ‘induce the suspicion that Faizi 
contended himself with writing down the verbal explanation afforded by his 
assistant [Tay1816, p. 2]. 


Faydi must have wondered why the book of dry mathematics was given the 
name ‘Lilavati’, a name that was usually given to girls. Five centuries prior to 
this time, al-Biruni was likewise intrigued about the nomenclature of Brah- 
magupta’s Khandakhadyaka, which literally meant ‘a preparation made with 
candied sugar, His interlocutor, with tongue in cheek, told him an amusing 
but improbable story which the haughty al-Biruni faithfully recorded in his 
book on India [AIB1910, I, p. 156]. 


Like al-Birunt, Faydi also must have demanded from the informant: ‘Lila- 
vat’ is a girl’s name. Why did Bhaskaracarya give his book such a name?’ 
Instead of explaining that giving such feminine names to books is not un- 
common in Sanskrit tradition [BrSu1997],1° the informant appears to have 
narrated a story about Bhaskara’s daughter Lealavati and how she missed the 
exact time of marriage because the hole in the water clock got blocked. Faydi’s 
informant did not invent the story entirely, but adapted a story that was cur- 
rent at that time in the popular didactic literature of the Jainas.!! 


9 The Jaina legend 


In this Jaina story, a brahmin named Vidyananda saw that his daughter’s 
horoscope indicated her husband’s death in the sixth month after the mar- 
riage. But one day he found such an auspicious moment that, if a girl was 


10 He could have mentioned the Bhamati of Vacaspati Migra on Advaita Vedanta, Bhasvati 
of Satananda on astronomy, Kasika of Vamana and Jayaditya on grammar and so on. 

™ Tt was included in Hemavijayagani’s Katha@ratnakara [KtRal911]. See Appendix 2 (of 
this chapter) for the complete story. 
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married at that moment, she would never become a widow. He decided to 
marry his daughter to the wealthy son of a brahmin at that auspicious mo- 
ment and set up a water clock to indicate the moment. But he failed to notice 
that a grain of rice got loose from his forehead mark, fell into the bowl, and 
blocked the hole at the bottom. Since the hole in the water clock was blocked, 
the time of the auspicious moment passed without anybody realizing it. 


Nevertheless, Vidyananda performed the daughter’s marriage. After six 
months, the husband died from snake bite and the daughter became a widow. 
The story concludes with the moral that ‘Fate’s writing cannot be altered’ 
(vidhina likhitam anyatha na syat). 


10 Differences between the Jaina story and Faydi’s 
version 


In the Jaina story the brahmin astrologer is named Vidyananda, but the 
daughter’s name is not mentioned. Faydi’s informant substituted the name 
of Vidyananda with Bhaskaracarya and gave the daughter the name Lilavati. 
There are other differences. In the Jaina story, a grain of rice from Vidya- 
nanda’s forehead mark fell into the bowl of the water clock and blocked its 
narrow hole. In Faydi’s narration the water clock was blocked by the pearl 
that fell down from the ceremonial garment of Lilavati who was curious to see 
the time-measuring device. But in Bhaskaracarya’s milieu, marriage is a very 
solemn ritual and the young bride would be sitting demurely at the prescribed 
place and not wander around. As befitting the ritual, she would also be wear- 
ing freshly washed and dried simple clothes and not pearl-studded garments. 
Moreover, a corn of rice with a narrow pointed tip has a greater chance of 
blocking the hole in the water clock than a round pearl. 


But the major difference is this. In the original story, Vidyananda marries 
off the daughter even though the prescribed moment had passed, knowing 
fully well that his dear daughter would soon become a widow. Faydi appears to 
have thought that it would be too cruel and made Lilavat: remain unmarried, 
unaware that for a brahmin not to marry off the daughter would be a greater 
sin than having a widowed daughter. 


11 Parallel legends in Jaina didactic literature 


Such stories were common in Jaina didactic literature; these were meant to 
emphasise the maxim that mere knowledge of sastras does not equip one to 
fully comprehend the reality; one needs to have spiritual intuition that can be 
attained only by those who renounce the world. Particularly relevant is the 
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legend in which Varahamihira and the Jaina saint Bhadrabahu, both histor- 
ical personalities but belonging to different periods, are brought together as 
brothers [PrCil933, pp. 118-119]. In this legend, the lay person Varahamihira 
with all his sastra-jnana could not predict the correct length of the life of his 
own son, but the Jaina monk Bhadrabahu could make the correct prediction 


by virtue of his gruta-jnana.'? 


The story occurs also in other collections like Rajasekhara Suri’s Prabhandha- 
koga [Gral993, pp. 1-4]. 


12 Spread of the Lilavati legend in the west and in India 


Faydi’s legend of Lilavati lay dormant for the next two hundred and odd years 
until the officers of the East India Company stumbled upon it and put it into 
English at the beginning of the eighteenth century. Edward Strachey, who 
read the Persian translations of both the Lilavatt and Bijaganita and who 
was to publish in 1813 an English translation of the Persian rendering of the 
Bijaganita by Ata Allah Rushdi [Str1813], communicated a summary of the 
Lilavati legend as narrated by Faydi to Charles Hutton, the ‘Late Professor 
of Mathematics in the Royal Military Academy, Woolwich,’ who published it 
in 1812 in the second volume of his authoritative Tracts on Mathematical and 
Philosophical Subjects.'% 


Soon after, John Taylor, in the introduction to his English translation of 
the Lilavatt of 1816, cautioned that the legend narrated by Faydi ‘has not 
been confirmed to me by any native of this country, nor have I observed it 
mentioned by any Hindu author [Tay1816, p. 3]? 


Even so, the legend began to spread in the west and in India and was re- 
peated innumerable times in almost all histories of mathematics, sometimes 


12 Sruta-jnana is defined thus in the Sarvadarganasangraha: jranavaranaksayopagame 
sati matijanitam spastam jnanam srutam (Sruta is the clear knowledge produced by 
mati, when [all] obstructions of knowledge are destroyed and tranquility is achieved). 
Cf. Madhavacarya, [SDS1962, pp. 52-53]. 

'3 In this volume, Tract XXXIII (pp. 143-305) is devoted to ‘History of Algebra of 
all Nations’, including a ‘[History] Of the Indian Algebra’ (pp. 151-179) with extracts 
from the ‘Leelawuttee’ and ‘Beej Gunnit’, which were communicated to Hutton by the 
servants of the East India Company like Samuel Davis and Charles Wilkins. At the end 
of this account, Hutton introduces the Lilavatt legend [Hut1812, pp. 177-178] with the 
following words: ‘Since the foregoing account of the Indian Algebra was printed, I have 
been favoured by Mr. Strachey with the following translation of the Persian translator’s 
preface to the Lilavati; which being at once very curious, and containing some useful 
particulars, is given below as a postscript to that account’ 
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reproducing Hutton’s account verbatim and sometimes with further elabora- 
tions.14 The only honourable exceptions appear to be Henry Thomas Cole- 
brooke and Sankara Balakrishna Dikshit, who did not take this legend seri- 
ously and did not make any reference to it in their respective works [Col1817] 
[Dik1981, pp. 114-123]. 


Already in 1892, Sudhakara Dvivedi narrated two versions of the legend in 
his Ganakatarangint: Bhaskara composed the Lilavati to console his daughter 
who became a child widow or to console his childless wife [GaTa1892, pp. 34— 
42]. 


According to M. D. Pandit four different versions are known in India: 
(i 
(ii 


(iii 


) Lilavatt was Bhaskara’s daughter, who became a widow; 

) Lilavatt remained unmarried; 

) Lilavatt was Bhaskara’s wife who did not have any children; 

) Lilavatt was the daughter of Bhaskara’s teacher who fell in love with 
Bhaskara, but Bhaskara could not reciprocate the love because, being 
the daughter of his teacher, she was like his own sister. 


(iv 


To console her, Bhaskara named his book after her. Very wisely Pandit rejects 
all the versions as untrue [Pan1922, pp. 10-11]. 


With the onset of the Internet, the Lzlavati legend is better known today 
than Bhaskara’s scientific achievements. In fact, Lilavate is hailed as a great 
lady mathematician of earlier times and as the role model for women scientists 
of today. A few examples should suffice. 


In 2001, the National Science Centre, New Delhi, organised an exhibition 
on ‘Lilavati: Indian Women in Science’; the Director General of the Centre ex- 
plained that the ‘exhibition had been named so to signify the spirit of learning 
that Lilavate had shown hundreds of years ago. She symbolises the tradition 
of women’s education in India’!° A recent publication on the women scien- 
tists of India carries the title Lilavatt’s Daughters [GR2008]. The well-known 
company Infosys of Bangalore has instituted recently the ‘Lalavati Prize’ of 


14 An extreme case of a highly imaginative version of the legend is narrated by Edna 
Kramer who portrays Bhaskara as rebellious youth fighting against the restrictions of 
caste. Her account begins thus: When as a boy Bhaskara was not absorbed in the study 
of mathematics, he would brood on the nature of the society about him. The adamant 
wall of custom had always been a source of pain to him. He chafed under the system 
that forbade him to share his scientific knowledge with youths of lower caste, or to seek 
companionship outside brahmin ranks. Bhaskara had feared to confide his unorthodox 
views to others, lest he be outlawed [Kral955, p. 1]. 

'5 The Hindu, New Delhi edition, 15 September 2001. 
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one million Rupees for the popularization of mathematics, to be awarded by 
the International Conference of Mathematicians. !® 


However, as we saw, there is no truth in this legend. It neither proves 
Bhaskaracarya’s great mastery of predictive astrology, nor does it prove 
women’s achievements in mathematics in ancient times in India. It merely dis- 
tracts us from the more important scientific achievements of Bhaskaracarya. 


Appendix 1 


Faydi’s preface to his translation of the Lilavati'" 


In accordance with the exalted order [of] His Majesty, [Faydi] submits a trans- 
lation from the Hindi language (i.e., Sanskrit) into Persian of the Lilavati, 
which is reputed, among the unique works of arithmetic and mensuration, for 
its fluency and elegance of its style. Before coming to the beginning of the 
translation (lit. object), he (i.e., the translator) wishes to say that the author 
of the present work was Bhaskar Acharaj (Acarya), the famous scholar who 
was unsurpassed in his time in the knowledge of mathematics. His native place 
was the city of Bidar in the region of Deccan. Although the date of the com- 
position of the present work is not known, yet he has written another book 
on the methods of drawing up almanacs (taqwim) and important secrets of 
astronomy (tanjem) called Karanakutthay (Karana-kutuhala). There he has 
given the date of writing as 1105 of the era of Salibahan, from which till this 
year, which is 32 of the Ilaht era and 995 by the lunar (Hijrv) calendar, 373 
years have passed.!8 


As for the reason behind the writing of the book, it has been heard that 
Lilavati was the name of his daughter. From the indications of the horoscope of 


16 Leelawati Prize, http://www.mathunion.org/general/prizes/leelavati/details/. Of 


course, the prize is not meant exclusively for women; the two recipients so far are men. 
The first recipient in 2011 was the British author Simon Lehna Singh and the second 
recipient in 2014 Adrian Paenza from Argentina. 

17 T am highly grateful to Professor Irfan Habib who kindly translated the preface for me 
on the basis of a manuscript from Alwar (3644) and [Fail827]. 

18 The year of the composition of the Karanakutihala is given correctly as 1105 Salibahan 
(i.e. Saka) which translates to 1183 cE. As regards to the date of Faydi’s preface, the 
Ilaht year 32 lasted from 21 March 1587 to 20 March 1588 and the Hijri year 995 from 
12 Dec 1586 to 1 Dec 1587. Therefore, Faydt must have drafted the preface between 
21 March 1587 and 1 Dec 1587. Then the difference between the composition of the 
Karanakutuhala and Faydi’s preface should be 1587 — 1183 = 404 years and not 373 years 
as Faydi calculated. 


34 Sreeramula Rajeswara Sarma 


her birth, it appeared that she would be childless and spend her life without 
a husband. Her father, after much meditation, chose a particular moment 
for her marriage that would be of a firm foundation of union and would 
enable the daughter to have children and progeny. It is said that when this 
moment approached, he had the daughter and the groom brought near each 
other and put the hour-bowl (tas-i sa@’at) in the full water vessel, having 
an astronomer present who would be able to determine the correct moment. 
It was agreed that, when the bowl settled down in the water, they would 
tie the wedding-knot between the two moon-faced ones, and both would be 
united in wedlock. Since what was proposed was not in accordance with what 
was fated, it chanced that the girl, out of curiosity that is ingrained in the 
behaviour of children, went on looking at that bowl and enjoyed the sight of 
water coming in through the hole. Suddenly, a single pearl, the size of a water 
drop, got detached from the bride’s vestment and fell in the bowl and, rolling 
about, settled on the hole and stopped the inflow of water [into the bow]]. 
The astronomer waited for the prescribed moment, and the father sitting at 
another place similarly kept waiting. When the bowl did not function within 
the expected time, and the time passed, the father was astonished [exclaiming], 
‘O God, what has happened in secret that the bowl did not sink in the water!’ 
When they really looked for the cause, they found that the single pearl had 
served as a stone-stop for water, and the moment they had been looking for 
had passed. 


[Four couplets] 

The father bit his fingers in disappointment... 
The loved one at that moment began to laugh 
The pearl from the window of the eye’s bowl?? 


For one cannot afford to be angry with the star of Fate. 


What does the astrologer know of what exists behind the curtain? 

And as to who has drawn the painting upon this curtain? 

The geometrician, who has spent his life in pursuit of this art, 

Is in this painting a [mere] muhra (pawn/circle) drawn by a pair of compasses. 


Finally, the luckless father told the ill-starred daughter: ‘I shall write a book 
titled after your name, which will long endure in the world, for a good name 
is like a second life for one and confers immortal life upon the seed’ 


Indeed, the book is a wonderful volume of writing, a unique narration. If 
the Greek observers of the movements of stars were to use it as a protective 
band on their arms, it would be just; and if the Persian experts of astronomical 
tables were to tie it as a talisman upon their heads, it would be appropriate. 


19 Meaning: a tear fell from the eye of the father. 
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It is like a bunch of flowers from the garden of science and knowledge, a work 
of art from the picture gallery of the precious and unique aspects of reality. 


The translation of this work was undertaken by taking the help of the 
knowledge of the experts of this science, especially the astronomers of the 
Deccan. In the case of some Hindi (i.e., Sanskrit) terms whose equivalents 
were not found in other books dealing with this science, these were retained 
in their Hindi garb, and so explained that the language be not found difficult 
for a reader of Persian. 


[Two couplets] 

It is hoped that this book attains esteem 

Becomes acceptable to the world as an aid to wish-fulfilment; 
That from the aid of approval of the wisdom-promoting King, 
It gets such a name that it becomes famous. 


This book is so arranged as to consist of a Preface, a number of Rules and a 
Conclusion. 


Appendix 2 


Vipraputrikatha”’ 


Wedd Soares st Yar frotad fatateacate aa:— 


marutavrndam jaladapatalim iva pumsam vilasitam vidhirvighatayati | yatah— 


aed arta ad daadeet festa: | 

forge: ay ot deers. Il 

Sakyate nanyatha kartum dhimadbhirvaidhasi lipih | 
vipraputryah Subham lagnam ghatirodhe ’nyathabhavat || 


TUT TS — SATA: Sega AM T-SSi-HA_-HT-TeT- 
wae fareet forst feetsat Sifters denayq aria! aa a 
Tah TAHSAP Aa Yat Sarl ST Waar: St fam: wast aa Baar 
sae feu: oder Sera OTS Peete one 
US AS OA STL Stel AA Baran: Sered SST ART! fh aT et 
serpin i ger: weed od qaateal dt B ada soaeeal ga: — 


20 This is from the Katharatnakara [KtRal911, pp. 538-540). 
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tatha hi — valasaragramavasinah sabdanusasana-sahitya-chandah-prabhrti- 
prabhutavidyanavadyasya vidyanandasya viprasya vigsesato jyotihsastre 
vaidagdhyam asit | tasya ca vardhake yamunakalatrakuksija suta jata | atha 
pravayah sa viprah svayam tasyah sutaya janmapatrikam vidadhanah pati- 
samjnasya saptamasthanasya nirnayam cintayan panigrahananantaram sasthe 
mase patimaranam ajnasit | aho mama sutayah Saigave vaidhavyam asti | kim 
ca nunam janmapatristhita hi grahah praktanam daivam stcayanti | daivam 
hi sarvatra balavattaram | yatah — 


tad aa RAT aq fre: 

at aa IPR aaa seat TESTA: | 

Uhh SHIRES WIHT fe THAT 

eg atta aa athe dear Ala: Harersars_ I 
yadbhagnam dhanurigvarasya siguna yajjamadagnyo jitah 
tyakta yena gurorgira vasumati baddho yadambhonidhih | 
ekaikam dagakandharasya bhayakrdramasya kim varnyate 
daivam varnaya yena so’pi sahasa nitah kathasesatam || 


TET CART RTL HTT ATT Ge, HSE FT Tt ery’ sis Feat BST 
SAT Baer weras Bar fearelfaar srarl sewer sales 
Se ee eee ae 
‘Hel AGA: VS ARsaes TSH, st oat dest sea UReflar Haast 
que aida, dat feats, garrett fe soaaey sft Peife fear 
aaa sare fesse yar fadiot! aereresretsefed ufeararet 
afaaa we Gat frareaga Seer (!) 


‘tasya daivasya purastat kaisa mamakina suta, ko’ham ca nrnam trnam’ 
iti matva sukhena chatranam sastrani pathayatas tasya suta vivahocita 
jata | athaikada jyotihsastram pathayan vidyanando’smin lagne vivahita 
kanyavasyam vaidhavyam napnotiti lagnam nirniya, ‘aho matsutayah sasthe 
mase’vasyam vaidhavyam, idam lagnam cedrsam yadatra parinita kanya- 
vasyam vaidhavyam napnotiti, tena vilokayami, dvayormadhye kim balavat- 
taram’ iti nirniya pitra kasmaicid ibhyaya dvijanmasunave suta vitirnd | 
athastadasadosarahite ghatikasadhye tasminn eva lagne putri vivahayi- 
tumarabdha (!) | 


fretsat Patsattareageen Prrtapgragatdacn: ao far — 


vigesato nthSesajyotihsastrakusalo vinirmitakunkumatandulatilakah sa viprah— 


AAAI Fates Ale | 
afearat wyatt foarte: Tage Il 
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frsaet ca halt AMIE STAT | 
FEISS Bear Ud Il 


dasgatamrapalavartapatre vrttikrte sati | 

ghatikayam samutsedho vidhatavyah sadangulah || 
viskambham tatra kurvita pramanad dvadagangulam | 
sastyambhahpalapiirena ghatika sadbhirisyate || 


sofeakpiarndd = odes «=e es TT 
WARePATSS FAT! CAT ied Gerd Garpet <vatarel> at 
ware: sane Vsaaterat ATS Saraaaa Ysera yA 
adds UT Ueamst wags Fad: cellsahioad Waa Ua: aget 
cleared ST! Ses UT Uren a cnet der ales | 


ityadiparipurnapramanopetam ghatikapatram svacchanirabhrte kunde bha- 
gavato bhanorastagamanasamaye mumoca | ‘ma kante paksasyante parvakase 
<paryakase> dese svapsih’ ityadi-palaurtta-pathanato manaso duhsavad- 
hanataya putri-panigrahanotsavautsukyena vardhakena ca _ ghatikapatram 
payahkunde muncatah tasyalikatilakat patann ekah tandulo ghatikarandhram 
rurodha | ruddhe ca ghatikarandhre sa lagnikt vela vyaticakrama | 


at fest ulearrufterds augectid ufeartd arediatatred, 
Ra! TASHA USAT: TSE AAA TAT ISAT- 
frat, efe area da wash oat at uReonfaarl somrarrak UT SaaS 
Sad Ft Aas a fswar sail 
tena viprenapi ghatikabharanavilambena tandulajanitam ghatikarodham 
jnatveticintitam, ‘aho jyotihsastram satyam, yato’musmin lagne’syah pani- 
graho nabhavat vaidhavyasyavasyambhavitvat,’ iti dhyatua tena gate’pi lagne 
putri parinayita | sanmasantare ca dandasikadamsat mrte bhartari sa vidhava 
jata || 


gia fatter fora sere + erg sae fawgatear 


itt vidhina likhitam anyatha na syad ityarthe vipraputrikatha || 


The story of a brahmin’s daughter 


Just as a multitude of winds scatters the masses of clouds, even so Fate (vidhi) 
disposes of the plans of men. For 


It is not possible for intelligent persons to alter the writing of the Fate (vaidhast 
lipi). The auspicious moment set for the marriage of the brahmin’s daughter 
became otherwise due to the blockage of the water clock. 
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It so happened that a brahmin named Vidyananda, resident of the Valasara 
village, whose mastery of grammar, literature, prosody and other subjects 
was impeccable, was especially proficient in astral science (jyotihgastra). A 
daughter was born to him, in his old age, by his wife Yamuna. Now this 
brahmin of advanced age, while casting the daughter’s horoscope himself, 
considered the status of the seventh house which is related to the [native’s] 
husband and saw that it indicated the husband’s death in the sixth month after 
the marriage. ‘Alas, my daughter is fated to be a widow in her childhood. But 
certainly, the planetary positions in the horoscope indicate what had already 
been fated a long time ago (praktanam daivam). Fate is indeed stronger in all 
cases everywhere. For 


Why praise every single deed of Rama, who taught fear to the ten-headed [Ravana]? 
As a mere child he broke the [mighty] bow of Siva, he vanquished [the invincible 
Parasgurama] the son of Jamadagni, he gave up the earth on his father’s command, 
he girded the ocean [with a bridge] and so on. Praise instead Fate, which forcibly 
brought even him to a state where nothing remained of him except his story. 


‘Against such Fate what can my [little] daughter do? What can I do, la 
mere blade of grass among men?’ Having pondered thus, he continued, with 
ease of heart, to teach sastras to his pupils until his daughter reached the age 
of marriage. Once, while teaching astral science, Vidyananda found such an 
auspicious moment (lagna) that a girl married then would never become a 
widow. ‘It is amazing! On the one hand, my daughter is fated to be a widow 
in the sixth month; on the other, the auspicious moment is such that a girl 
married at this moment will definitely not become a widow; now let me see 
which of the two is stronger.’ Having thought thus, he offered the daughter in 
marriage to the son of a wealthy brahmin. Then he proceeded to marry her 
off at that auspicious moment, which is devoid of any of the 18 kinds of faults, 
and which has to be determined by the water clock (ghatika-sadhya). 


The brahmin, who is especially well-versed in the whole range of astral 
science, wore a forehead-mark made of saffron and rice-grains (i.e., a mark 
made of saffron paste on which two or three rice grains were stuck), took the 
bowl of the water clock (ghatika-patra) — 


The round vessel is made of ten palas of copper. 

In the bowl the height should be set at six argulas. 

The diameter there should be made of the measure of twelve arigulas. 
The good cherish a water clock that holds sixty palas of water. 


The brahmin took the bowl, which was made fully according to the afore- 
mentioned prescriptions, and placed it in a basin filled with clean water, at 
the time of the setting of the divine Sun. Because he was busy reciting the pala 
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verses (pala-urttas) such as ‘ma kante paksasyante paryakase dese svapsih’,?* 
because his mind was preoccupied, because he was excited about the festivities 
of his daughter’s marriage, and because he was old, [he did not notice] that, 
when he was placing the bow] in the water basin, a grain of rice got loose from 
his forehead-mark, fell into the bowl, and blocked its hole. Since the hole in 
the water clock was blocked, the [actual] time of the auspicious lagna elapsed. 


When the brahmin realised the delay in the filling of the bowl, he noticed 
the blockage of the water clock caused by the rice grain, and thought: ‘In- 
deed, the astral science is inviolable, for her marriage did not take place in 
this auspicious moment because widowhood was sure to occur without fail’ 
Thinking thus, even though the auspicious moment had lapsed, he married 
the daughter off. After six months, the husband died from a snake bite and 
she became a widow. 


Thus the story of the brahmin’s daughter [is narrated here] to illustrate the 
maxim: Fate’s writing cannot be altered (vidhina likhitam anyatha na syat). 


21 Pala-Slokas are verses consisting of 60 long syllables. One recitation of such a verse at 
an even speed should take 1 pala (= 24 seconds); therefore they are called pala-vritas or 
pala-glokas. While the water clock measures a full ghati of 60 palas (= 24 minutes), the 
pala-slokas are recited to measure fractions of a ghati [Sar2001] and [Sar2004b]. 


Check for 
| updates 


The poetical face of the mathematical and 
astronomical works of Bhaskaracarya 


Pierre-Sylvain Filliozat* 


Bhaskaracarya is basically a pandita of the twelfth century, well-versed in 
Sanskrit gastras at the level they had reached in his times. That was a pe- 
riod of great refinement, a summit in all cultural fields, science, literature and 
arts. The works left by him for posterity show him as a great jyotist and a 
talented kavi. Mathematical and astronomical knowledge are used with great 
poetic skills together in his Siddhantasiromani. That invites us to join liter- 
ary analysis to mathematical study for proper elucidation of his work, and, 
considering his leaning for poetry, to resort to alamkarasastra, chandas and 
eventually to vyakarana. Alankaragastra teaches three levels of poetry, the 
ornamentation of words through alliterations etc., the mechanism of meaning 
ornamentation through comparison (upama), metaphor (rupaka), etc., and fi- 
nally a superior level at which the sound of words and their meaning suggest 
ideas and sentiments in the mind of a sympathising audience (sahrdaya). This 
top level is called dhvani i.e., prolongation in suggested meaning comparable 
to sound expanded in its anuranana “resonance”. The highest dhvani is de- 
scribed as the instant communion of the audience in a suggested sentiment. It 
creates the state of rasa or “aesthetic savour” colored by diverse emotions and 
sentiments. The intent of this paper is to examine Bhaskara’s application of 
such concepts in the composition of a scientific jyotisa text. For this purpose 
we propose very literal translations for all words and expressions of Bhaskara 
commented herein. 


We start with the marigalasloka of the Lilavati [Pat2004, p. 4]: 
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pritim bhaktajanasya yo janayate vighnam vinighnan smrtah 

tam vurndarakavrndavanditapadam natva matangananam | 

patim sadganitasya vacmi caturapritipradam prasphutam 
samksiptaksarakomalamalapadairlalityalilavatim || 

He who creates bliss for the devoted folk, dispelling obstacles, when thought of, 
Him, whose feet are honoured by the troops of gods, the Elephant-faced, I salute. 
Then I tell a procedure of good calculation, source of joy to the skilled, very clear, 
by means of short, melodious, flawless words, playfully courteous. 


This initial stanza contains first the traditional auspicious invocation of a 
god, then states the intent of the author, by giving the characteristics of the 
planned composition. 


The tradition is to pronounce an auspicious stanza at the beginning, and 
sometimes at the middle and end of a work. Bhaskara has followed the cus- 
tom with the invocation of a god at the beginning of the main divisions of 
his work. They are Lilavati, Bijaganita, Grahaganitadhyaya and Goladhyaya. 
Each subdivision has also an initial declaration of intent (pratijia). Bhaskara 
thought it relevant to join an invocation in the case of the bhuvanakoga sub- 
section of the Goladhyaya. He gave the most graceful one at the beginning 
of the Lilavati section after his exposition of the types of measures, which he 
conceived of as explanatory (paribhasika) for the whole Siddhantasiromani. 


In the declaration of intent, each word characterises the pati, which is the 
proper subject of the Lilavati section. Sadganitasya pati refers to “a place 
of display in totality of all calculations established rationally in common us- 
age and in the sastra”, according to the words of Sankara Variyar in his 
Kriyakramakart commentary on the Lilavati [Lilal1975, p. 3]: “sato yuktisid- 
dhasya laukikasya Sastriyasyapi nikhilasya ganitasya patim sakalyena sam- 
darsanasthanabhutam”. 


Then three qualifications of the pati follow. Caturapritipradam “giver of 
felicity to the skilled” may refer to the pleasure of the reader of the poetical 
side of the work and to his pleasure in seeing the ingeniousness of the mathe- 
matical procedures. Prasphutam “very clear” refers to the facility of a correct 
understanding. Lalityalilavatim is a qualifier of the pati. Diverse English trans- 
lations have been proposed for this expression. I deem all to be acceptable. 
Still, I think that one more shade of meaning can be extracted as dhvani. 
The word lila “play” is used to refer to the great deeds of a god, such as the 
actions of creation etc. of the Supreme Lord. The concept is that for God the 
most difficult actions are extremely easy to perform. In all schools of Vedanta 
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the phenomenal world is called the lila of [svara or Parabrahman. Vacaspati 
Misra expresses it beautifully by telling that creating the prapanca is no less 
effort for the Supreme than smiling: smitam etasya caracaram “mobile and 
immobile creation for Him is a smile” [BrSu1997, v. 2, p. 3]. The pati text 
composed by Bhaskara is Jélavati in the sense that it is “playful”, i. e. making 
mathematics easy like a play. The Lilavati is the smile of Bhaskara. 


This playfulness itself is qualified by lalitya “courteouness, elegance”. In 
Sanskrit dramaturgy (natyasdastra) a type of hero is called dhira-lalita “con- 
stantly courteous”. It is the gallant hero who courts the heroine. Now for 
every rule Bhaskara gives examples (udaharana) and he has composed their 
formulation in a form fit for enacting according to the conventions of Sanskrit 
theatre.! Each example is a question, a request for the solution of a prob- 
lem. The questioner is the mathematician who teaches the rules. He addresses 
diverse characters, a child or a young girl (stanzas 14, 18, 51, 73), a loving 
girl (60, 77, 124), a male friend (passim), another mathematician (90, 145, 
161, 166, 174, 184, 238, 261), a merchant (81, 92, 107, 111) and so on. The 
choice of the addressee is generally done according to the nature or difficulty 
of the problem. In all cases it is done amiably, gallantly. The mathematician 
is a dhira-lalita character, patting a child, courting or teasing a young playful 
girl, conversing with an intimate friend, addressing somebody in common life. 
Every problem is an example of lalitya. 


How did Bhaskara obtain those three qualities? He says samksiptaksarako- 
malamalapadath “by means of words of restrained [numbers of] letters, melo- 
dious and flawless”. That can be construed with all the qualifications of the 
pati, on both sides, according to the principle of the central jewel in a necklace 
(madhyamani). These qualifications apply to the rules as well as to the exam- 
ples. The rules obey the principles of the sutra or karika style and the first 
principle is brevity of expression. The style of the examples is more free. It is 
the place of all poetical expansions inspired by the lalitya of the mathemati- 
cian. This is referred to by the qualification komala “sweet” which concerns 
the sound and the meaning of words. The term amala “flawless” speaks by 
itself. Precision and purity of language is another principle of lalitya. 


The same qualification lalityalilavati comes again for the poet’s speech in 
the mangalasgloka of the Goladhydya [SiSi1988, v. 1]: 

fafest renga seared: fet warertar 

Wea saaTaT AKiARG wierd | 


' Several examples of mathematical problems imagined by Bhaskara have been effectively 
brought to the stage by the talented dance master, Shri Venugopal Rao Sakaray, and 
enacted by students of the Rishi Valley School, on the 20th of September 2014, in an 
evening session of the Bhaskara 900 Conference held in the Vidya Prasarak Mandal at 
Thane, Mumbai. 
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Be ee aie eet sd 

a oat a aioe Teas Seraaret FF II 

siddhim sadhyamupaiti yatsmaranatah ksipram prasadattatha 
yasyascitrapada svalankrtiralam lalityalilavatt | 

nrtyantt mukharangageva krtinam syadbharati bharati 

tam tam ca pranipatya golamamalam balavabodham bruve || 


A project comes fast to realisation by just thinking of Him; and by the grace of 
Her, with beautiful dance steps-like words, very ornate, courteously playful, like a 
dancing actress, going to the stage-like mouth of the learned, will be their speech, 
to Him and to Her I bow; then I tell the Sphere, flawlessly, accessibly to novices. 


Again the speech of the pandita is described in words of the world of theatre. 
The mathematician here again is a dhira-lalita hero. His speech is charac- 
terized by the same courteousness. Here refinement of language goes a step 
further. The idea is expressed through a comparison (upama) confirmed by an 
amalgam of two meanings in a single word (slesa) and a metaphor (ripaka). 
The compared object is the speech, the comparing one is the dancer. The idea 
of comparison is expressed by the particle iva, which has been moved from 
the word bharati “actress” which it really qualifies, to the word mukharangaga. 
The properties common to both terms of the comparison are signified by five 
qualifications. In citra-pada the single word pada means ‘word’ and ‘dance 
step’. In sv-alankrtth, alankrti refers to the literary ‘ornaments’ of the poet’s 
speech and to the ‘jewels’ worn by the dancer. Lalityalilavati refers to courte- 
ous language and graceful movements. Nrtyanti refers to speech in verses, i.e., 
codified by chandas and, rhythmically recited, then to choreographed dance. In 
mukha-ranga-ga, mukha-ranga “mouth-stage” is a rupakasamasa ‘metaphoric 
compound’. In alankarasastra a metaphor is considered as a common property 
since it amalgamates two objects: the mouth of the poet is a stage for dance. 
The reason for the displacement of the particle iva is the chandas. The same 
word bharatt, bharatasya iyam “relevant to the actor” is repeated to refer first 
to the poet’s speech, then to the actress. It follows also that there is a type 
of alliteration called latanuprasa “alliteration of Latas” which consists in the 
repetition of a word with a difference of intent. 


One more comment on this verse should be made. It joins an invocation 
of Sarasvati to an invocation of Ganega. A ritual, current in the Calukyan 
period, enjoins the priest to invoke Ganesa on the southern side, Sarasvati 
on the northern side, Laksmi in the centre of the lintel of the door of the 
temple, at the time of entering to perform morning worship [Bru1963, I, p. 93]. 
There are temples of this period in west and south India bearing a sculptured 
representation of these deities, for instance on a stray lintel on Hemakuta at 
Hampi. The temple is conceived of as the universe of which the worshipped 
god is the Supreme Lord. At the time of describing the entire sphere (gola), 
entering the temple of the universe Bhaskara executes this double invocation. 
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This stanza strikes the mind of the reader by the elevated character of the 
concept. Bhaskara has couched it in a typical structure of Sanskrit poetry, 
as codified in alankarasastra. A few other stanzas too follow this model, like 
the final one of the Lilavati, which is one more elegant description of the pati 
amalgamated (lista) with the description of a woman. This is enough to rank 
Bhaskara among creators in the world of Sanskrit kavya. There is more in the 
Siddhantasiromani. So far we have shown poetry in stanzas external to the 
contents of the work. There is also a blend of poetry in the mathematical and 
astronomical expositions. 


In Bhaskara’s compositions, two different styles are noticeable: sutra and 
udaharana. The sutra is the formalised exposition of a scientific concept, a 
procedure of operation, a statement of a natural fact etc. Bhaskara has not 
gone to the same level of compactness and symbolism as Panini or Pingala. 
But he has taken care to be short and precise in expression. He has his de- 
vices of shortening. The use of bhutasamkhya, metonymic representation of 
a number by an object characterised by it, allows him to insert in a verse a 
shorter expression. For instance, in the Bzjaganita, the half-verse presenting 
the operations with zero [Pat2004, v. 14, p. 214]: 


qarel fad Get SF VA art 

Gert Ada VA AHA WRT: Il 9¥ Il 
vadhadau viyat khasya kham khena ghate 
khaharo bhavet khena bhaktagca rasih || 14 || 


In multiplication etc. of zero: zero; in multiplication by zero: zero; a number divided 
by zero will be ‘having a divisor zero’. 


Two devices of shortening are used here: ellipsis, since the word rasi ‘num- 
ber’ has been mentioned only once and is understood in two expressions; 
metonymic expression of zero by the words viyat or kha meaning ‘void space’ 
or ‘sky’. This is not natural language. It is a type of formalization which is 
purely oral and remains concrete. There is no use of graphic devices, nor the 
completely abstract form of modern formalization: 


beWet: ete. Weed 5 = n/khahara. 
n 


To the question: where is poetry here? One may answer that there is alliter- 
ation of the sound kh and gutturals in the mould of the bhujangaprayata metre 
“serpent’s walk”. There is also the concrete mode of expression. Kha, literally 
“void space”, mentioned to refer to a number, is an instance of the laksana- 
orttt “indirect mode of expression” which is the foundation of many poetical 
ornaments. Bhaskara has gone further in a comparison of the khahara with 
the Supreme Lord. Following Suryadasa in his commentory Suryaprakasa on 
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the Bijaganita [Pat2004, v. 16, p. 127], we can say that “Now, he shows that 
in the science of calculation there is another name for the khahara number, 
namely ‘infinite’. And he describes its being infinite with a proof”. 


HY WTA GEARS Gara Se WHI sit | ae Tea 
T = 

atha ganitasastre khaharasyankasya samjnantaram astiti prakatayatyananta iti | 
atha tasyanantatvam yuktya nirupayatt — 


SSARIGR: GE FT Weray weary Peay | 
Fea VIS HSsrasad TTY Ta ll 20 Il 


asminvikarah khahare na rasavapi pravistesvapi nihsrtesu | 

bahusvapi syallayasrstikale’nante’cyute bhutaganesu yadvat || 20 || 

In this khahara, though being a number, no change, even when many enter and go 
out, should occur, as it is at the time of creation and destruction when troops of 
beings [enter in and go out of] Infinite Acyuta. 


We understand here that the proof of the infinite nature of the khahara number 
is the fact that it does not change when something is added or subtracted, 
which is the property of infinity. This is a mathematical fact. The khahara is a 
fraction with denominator zero. When adding or subtracting another number, 
after reduction to the same denominator it does not change: 

a a+(bx 0) a 


a a a. 


Bhaskara derives the idea of the khahara being infinity, from this absence of 
change. Then in an elevated flight of imagination he compares the khahara to 
the Supreme Lord, on the basis of their common property of immutability. He 
derives the infinity of the khahara from the mathematical fact, not from the 
comparison. Suryadasa, after giving this explanation in detail, distinguishes 
correctly the mathematical yukti and the poetical expansion, when he says: 
“then strengthening with the example of Visnu, because of the common prop- 
erty of the khahara to be infinite, he shows the high savour of his poetry”. 


TT GRATE MES rdst Cea Vaasa serait Taleley | 
atha khaharasyanantatvasadharmyat visnudrstantena drdhayan 


svakavitacamatkaram dargayati yadvaditi | 


Once Bhaskara has derived the infinite nature of khahara from its im- 
mutability, he lets his imagination expand freely.” In this example we appre- 
ciate the relevance of the comparison to the mathematical reality. The most 


? We express our thanks to Profs. K. Ramasubramanian, M. D. Srinivas and scholars 
who cleared our doubts by their remarks and giving us relevant references to the Vasana 
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fitting poetry closely approaches the scientific thought, while the difference 
of register is preserved. We presume also that the personality of Bhaskara is 
such that he has an equal inclination to rational thinking and poetical inspira- 
tion. As a mathematician he enjoys the beauty of the logic and of discovering 
hidden facts. As a poet he enjoys the beauty of the appropriate image. 


The udaharana style is differentiated from the sutra style by the absence or 
moderate degree of formalisation and by its closeness to concrete situations. 
That is profusely exemplified in the Lilavati. There is conciseness only under 
the constraint of the metre and at the same time no prolixity. On a moderate 
pace, in the mould of diverse metres, upajati, vasantatilaka, Sardulavikridita, 
arya, giti etc., without rare vocabulary, Bhaskara expresses facts precisely and 
elegantly. The care for lalitya is always present. He uses diverse conventions of 
Sanskrit kavya and themes, devices of alankarasastra always with moderation. 
The result is a charm felt by any reader, whatever is his interest and purpose, 
scientific or literary. 


The apex of poetry is rasa, i. e. the aesthetic pleasure experienced by the 
reader when sharing a suggested mood or sentiment. Bhaskara creates a rasa 
by placing the elements of a problem of mathematics in a concrete situation 
apt at suggesting a particular mood. In a problem of istakarma a broken 
necklace suggests the sambhoga “love in union” side of Sriigara-rasa “amorous 
mood”:3 


etc. In his auto-commentary Bhaskara gives himself another derivation of his concept of 
khahara as infinity [BiGa2008]. 


GEA UPR: | HHA RALAST TARA ACTER A HS A- 
ART | CIAT UATeUT FRR eee feist eel: SA RTAAT | 


khaharasca rasiranantasamah | kasmiméscit sthirabhajye uttarottaram alpaharena 
bhakte labdhiruttarottaram adhika | evam atra paramalpena sinyasamena harena 
vibhajite labdhih anantasama | 


The number having a divisor zero is equal to infinity. When a fixed dividend is 
divided by a progressively smaller divisor the quotient is progressively greater. 
Thus when it is divided by the extremely small divisor equal to zero the result is 
equal to infinity. 


However, the fact that this passage is not found in all editions of the Va@sand auto- 
commentary of Bhaskara, is to be considered. 

3 This problem is already found in the Trigatika of Sridhara. It is given with a differ- 
ent formulation in the Ganitasarasamgraha of Mahavira. The stanza, as composed by 
Sridhara, has crept into a few editions of the Lilavati, with a variant reading [Sar2004a, 
pp. 463-476]. It is probably an interpolation, maybe of early date, since a commentator 
has inserted it in his commentary. 
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IRRIT ERaceIT: Brose Aart afer! 

MAT ATARI: SATA: CAAT TBE | 

We: TS: Fae WH sar: Myla: Pre 

eS VE Tae Hae afasdaiaes Se Il 43 Il 

kaminya haravallyah suratakalahato mauktikanam trutitva 

bhumau yatastribhagah Sayanatalagatah paticamamso’sya drstah | 
praptah sasthah sukesya ganaka dagamakah samgrhitah priyena 
drstam satkam ca stitre kathaya katipayairmauktikairesa harah || 53 || 


The necklace of the young girl in the struggle of pleasure having broken, of the 
pearls one third went on the ground, one fifth was seen going on the bed, one sixth 
was taken by her of beautiful hair, O mathematician, one tenth was collected by 
her lover, one sixth was seen on the thread; tell how many pearls this necklace had. 


The process of suggestion (dhvani) of rasa is achieved by the disorder of the 
pearls. At the same time an ingenious method leads to the solution. Supposing 
the number of pearls is 1, the scattered pearls are 


: dQ tt ty 481 
i ae eae 60. 5° 


The total number of pearls in the necklace is ©{+ = 30. 
5 


Bhaskara loved nature, especially the fauna, to which he ascribed in the 
experience of human sentiments. With the conventions of Sanskrit poets he 
has imagined natural scenes presenting mathematical problems and suggesting 
experiences of diverse rasas at the same time. In a section called gunakarma 
he deals with a class of problems of finding a number of which the sum or 
difference with a multiple of its square root is known: x? + mz = a in modern 
notation. Bhaskara has been inspired by this structure of a group in which 
one part is unknown, the other known. He appropriately imagines examples of 


same structure: the number of elements of a group is unknown; in one part the 
number of elements is also unknown; in another part that number is known. 
He describes groups of animals which are differentiated in subgroups by their 
diverse occupations. The first example is a story of swans in a pond [Lila1937, 
vol. 1, v. 67, p. 64]: 


aes RISHITHseey ST 

AR PORTIS | 
als een 

WS Ts FT ISHAM Il 9 Il 


* See [Lila1937, vol. 1, p. 17]. The editor has placed this stanza in the commentary of 
GaneSa, not in the main text of Bhaskara. It has been recognized as pertaining to the 
text of the Lilavati in [Lila2001, p. 58], with a cruder variant reading of the first quarter 
of the stanza: haras taras tarunya nidhuvanakalahe mauktikanam vistrnah. 
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bale maralakulamiuladalani sapta 

tire vilasabharamantharaganyapasyam | 
kurvacca kelikalaham kalahamsayugmam 
Sesam jale vada maralakulapramanam || 67 || 


Child, seven times the half of the square root of a troop of swans, on the bank, 
slowed down by the fatigue of their enjoyments, I have seen; giving itself to an 
amorous quarrel a couple of pretty swans remains in the water; tell the size of the 
troop of swans. 


The process of solving the problem is to take the square of half the multipli- 


cator 7, that is #, add to it the known quantity 2, that is 4, whose square 
root # is added to the half of the multiplicator 1, that is 48 = 4. The square 


of this result 16 is the size of the troop. In this problem, the unknown group is 
the largest one, is of complex structure and is subject to a “play” of successive 
arithmetical actions. The known group is small and subject to one involve- 
ment. The poet appears to have carefully adapted his example to the problem, 
when he divided the flock of birds in a large group tired of too many “plays” 
and a happy couple. Here again, srigara-rasa is suggested in two moments of 
the sambhoga aspect. 


Then, Bhaskara adds one more element to the problem. The number to find 
is reduced to square root and a fraction. The whole group has therefore three 
parts, two unknowns and one known. Bhaskara illustrates it with three exam- 
ples, deserving to be quoted here for their poetical charm. They are stories of 
animals and of a Mahabharata hero. One more describes the diverse actions 
of swans or more exactly hamsas. In Sanskrit poetry the hamsa is a natural 
bird with a mythological dimension, a symbol of purity and discrimination 
[Lila1937, vol. 1, v. 69] : 


we Ta FT AHS FIST GST Fe N68 

yatam hamsakulasya miladagakam meghagame manasam 

proddiya sthalapadminivanamagadastamsako’mbhastatat | 

bale balamrnalagalini jale kelikriyalalasam 

drstam hamsayugatrayam ca sakalam yuthasya samkhyam vada || 69 || 

Ten times the square root of a flock of hamsas went to Manasa lake at the advent 
of clouds; one eighth of it flew away from the bank of water towards a garden 
of ground-lotuses; O little girl, in the water full of fresh lotus stalks, longing for 
amorous sports, one sees three couples of hamsas; tell the full number of the flock. 


The solution is 144 birds. The migration to the Manasa lake is a symbol of the 
detachment of the samnyasin. The plays in water represent the attachment 
to the world. Santi rasa “appeasement mood” is suggested by the flight of the 
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first group, srnigara-rasa by the sports of the remaining group. This beautiful 
stanza reminds us also of the famous vedic image of two birds on the same 
tree, one eating the fruits, the other looking around without eating [Mun1999, 
3.3.1]: 


al Boot Bags Sara wart gat oReeas | 

TAR: Pare SSAA Aa II 

dua suparna sayuja sakhaya samanam vurksam parisasvajate | 
tayor anyah pippalam svadvattyanagnannanyo abhicakasiti || 


Two birds ever united, of same stock, cling to the same tree. One of them eats the 
sweet fruit, the other, not eating, looks on. 


The largest part of Sanskrit poetry and theatre is shared between Sriigara- 
rasa and vira-rasa the heroic mood. Bhaskara calculates the number of arrows 
discharged by Arjuna to kill Karna. With the distribution of one hundred he 
suggests the vira-rasa [L11a1937, vol.1, v. 70] : 


Te: HUTT APPT Heat Lh BT 

wearer Part tot yoerghieart | 

Tet afezay Tarte wat Arh 

freer RR: aot Hid gd AMS: BeeT Il Vo II 

parthah karnavadhaya marganaganam kruddho rane sandadhe 
tasyardhena nivarya taccharaganam miilaigcaturbhirhayan | 
Salyam sadbhirathesubhistribhirapicchatram dhvajam karmukam 
cicchedasya Sirah Sarena kati te yanarjunah sandadhe || 70 || 


Partha in order to kill Karna discharged a mass of arrows, furious as he was in 
battle; after diverting the mass of his opponent arrows with one half and Salya 
with six arrows, he cut off the horses with four times the square root, then the 
umbrella, the standard, the bow with three and the head of Karna with one arrow; 
how many were the arrows that Arjuna discharged. 


The first half of the stanza gives the unknown quantities 5x? and 42; the 
second half gives the known quantities 6, 3, 1. Their total 10 is involved in the 
calculation. Ganesa and Gangadhara have taken the word salyam as referring 
to Salya, king of Madras and charioteer of Karna. They link him with nivarya 
to obtain the meaning: “diverting Salya out of the battle”, since Salya survives 
the battle between Arjuna and Karna, which is fatal for Karna. The word atha, 
‘then’, expected at the beginning of the second half of the stanza, has been 


displaced for the sake of the sardulavikridita metre. 


Finally comes a story of bees [Lilal1937, vol.1, v. 71] : 


PROTA TAM TSA | 
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FR oRameeet varret Pread 

Wa Let Ae HrasaSIry | 9 Il 
alikuladalamulam malatim yatamastau 
nikhilanavamabhagas calint bhrigamekam | 

nisi parimalalubdham padmamadhye niruddham 
pratiranati ranantam bruhi kante’lisamkhyam || 71 || 


The square root of a half of a swarm of bees and oe of the whole have gone 
to malati flowers; a female bee responds to one humming male who out of greed 
for fragrance has been caught inside a lotus [closing] at night. O beloved, tell the 
number of bees. 


Two parts of the swarm are described. The first one evokes the major part of 
swarm in its movement over the flowers and that is expressed with a notewor- 
thy alliteration of ‘’. The second part consists in two bees, a couple, male and 
female. The alliteration in 1’ is balanced by an alliteration in ‘r’, evoking the 
respective humming of the male and the female. The humming of the male 
is presented as due to the greed for the pollen. The humming of the female 
evokes her hovering over the lotus. That unfailingly calls to mind a theme of 
Sanskrit poetry, the separation of a couple, because the husband has gone for 
trade out of greed and the wife remains alone. That is the vipralambha “love 
in separation” aspect of srngara-rasa. The bipartition of the scene appropri- 
ately corresponds to the two sides of the equation involved in the problem, in 
modern notation x2? — ge — 8x? = 2. 


Patvis concerned mostly with arithmetic, but deals also with mensurations 
of sides of geometrical figures. It was illustrated with abstract designs, as can 
be seen in manuscripts. Pursuing his method of illustrating problems with 
concrete situations, Bhaskara has imagined scenes organised in the space of 
geometrical figures. For instance [Lilal937, vol. 2, v. 152]: 


asti stambhatale bilam tadupari kridasikhandi sthitah 

stambhe hastanavocchrite trigunitastambhapramanantare | 

drstuahim bilamavrajantamapatat tiryak sa tasyopari 

ksipram bruhi tayorbilat katikaraih samyena gatyoryutih || 152 || 

There is at the foot of a pillar a hole and at the top stands a pet peacock; the 
pillar being nine cubits high, at a distance three times the size of the pillar. Seeing 
a serpent proceeding towards the hole, the peacock pounced upon it obliquely. 
Quickly tell at how many cubits from the hole will they meet, by assuming the 
equality of their two movements? 


The answer is 12 cubits. A manuscript said to be dated 1650 CE besides the 
text also gives sketches of geometrical figures. The present stanza appears at 
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the bottom of the recto of a folio, the solution on top of the verso. The scribe 
was probably more interested in the story than in the problem, because instead 
of drawing a relevant geometrical figure, as he has done for the previous and 
the next problem, he has done a nice drawing of a peacock on a pillar with a 
serpent at the bottom. 


Figure 1: The peacock and serpent problem in a manuscript. 


The same stanza has been excellently enacted by dance students of Rishi 
Valley School. 


Figure 2: Enactment of the peacock and snake problem in Rishi valley school. 


There is one more level of poetry in which Bhaskara excels, that is the 
description of the universe. Indian scientific astronomy has accepted elements 
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of the puranic cosmography in its representation of time and space. That is 
shown by the concepts of diverse time measures and spatial residences for gods, 
demons, pitrs etc. as well as for men. Bhaskara has received the traditional 
teaching of his time and brought into it his own perceptions of scientist and 
poet. That is clear in its kalamanadhyaya “lesson on measurement of time” in 
the Grahaganita section. He recalls the concept of creation of earth, stars and 
planets, the setting in motion of the moving celestial bodies simultaneously 
at a fixed point of time, the beginning of a Mahdayuga. He recalls the long 
time divisions of Brahma, Gods, Pitrs, etc. As a scientist he connects them 
to the observable periods of men on the earth. He follows Brahmagupta in 
accepting the traditional decreasing durations of the four yugas, from Krta 
to Kali, but not Aryabhata who makes them equal. He takes the beginning 
of the Mahdyuga as epoch for the simultaneous start of the revolutions of 
celestial bodies. It follows that during this period the planets do an integral 
number of revolutions, before taking a new start. Here Bhaskara declares that 
for the purpose of calculations of the position of planets, it is not necessary 
to speculate further in which larger period, manvantara or kalpa, the present 
day is situated. He remains more moderate on this point than other authors 
of jyotisa and tells them with courteous humour [SiSi1939, vol. I, vv. 26-27]: 


Ta TAT HATTA Te UTES ARI: | 
FIP: HST ARTA Wer SAAATATATSH ATT: I REI 
ae: Sfeeet feat feared oaedy aeda Tact | 

Fa Bead Had at TAsaAARTy Get Heal AASeT IIR Il 


tatha vartamanasya kasyayuso ’rdham 

gatam sardhavarsastakam kecidtcuh | 
bhavatvagamah ko’pi nasyopayogo 

graha vartamanadyuyatatprasadhyah || 26 || 
yatah srstiresam dinadau dinante 

layastesu satsveva taccaracinta | 

ato yujyate kurvate tam punarye 

‘pyasatsvesu tebhyo mahadbhyo namo’stu || 27 || 


Some have told that half of the present age of Brahma has gone, or eight and 
a half of his years. Let there be some tradition. There is no utility of it. The 
positions of planets are to be calculated in the present passing age. Because there 
is creation of them at the beginning of an age and repose at the end, reflection on 
their movements, when they exist, is valid. To those great scholars who still do it 
when they do not exist, let there be a salute. 


A Sanskrit poet draws a lot of his inspiration from the Indian myths. Bhaskara 
is a Sanskrit poet, but he has tempered his panditya by its scientific purpose, 
tempering at the same time his scientific exposition by his lalitya. 


The same can be said of the concept of space as described in the Bhu- 
vanakosa division of the Goladhyaya. Bhaskara endorses the tradition, con- 
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nects it to scientific observation and describes it as a real poet. He criticises 
with slight humour those who did theories which are exaggerated or deviat- 
ing from reasonable deductions. A quotation of a few stanzas on the position 
of the earth shows it clearly. At the same time Bhaskara offers a grandiose 
vision, with an outpour of his personal feeling of intense wonder [SiSi1988, 
vv. 2-5]: 


fre fe a aac aeqoaneded ara 2 


bhumeh pindah Sasankajnakaviravikujejyarkinaksatrakaksa- 

orttairurtto urtah san mrdanilasalilavyomatejomayo yam | 

nanyadharah svagaktyaiva viyati niyatam tisthatthasya prsthe 

nistham vigvam ca Sasvat sadanujamanujadityadaityam samantat || 2 || 

The mass of the earth, being round, encircled by the orbits of the Moon, Mercury, 
Venus, Sun, Mars, Jupiter, Saturn and the stars, being made of earth, wind, water, 
void, fire, having no support other [than itself], by its own force stands in space 
firmly; on its back eternally everything is placed including the sons of Danu, of 
Manu, of Aditi and Diti everywhere. 

ade: Toa: | 

POTPTIT: HATA ll 3 ll 


sarvatah parvataramagramacaityacayaiscitah | 
kadambakusumagranthih kesaraprasarairiva || 3 || 


On all sides it is covered with multitudes of hills, groves, villages, temples, like the 
tight knot of the flower of kadamba with its multitudes of filaments. 


The kadamba flower, Lamarckiana cadamba, is here the most wonderfully ap- 
propriate standard of comparison. This image has been initially imagined 
by Aryabhata and expressed in his forceful style in a arya stanza [AB1976, 
ch. 4.7]. Bhaskara has rewritten the stanza in a shorter anustubh form with 
alliterations and with precise words, adding his elegance of formulation. 


Fat Tal dag SARA ARM SITA ATA TRT | 

ares Hea de Vaart: feared fe ar sp: aren AA: le 

murto dharta ceddharitryastato ’nyastasyapyanyo ’syaivamatranavastha | 

antye kalpya cet svagaktih kimadye kim no bhumeh sastamurtegca murtih || 4 || 
If the earth had a solid support, then another [should support it], then another; 
thus a regressus ad infinitum. If one presumes its own force for the last support, 
why not for the first one? Why not for the earth? It is one body of the eight-bodied 
Siva. 

TawraTHMA Ha Setar fret gfe: ah HlSTaATSAry | 

FSMel FIST LIMA Tat PAPI Tet TeGarHA: Il Il 
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Figure 3: The filaments of the kadamba flower, Lamarckiana cadamba. 


yathosnatarkanalayosca sitata 

vidhau drutih ke kathinatvamasmani | 
maruccalo bhuracala svabhavato 

yato vicitra bata vastusaktayah || 5 || 


As there is heat in the sun and fire, cold in the moon, liquidness in water, hardness 
in stone, as wind is mobile, the earth is immobile by her own nature, because 
beautiful are the powers of things. 


The tools of the Sanskrit poet are used by Bhaskara here: varied prosody, 
alliterations, comparisons in chain. We have to emphasize the inspired char- 
acter of this passage. We feel the enthusiasm of the poet astronomer, dragged 
by the beauty of the universe, carried away by his discovery of its divinely 
built structure. A saying of western astronomers in Latin is: coeli ennarant 
deum “the skies describe God”. For Bhaskara the earth and other elements of 
the universe are bodies of Siva. All that is intense poetry of the most elevated 
level. And that could occur only in an astronomical account. 


A description of seasons is a must for a Sanskrit poet. Bhaskara is not an 
exception to the rule. He wanted his Siddhantasiromani to be a kavya. He 
has done it by describing the six seasons in a section of eleven stanzas, two 
for vasanta “spring”, two for grisma “summer”, three for varsa “rains”, one 
for Sarat “autumn”, one for hemanta “early winter”, two for sisira “close of 
winter”. He has confessed that here under the pretext of describing the seasons 
he wanted simply to show that he was a poet, able to please the rasikas, for the 
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pleasure of the learned. Then he has added three stanzas in praise of poetry. 
This section of fifteen stanzas of poetry is a parenthesis in his scientific work. 
In fact the originality of Bhaskara as a poet is more in achieving a fusion of 
science and poetry, than in composing a pure poem. 


At the close of this rapid survey the question “is poetical inspiration at the 
origin of some scientific ideas?” comes unfailingly to mind. There is no definite 
answer to such a question. We just note that poetry in Bhaskara’s work is 
more than a varnish ornamenting the scientific exposition. It is fused with it. 
We have seen it in the description of the earth, in the case of the division by 
zero, in the appropriateness of the poetic constructions to the structures of 
mathematical problems in the examples of the Lalavati. 


The lineaments of the face reveal the internal nature of the personality of an 
individual. The poetical face of Bhaskara’s work betrays his inward response 
to the beauty of mathematical procedures and to the rationale of the universe 
structure. 


PART II 


THE LILAVATI 


pritim bhaktajanasya yo janayate vighnam vinighnan smrtah 
tam vurndarakavrndavanditapadam natva matangananam | 
patim sadganitasya vacmi caturapritipradam prasphutam 
sanksiptaksarakomalamalapadair lalityalilavatim || 


Having bowed to the elephant-headed God [Ganega]—whose feet are venerated by 
Gods, and who bestows happiness on devotees by way of destroying [their] obstacles 
when meditated upon—I expound the procedures of good mathematics in words 
that are concise (sarksiptaksara), lucid (komala), and flawless (amalapada), that 
would be a source of delight to the experts, absolutely unambiguous and endowed 
with playful elegance (lalityalélavatim). 
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The lala of the Lilavati 


K. Ramasubramanian, K. Mahesh, Aditya Kolachana* 


1 Introduction 


Sanskrit literature is rich in a variety of texts across a wide range of dis- 
ciplines including mathematics, astronomy, medicine, history, philosophy, 
drama, mythology and so on. A perusal of literature around the world will 
show that, while it is common to compose works related to history, litera- 
ture, mythology etc. in metrical form, scientific literature—due to its use of 
technical vocabulary, as well as demands of brevity, clarity and precision—is 
usually written in prose. However, in contrast to this general trend, a surpris- 
ingly large corpus of scientific literature in Sanskrit is composed in the form of 
verses, including works in mathematics, astronomy, medicine, linguistics etc. 


The Lilavati is one such treatise dealing with elementary arithmetic and 
geometry, which is widely renowned for its clear elucidation of rules, and 
demonstration of their application in daily life through brilliant examples. In 
the opening verse of Lilavati, having offered his veneration to Lord Ganesa, 
Bhaskara promises the readers that he is going to compose a work that is en- 
dowed with playful elegance (lalitya-lilavati), and which will also be a source 
of delight to the experts (caturapritiprada). What is this playful elegance 
(lalitya-lila) that Bhaskara is referring to which has made the work so popu- 
lar and acclaimed—for almost a millennium since its composition in twelfth 
century—is the question we attempt to answer in the present paper. 


*Email: mullaikramasQ@gmail.com 
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Though a large number of commentaries and translations of this text are 
available in several languages,! all these works mostly tend to focus on the 
mathematical aspects of the text. They do not attempt to investigate whether 
Bhaskara is justified in making the above claims, nor do they highlight the 
reasons for Lilavati’s enduring charm (lela). Our aim in the paper is to look 
into this aspect of the work. To this end, and to ensure an objective study, we 
highlight a few technical and literary features that add elegance and charm 
to any text in Section 2. In Section 3, we discuss the merits of Lilavate from a 
technical standpoint. Next, as a precursor to discussing the literary merits of 
Lilavati, we give a brief introduction to alankaras in Section 4, and discuss the 
specific merits of the text in Section 5. In Section 6, after giving a very brief 
overview of the contents of the Lilavati, we discuss some of the unique contri- 
butions made by Bhaskara in the Lilavatt from a mathematical standpoint. 
Finally, we summarise our discussion in Section 7. 


2 Features that contribute to the elegance and charm of 
literature 


Human imagination knows no bounds, and humanity has produced a variety 
of literature in a diverse range of topics and languages. Different cultures per- 
haps have different views about what contributes to the elegance and charm 
of literature, and these too may vary depending upon the topic and nature 
of the text. However, a perusal of world literature will show that even within 
this bewildering assortment of tastes and styles spanning countries and cul- 
tures, some of the highly regarded works have certain aspects in common that 
include: 


1. sanksipta-prasphuta-kathanam: succinct and clear presentation, and 
2. victtra-udaharana-citranam: use of captivating examples drawn from var- 


ious quarters to effectively support the narrative. 


Additionally, if the text is composed in verse form, the poet (and thereby 
the work) is evaluated on 


3. the capacity to blend the work with variety of enchanting poetic metres 
(nana-chandah-prayogah), and choose the one that would suit the most in 
a given context, 


' For instance see Ganega’s Buddhivilasint [Lila1937], Sankara’s Kriyakramakart 
[Lila1975], [Col1817], or [Tay1816]. 
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4. the use of clever witticisms and beautiful phrases (ramaniya-padavinyasah), 
and 


5. the perspicacious ability to employ appropriate poetic flourishes (alankaras). 


Whereas the satisfaction of the first two criteria contributes towards the 
technical merit of a text, the satisfaction of the latter three contributes towards 
its literary merits. Based on the perusal of literature, it is evident that works 
that satisfy most of the above criteria can enjoy lasting popularity among lay 
persons and scholars alike. 


In the following sections, we shall attempt to show how Lilavati satisfies 
most of the above criteria. 


3 The lila of Lilavatt from a technical standpoint 


In this section, we briefly review the Lilavati from the technical standpoints of 
(i) brevity, clarity, and precision, and (ii) use of captivating examples. The lila 
of Lilavati is best brought out when compared with some other well known 
mathematical works. Most works of mathematics, composed both before and 
after Lilavatz, do not satisfy all of the above criteria. For instance, Aryabhata’s 
famous treatise Aryabhatvya—though contributing greatly towards the devel- 
opment of mathematics and astronomy—is somewhat terse in some places, 
and does not present any examples. Brahmagupta’s Brahmasphutasiddhanta 
too essentially follows the style of Aryabhatiya. In addition, these texts are 
composed entirely in the drab arya metre, and hardly employ any poetic 
flourishes.? 


A few other works in mathematics such as Ganitatilaka of Sripati, Gani- 
tasarasangraha of Mahaviracarya, and Ganitakaumudi of Narayana Pandita 
do employ a variety of metres and occasionally use poetic flourishes. Though 
these works fulfil some of the criteria listed in the previous section, they do 
fall short in one or the other respect. In contrast to the above works, Lilavati 
maintains a harmonious balance between brevity and clarity, and makes use of 
a large number of enchanting examples besides employing a variety of poetic 
flourishes. We illustrate this with a few examples in the following sections. 


? We mention this only to contrast Lildvati with these texts, and not to undermine the 
importance of them (nahi nindanyaya). 
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3.1 Example to illustrate sanksipta-prasphutakathanam 


Here, we give an example of how Bhaskara harmonises the conflicting goals 
of brevity and clarity in the Lilavatt. The following verse is from the chapter 
on arithmetic and geometric progressions:® 


Saray rena aa- 

agaic: fhe Ugioarsr | 

at faadt ver fatter 

Bilsed BA AESACRA 1199091 | etry | 


saikapadaghnapadardhamathatka- 
dyankayutih kila sankalitakhya | 

sa dviyutena padena vinighni 
syattrihrta khalu sankalitatkyam ||117]|| 


Now, the sum of the numbers starting with one, called sarkalita, is indeed half 
the number of terms (pada) multiplied by the pada added by one. That [sarikalita] 
multiplied by the pada [which is] added by two, [and] divided by three would indeed 
be the sum of sums (savikalitaikya). 


This verse gives the relations for (i) sarkalita: the summation of the first 
n integers starting with the number one, and (ii) sarikalitaikya: the sum of 
sums. 


sankalita 1424+34+44+...4n= mn 1) (1) 
1 +1 2 
sankalitaikya (eee) omen — ) - n(n ant a (2) 


The brevity, clarity and charm with which Bhaskara has been able to 
present the above results can be readily appreciated by comparing it with 
the following verse of Brahmagupta which essentially presents the second of 
the above relations [BSS1902, ch. 12.19, p. 284] : 


wahaad aeEree vate ages | 

ABP Red Fed ugedagiary Il | sar | 
ekottaramekadyam yadistagacchasya bhavati sankalitam | 
taddviyutagacchagunitam trihrtam sankalitasankalitam || 


If the sum (sarikalita) [of a progression] of given number of terms (gaccha) has one 
as first term and increment, then that [sarkalita] multiplied by the number of terms 
added by two, [and] divided by three is the sum of sums (savikalita-sankalita). 


3 Here, the verses quoted from Lilavati are numbered as given in [Lila1937]. 
4 Geet in [BSS1902]. Given reading, which is as per India Office Library 


manuscript, Eggeling 2769, is better as the Ac in the third quarter of the verse gets 
its correlative pronoun Ud. 
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In comparison to the clarity of Bhaskara’s verse where the two relations 
described are readily understood, deciphering Brahmagupta’s verse—which 
presents only (2)—requires both knowledge of the context, as well as effort. 
Moreover, Bhaskara has composed his verse in the appealing dodhaka metre, 
while Brahmagupta—as stated before—has employed the somewhat bland 
arya metre. Therefore, though both the verses essentially give the same for- 
mula, Bhaskara’s verse is enjoyable, while Brahmagupta’s verse is not that 
inspiring. 

In short, what we would like to convey here is that the verses in the Lilavati 
are generally characterized by a beautiful blend of three desirable qualities of 
a text, namely: 


1. Ufeear — the quality of being brief 
2. YXhed! — the quality of being clear 
3. Mla — the quality of being elegant. 


In a text like the Lilavati, where various mathematical rules and formulae 
have to be enunciated, blending the first two into a verse may not be that 
difficult, whereas to weave in the third with the others is not easy. However, 
Bhaskara seems to have succeeded in that as well. Elegance can be brought 
into the text by a variety of techniques such as 


1. composing verses in metres that have beautiful rhythms 

2. employing poetic flourishes like alliteration, anaphora and epiphora 

3. employing apt similes and nice puns 

4. constructing brilliant examples. 
While it may be easier to incorporate all the above features while constructing 
illustrative examples, it would indeed be challenging to employ them when it 
comes to describing mathematical rules. What is remarkable is, Bhaskara does 
succeed in bringing in elegance even in mathematical rules by employing at 


least the first two of the above features, as seen in the above example. This is 
the lila of the Lilavati. 


3.2 Examples of vicitra-udaharana-citranam 


Here, we show Bhaskara’s ability to construct very imaginative examples that 
are at once captivating and elevating. 
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Example 1 


The following verse from the chapter on geometry poses a problem involving 
right-angled triangles: 


WH TIT Ceaset AT AT | 

Huy HAY Foes AT: HF [1940 | afer | 
yadi samabhuvi venuh dvitripanipramano 

ganaka pavanavegat ekadege sa bhagnah | 

bhuvi nrpamitahastesvanga lagnam tadagram 

kathaya katisu muladesa bhagnah karesu ||150|| 

O mathematician! If a bamboo measuring thirty-two panis® (lit. hands) on a level 
ground (sama-bhuvi) was broken at one place due to wind speed (pavana-vega), 
[and] its tip touched the ground at a distance of sixteen hastas, [then] O dear!® 
State how many karas (hastas) from the root this [bamboo] is broken at. 


karna (k) 


koti (a) 


A bhuja (b) B 


Figure 1: The bamboo example borrowed by Bhaskara from Bhaskara I. 


The verse describes a bamboo of height (h) equalling 32 hastas, which is 
broken at an unknown height due to the wind as shown in Figure 1. The 
broken (but still attached) portion of the bamboo falls to the ground such 
that its tip is at a distance of 16 hastas from the foot of the bamboo. We need 


5 A unit of linear measure, same as hasta or kara. 


® Here, the word ariga is used is its colloquial sense as an addressing word, and refers to 
a person as dear as an inseparable part of the body. 
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to determine the height at which the bamboo is broken. Using a rule stated 
earlier by Bhaskara, the height (Koti) at which the bamboo is broken can be 
determined as follows: 


16? 
2— = } = 12 hastas. 
«(3 =) astas 


We can then also determine the hypotenuse (karna), which is equal to the 
length of the upper portion of the bamboo as follows: 


karna = 32 — 12 = 20 hastas. 


This verse makes use of an example from nature to help the students read- 
ily visualise what may otherwise seem a difficult and abstract mathematical 
problem. This not only helps the student to understand the situation, but 
also motivates by presenting it as a real-life problem. This example, with only 
the numbers changed proportionally, is actually borrowed from Bhaskara I’s 
Aryabhatiya-bhasya |AB1976, p. 100]: 


Weaeedl sa: Gast Poa: Sere | 

at seat Ufa: SRS Wal AScdat aT: II | Sat | 
sodasahasto vamgah pavanena nipatitah svamiulat | 

astau gatva patitah kasmin bhagno marutvato vacyah || 


A bamboo of sixteen hastas was made to fall by the wind. It fell such that its tip 
hit the ground at eight hastas from the root. Where was it broken by the Lord of 
the wind, is to be said. 


Bhaskara I has therefore partly satisfied the requirement of vicitra-udahara- 
na-citranam by beautifully weaving in a nature related observation into a 
mathematical work. However, Bhaskara surpasses Bhaskara I with his superior 
choice of words and metre. The malint employed by the author of Lilavati 
lends itself far better to rhythm and melody, with the result that Bhaskara’s 
restatement of this example surpasses its earlier form. This is best experienced 
in the second quarter where the characteristic of the malint metre compels 
the fast utterance of the phrase ganaka pavanavegat, which then appropriately 
gives the sense of the speed of the wind. 


In comparing the verses of the two scholars, it is also worth noting the use 
of the phrase sama-bhuvi (level ground) by Bhaskara. Unless the ground is 
perfectly flat, the triangle resulting from the two parts of the broken bamboo 
and the ground would not be right-angled. Therefore, the use of this phrase 
greatly enhances the precision of the verse. Thus, we find Bhaskara’s verse to 
not only be more elegant, but also more precise. This is the lla of Lilavati. 
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Example 2 


The following verse is from the chapter on quadratic equations in the Lilavati: 


WSS VATA TPIS THIS TT | 
Ts TP TMMars se fester 
we Da FT Aho FIST GS Fe 11881 | argatachitecry | 


yatam hamsakulasya miladagakam meghagame manasam 

proddiya sthalapadminivanamagadastamsako’mbhastatat | 

bale balamrnalagalini jale kelikriyalalasam 

drstam hamsayugatrayam ca sakalam yuthasya samkhyam vada ||69]| 

Of a herd of swans (at a water body), ten times the square root went (migrated) 
to Manasa (lake) on the approach of clouds (rainy season). One-eighth having 
flown, went to a forest of sthalapadmini (Hibiscus mutabilis) from the shore of the 
water. Three pairs of swans were observed to be absorbed sporting in water having 
delicate stalks of lotuses. O girl! State the total number [of swans] the group has. 


In this verse, Bhaskara imagines a herd of swans which migrate to different 
regions on the approach of the rains, and constructs a problem involving 
quadratic equations based on this migration. He evocatively describes one 
group of swans which migrates to the legendary Manasa lake (which is famous 
in Indian literature for swans), another group which migrates to an enticing 
forest of sthalapadmini flowers, and a laggard group of three pairs of swans still 
sporting in a water body graced by beautiful lotuses. We need to determine 
the total number of swans in the herd. 


Forcing the mind towards mathematics from this enticing description, the 
given problem can be represented as the following quadratic equation, where 
? is the total number of swans: 


2 
a == +10e +6. 


Solving this equation, we have x? = 144. 


By invoking the legendary Manasa lake, and the revered hamsa (swan), 
Bhaskara captures the attention of the reader. Thus, this verse not only 
teaches mathematics, but also educates the students about the migration of 
birds, and appeals to the naturalists in all of us. This is the [2a of the Lilavati.” 


7 Also, the repetition of the syllable la in the third quarter of the above verse is a good 
example of the gabdalankara called vrtti-anuprasa, about which we discuss in greater 
detail in Section 5. 


The lla of the Lilavati 67 


Example 3 


Another example that is worth citing here is a problem related to permutations 
that appears towards the end of the text: 


TA FAM CSA SHAT AAC: 


Vg PATA are | 

sateen: Bit After: 

srteeee rarrartsterg: 11283 Il | Tara rar | 
pasankusahidamartkakapalasulaih 

khatuangasaktisaracapayutairbhavanti | 

anyonyahastakalitaih kati murtibhedah 

Sambhorhareriva gadarisarojasankhaih ||263|| 


Like the varieties of sculptures (murtis) of Hari (Visnu) with a mace, a disc, a 
lotus, and a conch, how many varieties of mirtis of Sambhu (Siva) are possible by 
interchangeably placing a rope, a hook, a snake, a damaru, a skull, the sila, the 
khatvaniga, a spear, an arrow, and a bow in his [ten] hands?® 


Here, Bhaskara presents a problem involving permutations by borrowing 
certain descriptions from India’s sacred literature. There, the god Visnu is 
described as holding a mace, a disc, a lotus, and a conch with his four hands.® 
This image is widely prevalent not only in literature, but in sculpture, as well 
as paintings. However, it is possible to find variations among the murtis and 
paintings with the positions of the different objects interchanged between the 
four hands. 


Similarly, Siva has been described in literature as having five faces, ten 
hands, and holding a variety of weapons.'° Just like it is possible to create 


8 The snake here probably refers to Vasuki, the king of the serpents, which is usually 
depicted as coiled around Siva’s neck. The damari is Siva’s drum, the sound produced 
from which is said to have inspired Panini to write the famous Mahesvara-sutras, which 
form the basis of Sanskrit grammar. Sila refers to Siva’s famous weapon—the Trisila, 
which is a three-pronged spear. Khatvariga is another weapon of Siva—a club with a skull 
at the top. The bow referred to here would be Siva’s famous bow Pinaka, which plays an 
important role early in the Ramayana, during the svayamvara of Sita. 

® Visnu’s mace is called kawmodaki. His disc is the famous sudarsana-chakra, and his 
conch is known as paficajanya. 


10 The following famous verse describes Siva slightly differently from Bhaskara: 
Bed Tareet serene Terest Prt 
ae dat oT Sy WAH SayPT ded | 
* es 5 3 = 5 
AMER ath SHeHpasst oradret Ta Ih 
Santam padmasanastham Sagadharamakutam parcavaktram trinetram 
Silam vajram ca khadgam paragumabhayadam daksabhage vahantam | 
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different murtis by interchanging the items held in Visnu’s hands, this verse 
challenges the students to determine the possible number of murtis which 
can be obtained by interchanging the ten items in Siva’s hands. Solving, we 
determine that there are 10! = 3628800 possible mirtis of Siva, and 4! = 24 
possible murtis of Hari. 


It can be seen here that Bhaskara once again effectively relates the mathe- 
matics being taught in the classroom to the texts and imagery the students are 
frequently exposed to, which makes the process of learning more meaningful, 
delightful, and effective.!! 


Example 4 


The following verse cleverly makes use of a social custom (saémajika-urttam) 
to teach arithmetic progressions. 


ard fet garaged at aa fasharsafet wad: | 
ad BS TT at SAT ae real TA Sa: U9 | Sas | 


adye dine drammacatustayam yo dattva dvijebhyo’nudinam praurttah | 
datum sakhe paricacayena pakse dramma vada drakkati tena dattah ||122\| 


A person who having donated four drammas to dvijas (brahmins) on the first day 
(in charity), continued to give by an increment of five on the following days. O 
friend! Quickly tell how many drammas were given by him in a fortnight. 


A person gives 4 drammas in charity on the first day, and increases this 
by an amount of 5 drammas on each subsequent day. Given that he gives to 
charity for a total of 15 days, we need to determine the total sum given by 
that person in charity. 


We are given the first term of the progression a, = 4, common difference 
d= 5, and number of terms n = 15. Using various formulae given in Lilavati, 
we first determine the last term, then the middle term, and finally the sum of 
the progression as follows: 


nagam pagam ca ghantam pralayahutavaham sankugam vamabhage 
nandlankarayuktam sphatikamaninibham parvatigam namami || 

I bow to the Lord (husband) of Parvati, adorned with many ornaments, resplendent 
like a crystal, and the embodiment of peace, who is seated in the padmasana (lotus 
pose), wears the Moon as a crown, has five faces and three eyes, and carries the 
Sula, vajra, a sword, an axe, and the abhaya-mudra on the right side, and a snake, 
a rope, a bell, the pralayagni, and a hook on the left side. 


'! For an interesting discussion on the iconography described in this verse, see [Sar2006]. 
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Last term of the progression dm, =44+ (15-1) x5=74 
4+ 74 
Middle term of the progression tm = an = 39 


Sum of the progression S4 = 39 x 15 = 585 drammas. 


Through the above examples we have tried to show how Bhaskara balanced 
the competing claims of brevity and clarity, and how he made use of ingenious 
examples for effective transmission of mathematical principles. 


Now, we move on to discuss how Bhaskara makes use of a number of po- 
etic embellishments, collectively known as alankaras, to elevate the beauty of 
the verses of Lilavati to a sublime level, achieved only rarely by poets like 
Kalidasa. However, as one first needs to understand the basic theory behind 
alankaras to appreciate Bhaskara’s poetic genius, we briefly describe the con- 
cept of alankaras in Sanskrit literature in the following section. 


4 Alankaras in Sanskrit literature 


The term alankara literally means ‘ornament’ or ‘decoration’. However in the 
context of Sanskrit literature it refers to a variety of figures of speech or poetic 
flourishes that instantly creates a great sense of admiration and can also evoke 
rasa in the reader. It also adds to the charm and elegance of the literature 
that is being composed. At the beginning of the fifth chapter (mayukha) of 
his work Candraloka, Jayadeva presents the following definition of an alankara 
[CaLo1950, pp. 91-92): 


sreariat: Wea a he: wifeaets aT | 
ERI: AAI AAT: [199 
Sabdarthayoh prasiddhya va kaveh praudhivagena va | 


haradivadalankarah sannivego manoharah ||117|| 


The exquisite beauty that is brought in either by the adept use of words and 
meaning, or by brilliant poetic imagination, which becomes an ornament [of a 
poem], just like garland etc., is [called] alankara. 


To illustrate the point as it were, consider the following example. Let’s sup- 
pose a teacher is walking along with three students in the evening twilight. 
Having noticed a serpent on the branch of a shrivelled tree in front of him, he 
asks his three disciples to describe the event. They come up with the following 
descriptions: 


A: Re: OS ge sre Har aarsedife ae | 
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puratah guske urkse Sakhayamagre kagcit sarpo’stiti bhati | 


B: ge Sh a Wa: AR GP RTSSEATeT | 


urkse Suske tuagre puratah manye pannagarajo’pyaste | 


c:. dRadeke aad grt: wPMPRgqtgqeere: | 


nirasataruriva nivasati puratah phanimaniranjitamanjulasakhah | 


All the three descriptions given above essentially narrate the same event. 
But the impressions they leave behind in the minds of the reader are very 
different. Description A is quite bland and insipid, and besides serving the 
purpose of conveying the required information, doesn’t generate any joy in 
the reader. Description B, though employing many of the same words as A, 
has a certain elegance and beauty to it. Whereas, description C is strikingly 
beautiful and instantly delights the minds of the readers. What makes these 
descriptions very different from one another? 


It is the adept use of words in a specific sequence—generally called gab- 
davinyasa or padavinyasa—that works wonders. Just as the style of attire, and 
the use of ornaments, can completely change the look of an individual (the 
core person remaining the same), so too can the choice of the words (padas) 
and their arrangement (vinydsa) create utterly different impressions in the 
minds of the readers. 


Given the importance of the use of alankaras to add charm to literature, 
an entire discipline of study (alankarasastra) has been systematically devel- 
oped in India describing and classifying various alankaras. A long line of 
scholars starting with Bharata, and including Bhamaha, Dandin, Vamana, 
Udbhata, Rudrata, Anandavardhana, Abhinavagupta, Kuntaka, Bhoja, Mam- 
mata, Ruyyaka, Vidyanatha, Visvanatha, and Jagannatha have made numer- 
ous contributions to the growth and development of alankarasastra by identi- 
fying new alankaras, and classifying them into appropriate categories as they 
deemed suitable. While Bharata described only four alankaras, subsequent 
scholars have expanded this list to as many as two hundred and more. 


The alankaras are broadly divided into the two categories, namely: sab- 
dalarnkara and arthalankara. Sabddlankaras are poetic embellishments having 
to do with the recurrence of phonetic features that bring joy to the reader, 
even as the text is being read without getting into its meaning. It is indeed the 
use of gabdalankaras which is the cause of the charm and beauty in descrip- 
tions B and C above. Arthdalankaras on the other hand have to do with the 
meaning of the words and different phrases employed in the verse. In the next 
section we will see the use of various forms of these alankaras in the Lilavati. 
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5 Use of alankaras in Lilavatt 


The Lilavati is a work of 272 verses, which has been composed using twenty- 
three poetic metres!? and numerous alankaras. Perhaps as a tribute to the 
display of this wide poetic repertoire, Bhaskara’s grandson Cangadeva alludes 
to the poetic genius of the author of Lilavati with the following phrase in an 
inscription eulogising his grandfather:!% 


aS TSS 


svacchando yaschandasi 


At one’s own will, the one who can employ [a vivid variety of] poetic metres. 


Anyone who reads Bhaskara’s Lilavatt would be easily convinced that the 
above description has a basis in fact, and is certainly not due to mere familial 
pride. 

In what follows, we discuss a few select verses of Lilavati which highlight 
the poetic genius of Bhaskara. The section has been divided into two parts to 
showcase a few examples each of the use of Sabdalankara and arthalankara in 
the text respectively. Some of the examples below also demonstrate the use 
of multiple alankaras, in the same verse. 


5.1 Examples of sabdalankaras 


Though there are several kinds of gabdalarnkaras, they can be broadly divided 
into two types, anuprasa and yamaka, without entering into the technicalities 
of the classification schemes used by different scholars. The former is generally 
concerned only with the alliteration and consonance of syllables, whereas, the 
latter has to do with the meanings of the repeated phrases or words as well. 
We will now demonstrate the use of different kinds of anuprasa and yamaka 
in the Lilavati through some illustrative examples. 


Example 1 


The Lilavatt commences with the following invocatory verse, wherein Bhaskara 
having offered his venerations to Ganega for the successful completion of the 
intended work, clearly spells out the scope of the work. 


12 See Table 1. 


'3 See [Dajl865]. The inscription also notes the proficiency of Bhaskara in several 
branches of Sastra, as well as the respect that he enjoyed among the scholarly community. 


K. Ramasubramanian, K. Mahesh, Aditya Kolachana 


Table 1: Metres used in the Lilavatz. 


No Metre Type Syllables per quarter Number of verses 
1 Sasi: WAL 1 62 
2 HIEA WET 8 58 
3 PSC WAL 11 33 
4 Gerda 9 aay 14 26 
5 sat FATT, 3 25 
6 agafaskitsrt ead 19 21 
7 Tae TOTAL u 8 
8 altertt WT 15 6 
9 ahr TOTAL ia 5 
10 SegTST TOTS ia 4 
i areas | TTL ab 3 
12 SRT WT 21 3 
13 sitet: ATE : 2 
40 gdderere TTT 12 2 
1 SSW Ta 12 2 
16 Ward TOTAL 17 2 
17 aay =| TAA 10/11 2 
18 Bett OTST ul 2 
19 aractt WET 12 2 
20 fauRtarener ore aH 1 
21 Ray WSL 12 1 
22 Rrakett WET 17 1 
23 ¥arTaT OTT 1 1 

Total 272 
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VigeERahoreareoteaseorsra ry 119 1 | | 


pritim bhaktajanasya yo janayate vighnam vinighnan smrta- 

stam urndarakavrndavanditapadam natva matangananam | 

patim sadganitasya vacmi caturapritipradam prasphutam 
sanksiptaksarakomalamalapadairlalityalilavatim ||1|| 

Having bowed (worshipped) to the elephant-headed god (Ganega)—whose feet are 
venerated by gods, and who bestows happiness on devotees by way of destroying 
[their] obstacles when remembered (meditated upon)—I expound the procedures 
of good mathematics in words that are concise, lucid, and flawless, that would be a 
source of delight to the experts, absolutely unambiguous and endowed with playful 
elegance. 


Bhaskara packs this verse with a variety of sabdalankaras and arthalanka- 
ras, giving an indication of what to expect in the rest of the text. These are 
discussed below. 


Vrtti-anuprasa: This alankara is said to be present wherever one finds 
repeated occurrence of vowels or consonants. The occurrence can be of an 
isolated consonant or a group of consonants. Jayadeva defines urtti-anuprasa 
as [CaLo1950, p. 95]: 


f ¢ = 
aurttavarnasamptrnam vrityanuprasavadvacah | 


The speech that is filled with repeated syllables possesses urtti-anuprasa. 


The above invocatory verse forms a good example of urtti-anuprasa as certain 
syllables in different quarters get repeated several times as shown in Table 2. 


Table 2: Vrtti-anuprasa in the invocatory verse of the Lilavati. 


Quarter Phrase Repeated syllables 
2 FeRageaeaqse a 
3 Wiftwel wept 7 


4 PRoMerasasearddy w 


Moreover, it is observed that the syllable na appears frequently in the first 
two quarters, while ta appears throughout the verse. All this amply demon- 
strates the use of urtti-anuprasa. 


Cheka-anuprasa: This alankara is said to be present when a group of vow- 
els and consonants have a single repetition. Sahityadarpana states [SaDa1875, 
ch. 10.2]: 
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OH GAARA SHAH | 


cheko vyatijanasanghasya sakrtsamyamanekadha| 


One time ordered repetition of the same group of [vowels and] consonants is cheka. 
The above invocatory verse constitutes a good example of this anuprasa as 


we find several phrases (jana, urnda, mala) occurring exactly twice as shown 
in Table 3. 


Table 3: Cheka-anuprasa in the invocatory verse of the Lilavati. 


Quarter Phrase Repeated phrases 


1 Weer a saad aA 
2 FaRagearadss Cos 
4 CAR Cott We 


Yamaka: This alankara is said to occur when different instances of a re- 
peated group of vowels and consonants have different meanings. Jayadeva 
defines yamaka as [CaLo1950, pp. 98-99]: 


MAMA MATHAT HA: | 
wad wea yaysaret fag: II 


avritavarnastabakam stavakandankuram kaveh | 
yamakam prathama dhuryamadhuryavacaso viduh || 


The eminent poets of past who have mastered the technique of using pleasant 
words consider yamaka as [an instance of] repeated use of a group of syllables. 
They also consider it as the sprout of the bulbous root of praise. 


It may be noted that, in the first phrase in Table 3, jana is used in the 
sense of ‘person’ (bhaktajana) and ‘generate’ (janayate) in the first and second 
instances respectively. Similarly, in the second phrase in the same table, urnda 
first appears in the term urndaraka (deity), where it is meaningless in itself. 
In its second appearance, it is used in the sense of ‘group’ (vrnda). Thus, the 
invocatory verse cited above exhibits the use of yamaka also. 


Example 2 


The following verse is yet another invocatory verse seeking the blessings of 
Ganesa, that is found at the beginning of the mathematics portion of the 
Lilavati. This verse perhaps illustrates the best use of urtti-anuprasa: 
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SAMA QGOGOMOAMAIOR | 
Tes Tat AoA 18 II | TEA | 


lalagalalulallolakalavyalavilasine | 
ganesaya namo nilakamalamalakantaye ||9|| 


Salutations to Ganega, who is resplendent like the spotless (amaila) blue lotus, and 
who is playing with a black serpent which is gracefully swaying (lulat), coiling and 
uncoiling (lolat) around the neck. 


Here, it is observed that la is repeated eleven times in the first half of the 
verse and three times in the second half, thus forming a classic example of the 
ortti-anuprasa. The imagery of GaneSsa playing with a snake further enhances 
the beauty of the verse. The arthalankaras present here are discussed in a 
later section. 


Example 3 


The verse below which deals with the fundamental arithmetic operations forms 
a wonderful example of cheka-anuprasa: 


ale ath GRHAITH AALS Here 1193 1 | erateotr | 


aye bale lilavati matimati bruhi sahitan 

dvipancadvatrimsattrinavatisatastadasa dasa | 

Satopetanetanayutaviyutamscapi vada me 

yadi vyakte yuktivyavakalanamarge’si kugala ||13)| 

O intelligent girl Lilavati! Tell me [the sum when] two, five, thirty two, one hundred 
and ninety three, eighteen, and ten, are put together with hundred. Also tell me 
[the result of] those subtracted from ten thousand, if you are skilled in arithmetic 
methods (vyakte) of addition (yukti) and subtraction (vyavakalana). 


For a verse to exhibit cheka-anuprasa, some phrases must get repeated once. 
In this verse we find three such instances—the phrases mati, dasa, and yuta 
get repeated in the first, second, and third quarters respectively. All these are 
instances of single repetition and hence this is a good example of the use of 
cheka-anuprasa. 
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Example 4 


In the context of describing the procedures for finding cubes and cube roots 
of numbers, Bhaskara gives the following verse as an illustrative example, 
making telling use of the urtti-anuprasa: 


aad Praser at TUT 

muy Tyas at oT | 

gard F aatsht ward wa 

afe ats Sar Feat AFA: 1120 | gatratarrt | 
navaghanam trighanasya ghanam tatha 

kathaya pancaghanasya ghanam ca me | 

ghanapadam ca tato’pi ghanat sakhe 

yadi ghane’sti ghana bhavato matih ||27]|| 


Friend, tell me nine cubed, the cube of three cubed, and similarly, the cube of five 
cubed. And then also [tell] the cube root from the cubes [obtained] if your intellect 
is strong in [the calculation of] cubes. 


It may be noted that the phrase ghana is repeated nine times in this verse, 
sometimes in its isolated form and sometimes as a part of another compound 
term. This repetition combined with the use of the delightful drutavilambita 
metre contributes towards a very beautiful verse. 


Example 5 


Yamaka is employed in the following verse of the Lilavati which poses a prob- 
lem involving a quadratic equation: 


aes RSH sey ST 

aR Por | 

g ‘ ak! 

BS Tey IT RIGHOTATTT III | Paratoray | 
bale maralakulamuladalani sapta 

tire vilasabharamantharaganyapasyam | 

kurvacca kelikalaham kalahamsayugmam 

Sesam jale vada maralakulapramanam ||67]|| 

O girl! I saw seven halves (seven times half) of the square root of a gaggle of geese 


sauntering jovially on the shore, and a remaining couple play-fighting in the water. 
State the measure of the gaggle of geese. 


The mathematical equation that is posed by the verse is: 
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Setting aside the mathematical aspect, from a purely literary view point 
the verse serves as a good illustration of the use of yamaka. It may be noted 
that in the third quarter, the same phrase kalaham occurs twice. In the first 
instance, kalaham is an isolated word and refers to the ‘quarrel’ between the 
geese. In the second instance, the phrase kalaham is actually a part of the 
compound kalahamsa-yugmam" (a pair of geese), where the phrase kalaham 
on its own has no meaning. Recalling that yamaka requires the phrase as such 
to be meaningful only in one instance, one can conclude that the above verse 
constitutes a good example of the use of yamaka. 


Example 6 


Yamaka is also observed in the last quarter of the following verse, that appears 
in the chapter dealing with arithmetic and geometric progressions. As can be 
noticed, the phrase vada is repeated twice here. In the first instance this term 
is part of the word vadana (first term of a progression), and has no meaning on 
its own. In the second instance, vada is an isolated word which means ‘state’. 


Tgittch ed ata ae re feo | 

we aa oe frat get se AT 1192511 | T4Ey | 
paticadhikam gatam Sredhiphalam sapta padam kila | 

cayam trayam vayam vidmo vadanam vada nandana ||125]| 

We know that the sum of the progression (Sredhiphala) is one hundred and five, 
number of terms (pada) is seven, and increment (caya) is three. O my dear son 
(nandana)! State the first term (vadana). 


The yamaka here is also evident when we note the repetition of the three 
syllabled word vadana. In the first instance, the word vadanam is observed to 
be the first word in the fourth quarter. In the second instance, if we read the 
last two words of the verse together, i.e. vada and nandana, then by virtue of 
the combination of the first syllable na of the last word with vada, we once 
again obtain vadana. 


5.2 Use of arthalankaras 


In this section, we show the use of various arthalankaras in the Lilavati. In 
scientific treatises, the use of arthalankaras is more difficult than the use of gab- 
dalankaras, as they may not be required or justified in most verses. However, 


14 kalahamsa refers to a species of geese. 
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Bhaskara seems to have utilised every opportunity to employ arthalankaras, 
and thereby enhance the beauty of the work. In order to facilitate the reader to 
have a better appreciation, we first present the definition of the arthalankara, 
and then proceed to illustrate it with examples from the Lilavati. 


5.2.1 Upama 


The use of appealing similes is known as upama-alankara in Sanskrit. Upama 
is pervasive in Sanskrit literature, and Bhaskara too has made extensive use of 
it in the Lélavati. Candraloka defines the upama as follows [CaLo1950, p. 102]: 


SUT TT STeVISHITASHa Sar: | 
upama yatra sadrsyalaksamirullasati dvayoh | 


Where the wealth of similarity shines between the two [things to be compared] 
there is [said to be] upama. 


Example 1 


While there are many good examples of the use of upama in the Lilavati, the 
following verse employs it in a particularly telling fashion. This verse appears 
in a section called istakarma, which deals with the procedure for solving single- 
variable linear equations. 


TAPAS eoH TTT TAA: frsret cat: 
pie IPM Hest SAAS: | 


Bred HAHA AAMT HATS A- 
aaied scetat wala @ ysiseagh Iz Us | argatashifery | 


pancamso likulatkadambamagamattryamsah silindhram tayoh 
vislesastriguno mrgaksi kutajam dolayamano’parah | 

kante ketakamalatiparimalapraptaikakalapriya- 

dutahiita itastato bhramati khe bhrigo’lisankhyam vada ||55|| 


O doe-eyed [girl]! One-fifth from a group of bees went to the Kadamba [tree], one- 
third to the Silindhra, [and] three times their difference (viglesa) to the Kutaja 
[tree]. Another bee being enticed by the fragrances of the Ketaka and Malatt flow- 
ers, like the one who has been approached by the messengers of two beloveds at 
the same time, is wavering and wandering here and there in the sky (khe). O my 
dear! State the [total] number of bees. 


This verse presents a problem which requires solving a single variable linear 
equation using the aforementioned istakarma. Bhaskara elevates this mundane 
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mathematical problem through the use of imagery, and poetry imbibed with 
the upama-alankara. After describing how a swarm of bees splits into various 
groups, each group seeking the nectar from the flowers of a different tree, he 
uses a simile to describe the confused state of a final single bee which is simul- 
taneously attracted by the fragrances of two different flowers. He compares 
the state of this bee with that of a person who is summoned by two beloveds 
at the same time. The imagery, combined with the brilliant choice of upama, 
as well the musical metre, results in one of the most beautiful verses of the 
Lilavati. 

Bhaskara also addresses the student here as mrgaksi, or doe-eyed girl, which 
is another instance of upama. This is not an isolated instance where Bhaskara 
uses such beautiful words to address students. Elsewhere too we find several 
such instances. For example in verse 42, he challenges the student to solve the 
problem with the words darbhiyagarbhagrasutiksnabuddhih (if your intellect 
is sharp as the inner tip of the darbha grass). In verse 17, he addresses the 
student as balakurangalolanayane or the one having darting eyes resembling 
those of a fawn. 


Example 2 


While dealing with the areas of various geometrical shapes, Bhaskara gives 
the following verse which succinctly presents three important formulae—the 
area of a circle, the surface area of a sphere, and the volume of a sphere. 


gaat oR Aare: He Ae 

aot deoate aR: ages TTT | 

Wea Tay T He TEST aratrd 

Sige vale Pract Weety PARSry 112091 | AeTshrcT | 

orttaksetre paridhigunitavyasapadah phalam yat 

ksunnam vedairupari paritah kandukasyeva jalam | 

golasyaivam tadapi ca phalam prsthajam vydsanighnam 

sadbhirbhaktam bhavati niyatam golagarbhe ghanakhyam ||201|| 

In a circular figure, the product of circumference and one-fourth of the diameter 
(vyasapada) gives the area (phalam), which multiplied by four gives the all round 
surface area of a sphere, which is similar to that of the net (jala) all over (covering) 
the ball. Also, that surface area multiplied by the diameter (vyasanighnam) and 
divided by six is known as the volume (ghana) that is confined inside the sphere. 


The three formulae encoded in the above verse may be written as: 
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a gale 


Figure 2: The surface of the sphere as visualised by Bhaskara. 


Area of a circle A,=Cx 2 

Surface area of a sphere S=A,x4=CxD 
D 
Volume of a sphere V=S*x $? 


where C and D are the circumference and diameter of the circle or sphere 
respectively. 


But for presenting the formulae, the Lilavati doesn’t elaborate on how the 
above results are derived. However, Bhaskara provides a brilliant demonstra- 
tion of these results in his Vasanabhasya commentary on the Bhuvanakoga 
chapter of his own Siddhantasiromani. The proofs for the surface area and 
volume of a sphere in particular rely on the visualisation of a grid on the 
sphere, like a net on a ball, as shown in the accompanying figure. Therefore, 
the simile employed in this verse for visualising the grid gains in significance. 
This is because the surface of a sphere forms an example of a non-Euclidean 
surface whose area cannot be computed in a simple way. Once this surface 
is divided into small segments of familiar geometrical shapes (triangle and 
trapezia), then it becomes convenient to compute the area of these well known 
shapes and thereby get the desired surface area of the sphere. As the complete 
proofs—though ingenious and insightful—are beyond the scope of this paper, 
we shall conclude by stating that the use of upama in this verse is a crucial 
indicator of Bhaskara’s thought process and serves an important purpose in 
his proof. 
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5.2.2 Ullasa 


The ullasa-alankara is used to show the greatness of something by showing 
deficiency elsewhere. Candraloka defines it with a beautiful example as follows 
[CaLo1950, p. 174]: 


Seraissaaeat erst PTT THIS | 
qeard Rag sara BSA I 
ullaso’nyamahimna ceddoso hyanyatra varnyate | 


tadabhagyam dhanasyeva yannasrayati sajjanam || 


That is wllasa, where by the virtue of greatness of something, a fault is described 
in something else. [Ex.] It is only the bad luck of that wealth that it does not take 
refuge in a noble person! 


The example accompanying the above definition seeks to illustrate the 
greatness of noble persons (who are presumably of modest means) by present- 
ing their lack of means as the misfortune of the wealth! Use of this alankara 
is observed in the following verse of the Lilavatz: 


aeitht: giatabept es 


yore wae dt ar fst as | 
feesated stsriert geatsty yer: 
wlekeyenrd! oaraaea: 1162 I | ceratercrar | 


rasyoryayoh krtiviyogayutt nireke 

mitlaprade pravada tau mama mitra yatra | 

kligyanti bijaganite patavo’pi mudhah 

sodhoktagudhaganitam paribhavayantah ||62|| 

O friend! State those two [numbers], the sum and difference of whose squares 
reduced by one result in square numbers, wherein even experts in algebra who 
keep dwelling upon (paribhavayantah) the subtle (gudha) mathematical techniques 


stated in six ways, being thoroughly confused, face difficulty [in solving this prob- 
lem]. 


In the first part of this verse, Bhaskara demands the solution to the two 
following algebraic equations: 


o?+b?-1=8) 
b? — a? —-1= So, 


'® The reading in [Lila1937, p. 58] is Wetnstsrird. However, the same text also notes 
the reading given above in a footnote. The Kriyakramakari [L1la1975, p. 136] too prefers 
the given reading, which we think is more suitable as it is alliteratively appropriate, and 
fits in the sequence Fet:—We-S, It may also be noted that the same terms are also used 
in verse 64 of the Lilavati as well. 


82 K. Ramasubramanian, K. Mahesh, Aditya Kolachana 


where 5; and S» are squares, and b > a. 


It is in the second part of the verse that we encounter the ullasa-alankara. 
The ‘six subtle mathematical techniques’ mentioned here are found in the first 
chapter of Bhaskara’s own Bijaganita, called avyaktasadvidha (six methods of 
dealing with unknowns). This chapter describes six mathematical operations 
including addition, subtraction, multiplication, division, squares, and square 
roots of unknowns.!6 Bhaskara then states that even those skilled in these al- 
gebraic operations would find difficulty in solving the above problem. Thereby, 
Bhaskara illustrates the great difficulty of algebra by portraying even the ex- 
perts as inept at it. This therefore is an example of ullasa. 


5.2.3 Kavyalinga 


The kavyalinga-alankara enhances the beauty of a verse by implicitly making 
use of some inside information which the reader is reasonably supposed to 
possess, the knowledge of which assists in obtaining a deeper understanding 
of the verse. The Candraloka defines this alankara with an example as follows 
[CaLo1950, p. 124] : 


ward preates aera Tea: | 

fareatshet Feared Asher Per: I 

syat kavyalingam vagartho nutanarthasamarpakah | 
jito’si mandakandarpa maccitte’sti trilocanah || 


When the express sense of the words (vagartha) [employed in the verse] presents a 
[cue to a] new meaning then it is [an instance of] kavyalirga. [Ex.] O dull-witted 
Cupid! You have been won over by me. In my heart resides the three-eyed Lord 


(Siva). 


Two facts are presented by the express sense of the words used in the above 
verse: (i) victory over cupid, and (ii) the Lord Siva residing in one’s heart. 
Here, the knowledge of the puranic story of Siva’s defeat of Kama (cupid) 
enhances the beauty of the verse as the reader is then aware as to why it is 
possible to win over cupid when Siva resides in the heart. 


A similar fore-knowledge of certain facts enhances the beauty of the fol- 
lowing invocatory verse from the Lilavati: 


16 One may wonder why these techniques have been described as ‘subtle’. In addition 
to allowance for poetic liberties, it should be noted that for much of human history, 
algebra has been an esoteric science studied only by a few. Mathematical operations with 
variables or unknowns were neither well understood nor easily solved. Therefore, in this 
particular context, these methods were certainly cryptic and subtle. 
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TORTS Fat AHA HAT 18 II | F4EH | 
lilagalalulallolakalavyalavilasine 


ganesaya namo nilakamalamalakantaye ||9|| 


Salutations to Ganega, who is resplendent like the spotless (amala) blue lotus, and 
who is playing with a black serpent which is gracefully swaying (lulat), coiling and 
uncoiling (lolat) around the neck. 


Here, a blue-hued Gane§a is described as playing with a black snake hung 
around the neck. However, in the Indian tradition, GaneSga is not usually 
depicted with a snake around the neck. Moreover, he is usually described 
as fair-complexioned (Sagivarna), rather than blue-hued. Here, the additional 
knowledge of the fact that Ganega is the son of Siva, who is adorned with 
a snake around his neck, leads to a possible interpretation that Ganega is 
playing with the snake coiled around his father’s neck, the reflection of whose 
colour on his fair skin is causing him to take on a blue hue. 


Note that the description of Ganesa as ‘resplendent like the spotless blue 
lotus’ (nilakamalamalakantaye) is another example of the upama-alankara. 


5.2.4 Tadguna 


The tadguna-alankara occurs when one entity is described to have taken the 
property of another entity, by virtue of some association with the latter. Can- 
draloka defines the tadguna with an example as follows [CaLo1950, p. 175): 


aarrTreot arate ce Set I 

tadgunah svagunatyagat anyatassvagunodayah | 

padmaragarunam nasamauktikam te’dharasritam || 

Tadguna is said to occur, where [an entity] is described to acquire other’s quality 
as its own, having shed own quality. [Ex.] Because of being in the proximity of 
your lower lip, the pearl in your nose looks as red as a ruby. 


In the above example, the pearl in the nose of a lady loses its pearly lustre, 
and appears like a ruby, having taken on the redness of the lip. Similarly, in 
the above invocatory verse of the Lilavatt, GaneSa takes on a blue-hue due to 
the reflection of the colour of the snake he is playing with. 
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5.2.5 Svabhavokti 


Svabhavokti is used to describe the characteristics of any entity. Candraloka 
defines it as follows [CaLo1950, p. 181]: 


VaMTa eh: MME TMS FT IVT | 
svabhavoktih svabhavasya jatyadisu ca varnanam | 


Svabhavokti is [the alankara], when we find an enticing description of the generic 
characteristics of an entity etc. 


The following verse of the Lilavati from the chapter on quadratic equations 
forms a beautiful example of svabhavokti: 


aeapacries Aedl aeast 

PRIoTSTUPTAMo TSA | 

FR oRameet vat Peat 

Wa Let Ae AAS SIry 199 11 | Aer | 
alikuladalamilam malatim yatamastau 

nikhilanavamabhagascalint bhrigamekam | 

nisi parimalalubdham padmamadhye niruddham 

pratiranati ranantam bruhi kante’lisamkhyam ||71\| 


The square root of half of a swarm of bees and [also] eight-ninths of the total went 
to the malati [tree]. A female bee is buzzing in response to the buzzing of a bee 
which attracted by the fragrance, got trapped in a lotus at night. O charming lady! 
State the [total] number of bees. 


In this verse, we need to determine the total number of bees in a swarm, 
all of which go to the malatz flower (in different groups), except for two bees. 
Of these two, one is trapped in a lotus, and the other bee is buzzing in re- 
sponse to the cries of the trapped bee. Bees are known to be attracted to the 
fragrance of flowers, and are also reputed for their buzzing noise. Since the de- 
scription of the natural characteristics of a bee—parimalalubdham (‘entranced 
by the fragrance’), and ranantam (buzzing)—has been done in an enchanting 
manner, this verse is a good example of the use of svabhavokti. 


The problem given in the verse can be solved as follows. Let the total 
number of bees be 22”. Then according to the problem, x bees as well eight- 
ninths of 2x? went to the tree with Malati flowers. We also have two more 
bees—the female bee, and the bee trapped in the lotus. Therefore, 


8 
2a* =a + 5 x 2a? +2 
2 9 


v—ua=x=9. 


or, 
2 
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Solving the quadratic equation using a technique described by Bhaskara in 
the Lilavati, we have 


2 
i 9) 
2 —_ 
2 = 9+ (5x5) +5 x5] =36 


Therefore, the total number of bees is 2x? = 72. 


5.2.6 Slesa 


The glesa occurs when it is possible to interpret a verse, or a part of it, in 
more than one way. Candraloka states [CaLo1950, p. 142): 


aMTaaaa: ST | 
nanarthasamsrayah slesah | 


Slesa occurs where the words have various meanings. 


Bhaskara outdoes himself in the following final verse from Lilavati where he 
displays his poetic genius by employing a variant of slesa called khandaslesa, 
such that the verse can be interpreted in two ways: 


oat Bonterra 
Sls LI Il 


Slade BaliwHyareseay 
ast ada Gesrata FRAT 1120211 | Taran | 


yesam sujatigunavargavibhisitangt 
Suddhakhilavyavahrtih khalu kanthasakta | 
lilavattha sarasoktimudaharanti 

tesam sadaiva sukhasampadupaiti urddhim ||272|| 


Here [in this world], those for whom the Lilavatt—whose sections (ariga) are 
adorned with procedures for reductions of fractions (jati), rules for multiplication 
(guna), squaring (varga) [etc.], which has descriptions that are faultless, [and] which 
presents elegant and enchanting examples—is memorised, for them the wealth of 
happiness will indeed always increase. 


Firstly, the given verse can be interpreted as shown above, where Bhaskara 
highlights the mathematical aspect of Lilavat? and states that whoever mem- 
orises this text, he or she would thoroughly and progressively enjoy the beauty 
of its contents as well as its presentation. An alternative interpretation of the 
verse which conflates Lilavatt with a beautiful woman, whose company brings 
joy is shown below: 


86 K. Ramasubramanian, K. Mahesh, Aditya Kolachana 


Here [in this world], a beautiful woman who—is high-born and adorned with many 
virtues, having pure and blemishless conduct, [and] who utters enticing words—is 
in the embrace of whosoever, their wealth of happiness will indeed always increase. 


The alternate interpretations of the phrases employed in the verse which 
make this different reading possible are shown in Table 4. This verse only 
further demonstrates the poetic genius of Bhaskara, and the employment of 
$lesa in the final verse is definitely the supreme expression of Bhaskara’s skill 
in poetry. 


Table 4: Alternate interpretation of verse 272. 


Phrase Main reading Alternate reading 
HISAHT memorised whose neck is embraced by 
tera the text Lilavati the beautiful woman 

Sete reduction of fractions qualities of being high born 

TTT rules of multiplication multitude of virtues 


and squaring 


Feakamercdeta: having all faultless de- having pure and blemishless con- 


scriptions duct 
Ua HAS aed presenting enchanting utters enticing words 
examples 


6 The mathematics of Lilavatt 


6.1 An overview of its content 


Bhaskara in the very first invocatory verse, indicates that the Lalavati is 
intended to be a good introductory text book on mathematics (sadganitasya 
patim vacmi). Typically a text book on mathematics in the Indian tradition 
commences with paribhasa or terminology, and then introduces the parikarmas 
or basic arithmetic operations—with whole numbers as well as fractions. The 
discussion on parikarma includes a variety of topics such as finding square, 
square root, cube, cube root, rule of three and its inverse (vyastatrairasika), 
rule of five, and so on. 
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Then the text proceeds to deliniate procedures to deal with progres- 
sions (arithmetic and geometric), and a variety of other problems known as 
misravyavahara, that has to do primarily with arithmetic calculations. This 
includes problems related to calculation of interest, sharing of profits among 
investors, mixing of gold etc. The wide array of problems included under this 
section depends upon the predilections of the author and the demand of the 
day. After discussing problems that have to do with arithmetic, ranging in 
difficulty from easy to hard, the author proceeds to deal with ksetravyavahara 
or geometry. Bhaskara has devoted almost one fourth of his text (verses 135— 
213) to deal with geometry at great length. He has also discussed problems 
related to calculation of area and volume, first order indeterminate equations, 
and permutations. Table 5 enumerates the wide range of topics discussed in 
the Lilavatt. Thus, the Lilavati can be considered as a primer in mathematics 
that is complete by itself. A systematic study of this text should suffice to 
bring one up to the level of a modern day high school student. 


Table 5: The different topics discussed in the Lilavati. 


No. Sanskrit English Verses 
1 URMTST Terminology 1-8 
2 UR HaeHy Eight types of operations 9-29 
3 raat Eight types of operations with fractions 30-44 
4 RoR SAHeHy, Eight types of operations with zero 45-47 
5 Weare Assorted rules 48-89 
6 Fase : Dealing with mixed quantities 90-116 
7 SESTAR: : Dealing with series 117-134 
8 AaASTaE: Dealing with planar figures 135-213 
9 WAATEI: Dealing with excavations 214-219 

10 © Fafaeraen: Dealing with altars 220-222 
11 HHAATESI: Dealing with sawing 223-226 
12 -whereraer: Dealing with heaps 227-231 
13 CIMIATeh: Dealing with shadows 232-241 
14 HShadele: Dealing with the pulveriser 242-260 


15 TAT: Permutations 261-272 
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6.2 Bhaskara’s style of presentation 


Covering a wide array of topics in a systematic manner—as indicated in 
the previous section—alone would not have led to the Lilavati being widely 
adopted as the standard text book of mathematics in the traditional educa- 
tional system in India, for almost 700-800 years, before British intervention.” 
The Lilavatt is also an intensely practical text, steadfastly focusing on real 
life problems, instead of talking abstract mathematics in a vacuum. To this 
end, after dealing with the very basic operations of mathematics in the first 
half, Bhaskara categorises topics according to application (like dealing with 
altars, excavations, sawing of wood etc.) in the second half. As the readers 
will observe, a lot of this mathematics deals with the problems concerned with 
the life of ordinary people, and is not restricted to merely concerns of the elite 
who presumably may only be interested in the mathematics of astronomy and 
such topics. This highlights the ill-informed nature of the charges of elitism 
levelled by some against the Indian educational system of yore. 


It cannot be denied that in a few instances, the text is somewhat dense and 
difficult to understand. In many such cases, the nature of the mathematical 
operation being described itself is quite complicated. To ameliorate such situ- 
ations, where felt necessary, Bhaskara has invariably elucidated the verses in 
prose in his auto-commentary Vasanabhasya, and also demonstrated the steps 
involved in the operation by working out an example. This can be illustrated 
with an example from the chapter on quadratic equations (referred to as the 
gunakarma). 


Quadratic equations are univariate second order equations, usually repre- 
sented in the form 

ax? + ba +e=0 (3) 

in modern mathematics. These equations have been studied in India from 

antiquity, with Brahmagupta prominently addressing them in his Brahmas- 


phutasiddhanta. Bhaskara too addresses problems of this type, but in contrast 
to the given equation, he frames his equation in the form 


x? br =Cc, (4) 


where x? is referred to as ragi, b is called guna or milaguna, and c is drsta 
or drgya. The coefficient of x7, a, is taken to be one. Bhaskara arrives at the 
solution to these kinds of problems by modifying the equation by adding the 
square of half the guna to both sides, as shown below. Therefore, he refers to 


17 Tn fact, even today, we find the text being studied in a few traditional schools across 
India. 
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this operation as gunakarma. With this terminology in mind, let’s look at the 
way Bhaskara presents the solution to a quadratic equation. 


qe Tord ad fA Pied westesrer: ies's 

gunaghnamilonayutasya ragerdrstasya yuktasya gunardhakrtya | 

milam gunardhena yutam vihinam vargikrtam prasturabhistarasih ||65|| 

That [desired intangible] quantity (ra@si) which has become tangible by subtracting 
or adding the product of a multiplier (guna) and [its own] square-root, is added 
to the square of half the multiplier and the square root is taken. Half the multi- 
plier, when added to or subtracted from this, when squared, gives the [intangible] 
quantity sought by the questioner. 


In contrast to modern convention, Bhaskara considers x? to be the unknown 
quantity (rasi), instead of x. In the above verse, Bhaskara gives the following 


solution to (4): 
b\* b 
2 Y)\) 42 
C= c+ (5) =5| - (5) 


It is not so easy to comprehend the above equation from the verse given, 
as it has been presented in a terse form. The following passage in the auto- 
commentary of Bhaskara greatly facilitates the reader in comprehending the 
above verse. 


at UR: Sat SAIS Ce: eT HoH GT TS ARITA 
Oh HAA ae Pray eS: ate At SAA! Tea Hit ae Ara 

yo rasih svamulena kenacidgunitenono drstah tasya milagunardhakrtya yuktasya 
yatpadam tadgunardhena yuktam karyam yadi gunaghnamulayuto drstah tarhi hi- 
nam karyam tasya vargo rasih syat | 


The [intangible] quantity which has become tangible by diminishing it by the 
product of any multiplier (guna) and [its own] square-root, is added to the square 
of half the multiplier, and the square root is taken. The square-root of that should 
be added by half the multiplier. If [the intangible rai became] tangible by adding 
the product of the multiplier and the root (mula), then [that square-root] should 
be diminished [by half the multiplier]. The square of that would be the [desired] 
quantity. 


One could lament that the prose quoted above is also quite tightly written, 
and doesn’t explain the problem or the solution in an elaborate manner. But 
hardly anything can be done about it, as Bhaskara’s style of writing is quite 
succinct —be it prose or poetry—upholding the age-old principle: 


18 The verse in prose form with the necessary supply of words: 4: [3tth: are] fet: 
TST: A) Ce: eh, TeT REST at] ge GweT A HP TT 
ores ad frets far erty) og] Tied wecteaer: [rsa]! 
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sTeATordest Yaterst HT | 
ardhamatralaghavena putrotsavam manyante | 


If they could save even half a syllable, they celebrate it like the birth of a son. 


Nevertheless, one cannot deny the fact that the auto-commentary Vasanab- 
hasya quoted above elucidates the contents of the verse and helps the reader 
in comprehending the verse more easily. 


The expression for x? given above can be derived as follows. Adding (2 
to both sides of (4) as stated by Bhaskara in the verse, we have 


some (d) oe (2) 


8 

bo 

II 
—— 

+ 
ae 

Nw] 
Ny 
bo 

Lt 

TT 
Nl oe 


In modern mathematical texts, the roots of a quadratic equation of the 
form az? + br + c = 0 are usually represented as 
—b+ Ve? — 4ac 
ee 
2a 


Bhaskara’s expression (5) can also be simplified and re-written as follows: 


Vb? +4c+b 
5 : 


While the two expressions seem different, by adjusting for the difference in 
signs of b and c in (3) and (4), and putting a = 1, we can show that they 
are exactly the same. However, it is important to note that Bhaskara has 
presented only one root to the quadratic equation. The + sign seen in (5) is 
only to adjust for the sign of b in (4), and not to suggest two roots to the 
equation. Therefore, the sign of b in the solution is the reverse of that in the 
problem. A beautiful example illustrating the application of the solution to 
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the quadratic equation discussed above, has already been discussed in the fifth 
example in Section 5.1. 


6.3 The uniquenes of the Lilavatit from a mathematical 
standpoint 


In composing the Lilavati, Bhaskara would have naturally been influenced by 
the works of earlier astronomer-mathematicians. Indeed, we find a number 
of rules in the Lilavatt very similar to those proposed by Brahmagupta in 
the Brahmasphutasiddhanta, and Sridhara in the Trigatika. He also borrows 
examples from prior works, and indeed states so explicitly. Hence, strictly 
speaking, purely from the view point of its mathematical content, the Lilavati 
is more of an incremental improvement rather than a revolutionary change 
over earlier works. 


However, we find that in handling many topics, Bhaskara clearly improves 
upon the rules of his predecessors (where possible), either by making them 
more efficient, distinctly delineating the scope of application of the rule, or 
by presenting them more succinctly, or by combining them suitably. Bhaskara 
also introduces a new topic called arikapaga or permutations (distinctly from 
combinations), which to our knowledge has not been dealt with by any other 
text in the Indian tradition till his time. In this chapter, Bhaskara deals 
with various rules of permutations, largely pertaining to their application 
in estimating the count and sum of numbers which can be formed from a 
given set of digits. As this topic is quite novel and interesting, we devote the 
following section to give the readers a flavour of this topic.’? 


6.3.1 Permutations 


Permutations are a measure of the number of ordered ways in which a subset 
of objects can be selected from a given collection. Bhaskara deals with various 
rules of permutations, largely pertaining to their application in estimating the 
count and sum of numbers which can be formed from a given set of digits. He 
commences the chapter called ankapaga with the basic problem of determining 
the number of possible permutations in selecting all the objects from a given 
collection, i.e., determining the number of ways to order n objects. 


19 A beautiful example from this chapter, dealing with the iconography of Visnu and 
Siva murtis, has already been discussed in the third example in Section 3.2. 
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The verse below furnishes two basic rules of permutation. First, given n 
distinct digits (except zero), the verse describes how to determine the count 
of numbers which can be formed using all of the digits. Secondly, the verse 
describes how to determine the sum of all the numbers so formed. 


wrrTaieaa gard: Vester PaaS: | 
THSMSASTATSME: VAY Beat Pfertafereas 11269 1 


sthanantamekadicayankaghatah samkhyavibheda niyataissyurankath | 
bhaktonkamityankasamasanighnah sthanesu yukto mitisamyutissyat ||261|| 


The product of the numbers starting with and increasing by one, unto the [given 
number of] places, would be the varieties of numbers (sarikhyavibheda) [that can 
be formed] with [all of] the given digits. That [sarikhyavibheda] divided by the 
number of digits, multiplied by the sum of the digits, and [the result] added in 
place [according to place value], would be the sum of the [various] numbers formed. 


Given n ‘distinct’ digits, it is said that the count of numbers which can 
be formed using all the digits is the product of all the numbers from 1 to n. 
Representing the permutation by the notation "P,, and using the factorial 
notation (!) to represent the product of the first n integers, the rule given in 
the verse can be represented mathematically as follows: 


"P,=nl=1x2x---xn. (6) 


The latter part of the verse describes how to calculate the sum of these 
n! numbers formed above. The calculation of this sum involves two steps: (i) 
finding an intermediary number s’, and (ii) adding s’ unto itself n times, by 
sliding the number to successive higher place value each time starting from 
the units place. 


Let s,, (referred to as arnkasamasa in the verse) be the sum of the n digits 
of the given number. Representing the n digits by d,,d2,...,dn, we have 
8, = di +do+---+dpy. 


Then, as the first step, we calculate the intermediary value s’ using the rule 
given by Bhaskara in the third quarter of the verse as follows: 
nl! X Sy 


= ; (7) 


n 


In the second step, we need to add s’ to itself n times, adjusting each 
instance to a higher place value. That is, we need to successively place s’ in 
the units place, tens place, and so on unto the n“” place, and add the resulting 
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numbers.”° The result of this operation gives us the sum S of all the numbers 
generated through the permutation. 


The rationale behind this method can be understood as follows. The n! 
numbers generated through permutation have n digits each. Comparing the 
units place of all these numbers, we find that each of the digits occur (n — 1)! 
times.*! Similarly, each digit occurs (n —1)! times in each position. Therefore, 
upon adding all the numbers in any given column, we obtain the total: 


(n — 1)! x (dy + dg +--+ +dn) = (n—- 1)! x Sp. 


This is the same intermediary value given in (7). Now, knowing the sum of 
the columns, we can determine the sum of the n! numbers by adjusting these 
sums for place value and adding them. Thus, we arrive at the sum of all the 
numbers of the permutation. 


The above procedure can be illustrated by taking n = 3, and dj, d2,d3 
as the three given digits. Upon permutation, we get the six numbers djdod3, 
di d3d2, dzd,d3, dgd3d, ddd, and dgdodj. Adding all these numbers, we 
obtain the sum 2 x (d; + dz + d3) = 2 x s, in the units, tens, as well as the 
hundreds place.?* Adjusting for place value and adding, the summation of the 
six numbers equals 


S = 2s, x (1+10+4 100) = 2s, x 111. 


Extending the above argument, the general formula for the sum of the 
numbers obtained from the permutation can be given as:?3 


S=(n—1)! x sy, x (10° +107 +--+. + 107-4) 


10" -1 
(n= 1)! K 51 x 
Narayana gives the following equivalent expression in Kriyakramakari for cal- 
culating the sum of the permutations:?4 
! 
fo eae, (111... n ones.) (8) 
n 


Having given the rule for determining the number of possible permutations 
of a given number, as well as finding the sum of all the numbers thus gener- 


20 Readers may refer to the example in the next verse for an illustration of this method. 
21 Given n! numbers, each of the n digits occurs at = (n—1)! times in any given position. 
22 Note that here we have nl = 2 — oe 

23 Here we use the general relation Kh + ket... th ™ = ke 
24 (Lilal1975, p. 459]. 
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ated, Bhaskara immediately presents the following problem as an illustrative 
example. 


fearearat Baraehal Peake sterarrar: | 

Cemfatar: ait Marais ARASH FIST 122M | Sosite | 
dvikastakabhyam trinavastakairva nirantaram dvyadinavavasanath | 
samkhyavibhedah kati sambhavanti tatsamkhyakaikyani prthagvadasu ||262|| 

How many varieties of numbers are possible with [the digits] two and eight; three, 
eight and nine; and [the digits] starting with two and ending with nine without 
interval (2 to 9)? Separately, quickly tell the sums of those numbers [in each of the 
above cases]. 


In this problem, we need to determine the number of permutations pos- 
sible with the each of the following three sets of digits: [2 8], [3 8 9], and 
(23 4567 8 9]. Additionally, we also need to determine the sums of the 
numbers thus formed. Here, the number of digits (n) in each of the above sets 
is 2, 3, and 8 respectively. Applying (6), the number of permutations possible 
for each set is as follows: 


2P»=1x2=2 
3P3;=1x2x3=6 
8Pg=1x2x3xK4x5x6x7x 8 = 40320. 


That is, 2, 6, and 40320 numbers can be formed by the permutation of the 
digits in each of the sets respectively. 


To solve for the sum of the numbers obtained from the permutation, we first 
determine the sum of the digits in each set. Therefore, we have s2 = 2+8 = 10, 
83 = 3+8+4+9 = 20, and similarly, sg = 44. We next determine the intermediary 
value s’ in each case using (7): 


2x 10 6 x 20 40320 x 44 


= 221760. 


/ 
$9 = 


We then obtain the sum of the numbers generated from the permutation 
by placing s’ successively in the units place (U), tens place (T), and so on, and 
adding the resulting numbers. This process is shown in Figure 3. As shown, 
we obtain the results Sp = 110, and $3 = 4440. 


In the case of the numbers generated from the set of eight digits, using (8) 
we have: 


_ 8x 44 


Ss x 11111111 = 2463999975360. 
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H T U 
T U 4 
1 + 4 0 
+ 1 0 + 4 0 
1 1 0 4 4 4 0O 
(a) Sum of the numbers generated (b) Sum of the numbers generated 
by permutation of [2 8] by permutation of [3 8 9] 


Figure 3: Sum of the numbers generated by permutation using Bhaskara’s 
method. 


6.3.2 Operations involving division by zero 


Zero is a unique number with special properties and behaves differently from 
any other number when participating in mathematical operations like multi- 
plication, division etc. Therefore, mathematical operations involving zero have 
been dealt with separately by various Indian mathematicians, and Bhaskara 
too follows this pattern. While discussing the various mathematical opera- 
tions with zero (kham or §unya), Bhaskara in his Lilavati states that if a 
finite quantity has zero as its multiplier, and also as its divisor, then the 
resulting number would be the original quantity itself. 


abt & atrert sate S eatstat Pee: | 

GERI SPT: SF SPT Aas Waray es ll 

Wt Ts aid S ead Greer UT | 

afer va setda Gaia Ba: live | srrat | 


yoge kham ksepasamam vargadau kham khabhajito rasih | 

khaharassyat khagunah kham khagunascintyagca Sesavidhau ||45|| 

Stinye gunake jate kham harascet punastada rasih | 

avikrta eva jnreyastathaiva khenonitasca yutah ||46|| 

In addition, zero becomes equal to the additive. In squaring etc., [zero gives] zero. 
Any quantity divided by zero would become khahara [zero-denominator]; multi- 
plied by zero would become zero, and should [instead] be considered khaguna 
[zero-multiplied] in case of any remaining operation. When zero happens to be 
the multiplier, and again zero is the divisor, then the quantity should be known to 
be unchanged only. Similarly, a quantity deducted and added by zero [should be 
known to be unchanged.] 


This operation described by Bhaskara above has been criticised by some 
modern commentators of the Lilavatt. However, recently, a few scholars have 
argued for setting aside pre-conceived notions about ‘right’ and ‘wrong’ math- 
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ematics, and to study Bhaskara on his own merits, and in the context of his 
time. For instance, [Oko2017] not only justifies the result given by Bhaskara, 
but extols him as follows:?° 


It may well make us ashamed that a 1152 AD mathematician should have attained 


to such a degree of knowledge as to see that ¢ is a number and not undefined. 
Recently, by invoking the concept of idempotents that is employed in ab- 
stract algebra, [Sat2015] has proposed an explanation for Bhaskara’s treat- 


ment of the conception of infinity (khahara) or division by zero. He concludes: 


We see that Bhaskaracarya certainly had a novel calculation scheme introduced in 
his exercises and might have intended further developments. However, he seems to 
have worked more extensively on astronomy and perhaps did not return to these 
ideas again. The idea about infinity and especially the idea of using this extended 
number system does seem to point to possible new algebraic concepts. Whether 
these ideas can create new useful Mathematical Systems remains an open question. 


Bhaskara is certainly on firmer footing when he terms the result obtained 
by dividing a quantity by zero as khahara—literally ‘zero-divisor’.?° In the 
Bijaganita, he describes the immutable nature of khahara, and compares it to 
infinity using a philosophical concept: 


afaraar: Wee FT weratey weet Peggy | 
aeat aIQIaassasad FOMTy Fat él 


asminvikarah khahare na ragavapi pravistesvapt nihsrtesu | 

bahusvapi syallayasrstikale’nante’cyute bhutaganesu yadvat ||6]| 

In this quantity khahara, there is no alteration, even when many [quantities] enter 
or exit, just as in the case of the infinite Acyuta at the time of destruction and 
creation, when many beings dissolve into and emanate from Him. 


From this verse, it is apparent that Bhaskara possessed a keen understand- 
ing of division by zero, as well as the concept of infinity, much in line with 


25 Furthermore, the paper leads to novel insights with application in the foundation of 
differential calculus. 

26 This term has earlier been employed by Sripati in his Siddhantasekhara [SiSe1947, 
p. 92] to describe a quantity divided by zero. However, confusingly, in his Ganitatilaka 
he describes the result of this operation as zero: 


SMT Ah Fatt WT ANS Ah TRA | 

vyomna bhakte bhavati gaganam vyomni bhakte ca sunyam | 

[A quantity] when divided by zero, becomes zero. When zero is divided, it becomes 
Zero. 


Brahmagupta in the Brahmasputasiddhanta [BSS1902, p. 310] denotes this quantity as 
taccheda. 


The lila of the Lilavati 97 


the current understanding of the concept. Indeed, Bhaskara is probably the 
first Indian mathematician to equate khahara to infinity. Commenting upon 
khahara, Munisvara argues that as the divisor decreases, the result increases, 
and therefore as the khahara has the least possible divisor, the division will 
result in a ‘large quantity’ (phalaparamatva). He notes that stating a value 
will diminish the largeness of this quantity since, there will always be a value 
higher than it, and concludes that the term khahara is therefore used to denote 
the result of division by zero.?” 


6.3.3 Pithy remarks 


Yet another aspect that surely singles out Bhaskara’s works has to do with 
the pertinent and pithy remarks that he makes in certain places in order to 
convey the importance of certain mathematical principles or processes. We 
demonstrate by considering a specific example. 


In India and other civilisations around the world, measurement of shadows 
played a crucial role in fixing time as well as determination of various geo- 
graphical and astronomical parameters like latitude, east-west line etc. Given 
the importance of this topic, Bhaskara in his Lilavatt too discusses a few 
problems involving the measurement of shadows, which though appearing to 
be elementary, have critical applications in astronomy. 


Shadows were usually measured by vertically erecting a gariku (stick or 
gnomon) in an open area with a flat surface to ensure accuracy. Verse 236 of 
the Lilavatt describes a method to determine the height of the lamp, given 
the length of the shadow, as well as the distance between the lamp and the 
Sanku. This verse below describes a method to determine (i) the distance from 


27 Muniévara’s original comment [Ms-Lila, f. 81v] is given below: 


arret HATTA. UAT Tae MORAG! SAA: VAGATAT A: 
TAS AMTISTAAA AT CAA AHSA ITS SETS THA | 

harapacaye phalopacayat paramaharapacayasunyamitaharasya phalaparamatvam 
iyattayah paramatvavyaghatah tato’pyadhikyasambhavat ata evanantaphalajna- 
panartham khaharatvamuktam | 

Since when the divisor decreases, the result increases, the result would be maxi- 
mum for that denominator which is equal to zero, which happens to be the divisor 
decreased to the maximum. [Assigning] a specific value would harm the largeness, 
since it is possible to have a higher value than that. Therefore, khahara has been 
stated [by Bhaskara] to indicate the infinite result. 


This comment appears to be inspired from Krsna Daivajfia’s commentary on the related 
verse in the Bijaganita. See [BiGa1930, p. 19]. 
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the tip of the shadow to the base of the lamp, and (ii) the height of the lamp, 
even when the distance between the lamp and the Sanku is not known. 


CEPA AAT AT SAAT: | 

Wagar: wa fem: worst safes | 

Tareas Tetgth aed CaM Eteors FIAT 1238 II | Sastre | 
chayagrayorantarasamguna bha chayapramanantarahrdbhavedbhih | 
bhusankughatah prabhaya vibhaktah prajayate dipasikhauccyamevam | 
trairasikenaiva yadetaduktam vyaptam svabhedairharineva visvam ||239]|| 


The shadow multiplied by the difference of the tips of shadows divided by the 
difference of the measures of the shadows would be the [corresponding] base (bhi). 
The product of the base and the gariku divided by the [corresponding] shadow 
becomes the height of the flame of the lamp. Thus, whatever [mathematics] is stated 
is pervaded by trairagika only through its variants, like the world [is pervaded] by 
Hari. 


The setup required to determine the above results is shown in Figure 4. The 
method involves first placing the gariku (ST) at an arbitrary distance from 
the lamp and measuring the length (c,) of the shadow. Next, the same Sarnku 
($’T") is placed further away from the lamp at a known distance (1) from its 
first location, and the length (cz) of the new shadow is again measured. As 
can be seen from the figure, the distance between the tips of the two shadows 
in this case will be 

t=c+l—c. 


Further, let us define the bhu or the base of each shadow as the distance 
from the tip of the shadow to the foot of the lamp. Let CM = b, be the 
base corresponding to the first shadow CT = cy. Similarly, let C’M = bo be 
the base corresponding the second shadow C’T’ = cg. Finally, let h,, be the 
known height of the sanku, and let h; be the height of the lamp which is to 
be determined. Then, the verse gives the relations for the lengths of the bases 
and the height of the lamp as follows: 


cyt 
by = 9 
: C2 — C1 ( ) 
po (10) 
C2 — C1 
hy — bits _ bobs, (11) 
Cl C2 


In the Vasanabhasya, Bhaskara describes the following trairasika for deriv- 
ing the expression for the height of the lamp [Lilal937, p. 249]. In the given 
figure, in similar triangles LMC and STC, we have 
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L 


hi 


Figure 4: Determining the height of the lamp. 


LM _ ST ,, — bihs 
MT TC © ae a 


Similarly, from similar triangles LMC’ and S’T’C’, we can show that 


hs 
hy = ahs 
C2 


Bhaskara also very tersely hints at the procedure for derivation of the 
expressions (9)-(10) for the bases in the Vasanabhdasya [Lilal937, p. 249]. 
Bhaskara’s hint can be elaborated as follows. In Figure 4, when the difference 
of the shadows is cp — c,, then the distance between their tips is equal to t. If 
instead, the first ganku is placed at the foot of the pole upon which the lamp 
is perched, then the shadow length (c;) will be zero, and the difference of 
the lengths of the shadows will be cg. The distance between the tips of the 


28 That is, the Sarnku ST is placed at M. The position of gariku S’T’ remains unchanged. 
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shadows will be equal to bg. Then, using trairasika, we have 


bo t cot 


C2 C2 — C1 C2 — C1 


Also, 
t 
a ee ee 


C2 — C1 


The derivation of the above result can also be done by considering two 
pairs of similar triangles (i) DPQ and STC, and (ii) LPR and S’T’C", but 
that’s far less creative than the approach presented above. 


What is far more interesting is Bhaskara’s pithy statement regarding the 
pervasiveness of trairasika. This statement seems to have been made after a 
careful observation and study of the application of the principle of tratrasika 
to a wide array of problems in all branches of mathematics—arithmetic, alge- 
bra, and geometry. It is for this reason Bhaskara makes a proclamation that 
trairasika pervades mathematics, much like the supreme godhead Hari (Visnu 
or Narayana) pervades the world, which is his creation! 


7 Conclusion 


Poets usually thrive on human sentiments like love, longing, nostalgia, and 
pride, or seek inspiration from nature to peddle their art. Therefore, tales of 
romance, the beauty of nature, and the exploits of heroes are topics which lend 
themselves naturally to a poet’s imagination. Consequently, it is also quite 
rare for poets to put their pen to ‘dry’ topics like science and mathematics, 
which except in rare cases, fail to set the heart aflutter or the mind atwitter. 
It is therefore to the credit of Indian mathematicians and astronomers that 
they have taken up this challenge. And yet, in this pantheon of great scholars, 
Bhaskara stands almost alone in his ability to weave the principles of mathe- 
matics into delightful verses, without losing clarity or precision. His verses are 
more lucid, imaginative, joyful, and melodious compared to almost any other 
Indian mathematician. His use of a wide variety of metres and alankaras is 
unsurpassed, as is his ability to easily relate mathematics to real life through 
the use of appropriate examples. 


In this paper, we have attempted to bring to light this unique genius of 
Bhaskara by illustrating his use of various poetic techniques through examples 
from the Lilavati. While space considerations preclude us from showcasing any 
more of Bhaskara’s verses, the readers may take our word that the rest of the 
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text too is as delightful. Thinking of the uniqueness of the Lilavati in the 
Indian mathematical literature, the aspects that immediately surface up are: 


e the topics dealt with are quite comprehensive (a comparison of the topics 
dealt with by the Lilavati and other works clearly points to the fact that 
the Lilavati was state-of-the-art for its time). 


e the text presents all the formulae in a very concise manner (it is hard to 
find any loose or redundant statement in the entire text). 


e the language in which the rules and the examples are presented have an ex- 
ceptional charm (the poetic beauty of the work makes one wonder whether 
this is a mathematical text or a paragon of poetry). 


Indeed, we contend that the enduring charm of the Lélavati for more than 
eight centuries has to do with the brilliant blend of mathematical ingenuity 
and poetic beauty that has been consistently displayed by Bhaskara through- 
out the work. It was noted that Bhaskara vowed to compose the Lilavati in a 
technically rigorous, and yet poetically alluring manner in the very first verse. 
It is to Bhaskara’s immense credit, that he could admirably keep up his word, 
and how! 


The Lilavatt also has important lessons for current day teachers with re- 
gards to the oft discussed topic of making mathematics more interesting. 
The importance of the use of interesting examples, and strong correlation of 
mathematics to daily life cannot be overstated. An interesting experiment 
that would be worth conducting is to include suitable sections of the Lilavati 
or other works in the educational curriculum, and to teach students various 
mathematical concepts through verses. This is a technique which inherently 
lends itself to easy memorisation of rules, and also contributes to a fun learn- 
ing experience. Given the large number of mathematically challenged students 
that the current system has produced, this experiment should be attempted 
soon. 


| Check for 
updates 


GaneSa Daivajna’s upapattis for some rules 
in the Lilavati 


K. Ramakalyani* 


1 Introduction: GaneSsa’s date and works 


Commendably consolidating the works of his predecessors and brilliantly em- 
ploying his poetic skills, Bhaskaracarya composed his Lilavati (L)—a treatise 
that deals with arithmetic, algebra and geometry without the knowledge of 
which one cannot appreciate the later chapters in the Grahaganita and Golad- 
hyaya. Due to the genius and poetical elegance displayed by Bhaskara, the 
Lilavatt has become very popular compared to the earlier arithmetic works. 
Without the aid of a good commentary it is not easy to comprehend the in- 
tention of Bhaskara entirely. One such erudite commentary is Buddhivilasint 
(BV) of Ganega Daivajfia. 


Ganesa Daivajfiia was born in 1507 CE to Kesava Daivajiia, a famous as- 
tronomer, and Laksmi! at Nandigrama on the western sea-coast. Ganega’s 
astronomical text called the Grahalaghava is used in most parts of India 
even today by makers of traditional pancarngas. It has been surmised that 


*Email: ramakalyanil956@gmail.com 
' At the end of each chapter of his BV Ganega records: 


sattepervet fasratt: srperatssiisrg 

oF Oats Veet OTST | 
jyotirvitkulamandanam dvijayatth srikesavo ‘jijanad 

yam laksmigsca samastasastranipunam srimadganesabhidham | 
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Ganega Daivajfia wrote this work at the age of 13.2 His other works in- 
clude Laghu-tithi-cintamani, Brhat-tithi-cintamani, Vivaha-vrndavana-tika, 
Muhurta-tattva-tika, Sraddha-nirnaya, Parva-nirnaya, Buddhivilasini and so 
on [Rao2004, p. 161]. 


GaneSa, like Bhaskara, is a poet as well as a mathematician. BV was writ- 
ten by him in 1545 CE. In this work, he gives verses with bandhas, quotes from 
various works on mathematics and astronomy such as the Siddhantasiromani, 
the Mahasiddhanta and the Brahmasphuta-siddhanta and other texts such as 
the Vakyavrtti, the Vrttaratnakara and the Amarakoga; and provides gram- 
matical notes and so on. In addition to these, BV is appreciated for the upa- 
pattis provided by Ganesa, for most of the rules and examples of the Lilavatz. 
GaneSa also provides his own additional rules and examples. The explanations 
and upapattis given by Ganega have been very essential for the understand- 
ing of the Lilavati. Realising this, while translating the Lilavati, Colebrooke 
[Col1993] often adds the commentary of Ganega in the footnotes. Of late, 
Balacandra Rao in his introduction to the Grahalaghava observes, “Ganesa’s 
commentary, Buddhivilasint on the Lilavati, is an extremely useful text to 
understand the rationales for the formulae and methods used by Bhaskara II 
and his predecessors” [GrLa2006, p. ix]. 


GaneSa provides about a hundred upapattis in BV, for the rules and exam- 

ples of the Lilavati. He gives his upapattis in the form of 

1. logical explanation, 

2. algebraic proofs (using rules of the Bzjaganita), and 

3. demonstrations and geometric proofs. 
In the following section we consider an example for each type of upapatti and 
elucidate them. The upapattis are chosen to represent the rules of arithmetic, 
algebra as well as geometry. In certain places, BV is compared with another 


major commentary, namely, Kriyakramakari [Lila1975] of Sankara Variyar and 
Narayana. 


2 Logical explanation 


Logical explanation is a convincing and relevant argument which can be ana- 
lytical and reasonable in nature. The Lilavati gives rules [Lila1937, v. 45] for 
operations with zero: 


? See [GrLa2006, p. iii]. This however seems to be purely based on the fact that the epoch 
chosen for his Grahalaghava is 1520 CE. 
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art @ aca... BT: SF sas astray | 


yoge kham ksepasamam ... khagunah kham khagunagcintyasca sesavidhau || 


In addition, cipher makes the sum equal to the additive .... The product of cipher 
is nought; but it must be retained as a multiple of cipher, if any further operation 
impend [Col1993, p. 25]. 


Here for the rule ‘khagunah kham’ means ‘a quantity multiplied by zero be- 
comes zero’. Ganega explains this as follows [Lila1937, p. 40]: 


wp: erate sae yor ser rere eae Acasa ZO ser Perea: Se) Garett 
JOT sar ealeg Bel CATA FO SaT PRIA ATT | Set THO FOS PST 
aqetarAhad | set Sth ST: SPAT II 

khagunah khamiti trayena guna daga trimgat syuh | tenaikonena guna dasa 
vimsatih syuh | tenapyekonena guna dasa dasaiva syuh | tenapyekonena guna dasa 
Stinyameva bhavyah | yata ekonagunena gunye gunite gunyatulyamevapactyate | ata 
uktam khagunah khamitt || 


[It is stated that, “a quantity] multiplied by zero is zero.” Ten multiplied by three 
becomes thirty. Ten multiplied by one less than that will become twenty. Ten 
multiplied by one less than that also will become ten. Ten multiplied by one less 
than that must become zero. Because, when the multiplicand is multiplied by one 
less than the multiplier, a quantity equal to the multiplicand itself is reduced. 
Therefore it is said: “[a quantity] multiplied by zero becomes zero.” 


Using modern notation what is stated above may be written as: 


10 x 3 = 30. 
10 x (3-1) = 20. 

10 x (3-1-1) =10. 

10x (3-1-1-1)=10x0=0. 


If the multiplicand (= 10) is multiplied by one less than the multiplier (here 
3), then a quantity equal to the multiplicand is reduced from the product. 
Thus every time one is reduced from 3, ten is reduced from the product. 
Therefore it is said, a quantity multiplied by zero is zero. 


It may be noted that, on the above rule, Sankara Variyar in his Kriyakra- 
makarv [Lilal975, p. 91] is silent and does not give an upapatti. He simply 
states: 


ST: Sr Whrat ae: YA: aS FRM wales | 
khagunah khena gunito rasih punah svayam sunyo bhavati | 


‘Multiplied by zero’, that is, a quantity multiplied by zero, itself becomes zero. 
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3 Algebraic proof 


At times, Ganega utilizes the rules given in Bijaganita (BG) for providing 
upapattis. For this reason we describe these as algebraic proofs. 


As an illustration of this we consider a varga-karma problem (v. 62): 


wear: gfatearrgat Prd yee wae at wa ft ar | 

feesated stsriert gearsth Yer: Weknatsrterd weasel 

rasyoryayoh krtiviyogayuti nireke 

mitlaprade pravada tau mama mitra yatra | 

kligyanti bijaganite patavo’pi mudhah 

sodhoktabijaganitam paribhavayantah || 

Tell me, my friend, numbers, the sum and difference of whose squares, less one, 
afford square roots, which dull smatterers in algebra labour to excruciate, puzzling 
for it in the six-fold method of discovery there taught [Col1993, p. 35]. 


The problem here is to find two quantities, x and y, (y > x) such that the sum 
of the squares of the two quantities less one (x? + y? — 1) and the difference 


of the same two quantities less one (y? — x? — 1) are square numbers. 


Bhaskara gives two solutions to the above problem in two rules (vv. 60-61) 
as follows: 


SESREIM aA Aer ateorat fEastte | 

Uh: Ves Hlaatean Bprsat Wey: II 

we feopived Se weatsearsat Say | 

a afafegat ste pit erat gar aeat: I 

istakrtirastagunita vyeka dalita vibhajitestena | 

ekah syadasya krtirdalita saika’paro rasih || 

rupam dvigunestahrtam sestam prathamo’thava’paro rupam | 
te yutiviyutt vyeke vargau syatam yayo ragyoh || 


The square of an arbitrary number, multiplied by eight and lessened by one, then 
halved and divided by the assumed number, is one quantity; its square, halved and 
added to one, is the other. Or unity, divided by double an assumed number and 
added to that number, is a first quantity; and unity is the other. These give pairs 
of quantities, the sum and difference of whose squares, lessened by one, are squares 
[Col1993, p. 35]. 


The pair of solutions (x,y) which satisfy the condition that 


(x? + y? — 1) and (y? — x? — 1) are square numbers are as follows: 


1 
(i) «= = (8a? — 1) and y= ae +1, (for any a > 0) 
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1 
(ii) y= (5 +m) and x = 1, (for any m > 0) 


2m 


1 
In solution (ii) above, when m= 1, y = (= + i) = - 


1 
When m = 2, then y = (+2) =¢. 


4 


GaneSsa gives upapattis for both the solutions. Here we consider the proof 
for the second solution [Lila1937, p. 59]: 


fadrrerencate: - sar areagragiteter zoe wat aar Hfetat ait 
Te 9 S231 8 9 ae fades Sta] SHest IRIs As 9 & I 
Pipe Fe) car SEMA fear soy gone sob SMT SS Ah SI 
srt werat UE | watch eat $1 21 feces Stes 31 eh werat ae catch 
watt 819 4 Wawa WRIA! Baer Fada WIA | & 191 st Pewee 
va at afd ser fear aa: saear SAS HAA Gee pERaret Hed als 
we ferpieeahreargarad |> 


Thus the solutions are (1. 3) F (1, 7) and so on. 


dvitiyaprakarasyopapattih - yatha krtiyutiviyutirvyeka milada bhavettatha kalpitau 
rasivargau yava 1 ru 2 | ru 1 atra dvitiyaragermilam rupameva vyekasya yo- 
gasyasya yava 1 rt 2 vargaprakrtya milam tatra istabhakto dvidha ksepah ityadina 
istabhaktena rupenestena jyestham mulam 3 | ayam prathamo rasih | 

evametau rast 3 | + | dvikenestena jyesthamilam 2 | ayam prathamo rasih | 
evametau rast 9 | 1 | evamistavasat prathamarasiranekadha | sarvatra dvitiyo ru- 
pameva 4 | 1 atra dvikatulya eva ksepe sati istabhakto dvidha ksepah ityadina 
jyesthamile kriyamane tulyagunaharanase krte sati rupam dvigunestahrtamityadyu- 


papadyate | 


The upapatti for the second method — In order that one less than the sum and dif- 
ference of squares should yield square roots, the two square quantities are assumed 
as ya va 1 ru 2; ru 1. Here the square root of the second quantity ‘1’ is one itself. 
One less than the sum of these is ya va 1 ru 2. The root [is found] by vargaprakrti 
[procedure]. There, by ‘istabhakto dvidha ksepa ...’ [BiGa2006, VI.45] dividing by 


3 
the assumed number 1, the greater root is (5). This is the first quantity. Thus 


the two quantities are (5 i): With 2 as the assumed number, the greater root 


1 
is This is first quantity. Thus the two quantities are (}: ): Thus the first 


3 Tt is printed as UWF 9 Bl 9 B YI in Apte’s edition [Lila1937, p. 59]. Only if it is taken 
as UT 9 WB 2, it satisfies the expression in Bret APRA alg 9 Bw 21 Also, see 
[Ms-2279, leaf. 20, line 14], which gives this as Ud 9 BW 2 BW I 


4 [Lila1937, p. 60] The denominators are misplaced in the text. 
® The reading in printed text here is rt) UT [Lilal1937, p. 60]. It must be a ue. 
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quantity can be many for different desired numbers. Everywhere the second is 1 
only. Here when the addendum is equal to 2, then while computing the greater 
root by ‘istabhakto dvidha ksepa ...’, by cancelling the equal multiplier and divisor, 
“unity, divided by double an assumed number...” (‘rupam dvigunestahrtam...’ L.61) 
is obtained. 


If x and y are two quantities then (x? + y? —1) and (—x? + y? — 1) must yield 
square roots. Let the two square quantities y? and x? be respectively (a? + 2) 
and 1. The root of the second quantity 1 is 1 itself. 


One less than difference of these quantities (—x?+y?—1) = —1+a?+2-1= 
a”. This is a square by itself. 


One less than sum of these quantities (x? + y?—1) = 1+a?+2-—1=a?+42. 
Since this has to be a square, let this be equated to ‘b?’, that is, a7-+2 = b?. 


The roots of this can be found by the rule found in the Bajaganita, “istab- 
hakto...” [BiGa2006, VI.45]: 


seul faa aa setreat actpa: | 

ISet: Usa CASTS HAL TS II 

istabhakto dvidha ksepa istonadhyo dalikrtah | 

gunamitlahrtah ca’dyo hrsvajyesthe kramat pade || 

The additive, divided by an assumed quantity, is twice set down, and the assumed 
quantity is subtracted in one instance, and added in the other; each is halved; and 


the first is divided by the square-root of the multiplier [that is, coefficient.] The 
results are the ‘least’ and ‘greatest’ roots in their order [Col2005, p. 182]. 


In the equation, a? + 2 = b?, the coefficient of prakrti is 1, a perfect square. 
Let the optional number be 1. The additive is to be divided by the optional 
number 1. That is, 


# = 2; Heige see 


2/1 2 i. 


3 
Here the jyesthamula is 93 the other mula is 1 itself. 


When the optional number is 5, then 


4—1 444i 
= 4; thena= ie aa - 
2/1 4 2 4 


NIK] bo 


9 
Here the jyesthamula is 7c Thus by choosing different suitable optional 


numbers, many values can be found for one quantity and the other quantity 


is always 1. Thus the solutions are (. 5) : (1. 7) and so on. 
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Here when the addendum (ksepa) is equal to 2, while creating the greater 
root, by the rule, “istabhakto ...”, by cancelling the equal multiplier and divi- 
sor,“rupam dvigunestahrtam...’ is obtained. 


In the equation, a? + 2 = b?, the addendum is 2. 


By the rule, “istabhakto ...”, by assuming optional number as ‘n’, the smaller 
root (a) and the greater root (b) are given by 


ao?) ee) ee 
a= OVI and b= 5 oats 


By cancelling 2, the equal multiplier and the divisor in the first term, and 
(substituting 2m for n) we get 


This explains Bhaskara’s rule,‘rupam dvigunestahrtam...’ [Li1la1937, pp. 57— 
58]. In this context, Ganega gives his own rule [Lila1937, p. 60]: 


sae BRT WER Fa Past sepfedsger feqeteeaszaraet wt" Ste | 


anayaiva yuktya prakarantaram maya nibaddham ‘istakrtiryamayukta dvigunesta- 
hrta’thavaparo riipam’ iti | 

By this rationale only, another method is formulated by me as follows: “Or, oth- 
erwise, the square of the chosen number added to two and divided by twice the 
chosen number [is one quantity] and the other is one. 


What is stated here is that the greater root b which was given by 
24 


can also be written as 


4 Demonstration and geometric proof 


Bhaskara gives a rule for finding the area of a circle and finding the surface 
area and volume of a sphere [Lila1937, v. 201]: 


gaat UR aearaae: they AT 
gpoy déeute oa: SQHeals Te | 
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Wot any at TG : are 

aigath wate Prac Teeth TARSrT II 

urttaksetre paridhigunitavyasapadah phalam yat 

ksunnam vedairupari paritah kandukasyeva jalam | 

golasyaivam tadapi ca phalam prsthajam vydsanighnam 

sadbhirbhaktam bhavati niyatam golagarbhe ghanakhyam || 

In a circle, a quarter of the diameter multiplied by the circumference is the area. 
That multiplied by four is the net all around the ball. This surface area of the 


sphere, multiplied by diameter and divided by six, is the precise solid, termed 
cubic, content within the sphere [Col1993, p. 88]. 


If d and c denote the diameter and the circumference of a circle, then the 
formulae given in the above verses for the area of the circle (A), the surface 
area of the sphere (S), and the volume of the sphere (V) may be expressed 
as: 


1 


1 
A= z2 xe=7 of diameter (vyd@sa) x circumference (paridhi), 


1 
S= (4a x c) x 4 = area of the circle x 4, 


V =the surface area x diameter + 6 


1 d 
= (Faxe) x4 6 


4.1 Area of a circle 


For the expression given above for the area of a circle, GaneSa gives the fol- 
lowing upapatti [Lilal937, p. 200]: 


aaa: — gaa at Gest Heal cat: Geass Ge aot 
aa Sy: Tar wee fect WaRad| Seal Ud WSeRAe Gwrenssad sad 
Te SAA! oT STATS Yst| URE | carate: ey) Tee PTT 
Ugarer: Ar ste: GRR aearaae: SHAS VA SITS |I 
atropapattih — vurttaksetrasya samam khandadvayam krtva tayoh khandayoryathep- 
sitani sucyagrani Sakalani yatha syuh tatha khande chitva prasarayet | darganam | 
ete parasparamadhye samkramayya”yatam jayate tasya darganam | atra vyasard- 
hameko bhujah | paridhyardhamanyah | tayorghatah phalam | tadardhamardhena 
gunitam caturthamégah syat | atah paridhigunitavydsapadah samavritaksetraphalam 
syat ityupapannam || 
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The upapattt here — Making the circular field into two equal halves, and cutting 
those two parts into as many as desired number of needle-shaped parts, spread 
them. [Here is the] demonstration. By inserting these into one another, a rectangle 
is produced. [Further] its demonstration is as follows: Here one side is half the diam- 
eter. The other is half the circumference. The area is their product. Half multiplied 
by half will become one-fourth. Hence one-fourth of the diameter multiplied by the 
circumference will become the area of the circle — thus [is] the demonstration. 


Here, Ganega asks us first to cut the circle into two equal halves. These are 
then divided into needle-shaped (sucyagrani) sections (into as many pieces as 
possible) and arranged in such a way that a rectangle (a@yatam) is formed. 
This is shown in Figure 1. Here it may be noted that, the bases of needle- 
shaped sections (sectors) are basically arcs of the circumference of the circle, 
but when the number of sections is large, they form nearly a straight line. 


d/2 


c/2 


Figure 1: Dissecting a circular section into a rectangle. 


In this rectangle, one side is half the diameter and other side is half the 
circumference. Thus, the area of circle is equal to the area of rectangle formed 
which is equal to the product of sides that is, 


1 1 1 
= 59x go> gtk 


In modern notation this is equal to 


1 1 
— \ or x | =) Qar = rr?. 
2 2 
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4.2 Surface area of a sphere 


In order to demonstrate the expression for the surface area of a sphere, Ganesga 
presents the following upapatti [Lila1937, pp. 200-201]: 


TT TegsHatare: -- Tees wees erat ade seanle feat da adosararr 
a aratsdaereeread | dae adreeet fered sel Saget 


He | HAAG NCTA: GRATIS: MTS HG SAT SAT Sth - The caeayeot 
ae Rene 

atha golaprsthaphalotpattih — golasya paridhyardhena tulyavyasam vartulam vas- 
tradicchitva tena vartulavastrena sa golo’rdhagcedacchadyate | tadvastram nivi- 
sadrgam kimcicchisyate | ato nyunam tadvastraphalamardhagolasya prsthapha- 
lam syat | vastraphalam tu golasya paridhigunitavyasapadasya sardhadviguni- 
tasya”sannam bhavet | ato vastrasya kimcidavasistatuadgolasya paridhigunita- 
vyasapado dvigunita eva golardhe prsthaphalam kalpyate | atascaturgunitah pari- 
dhigunitavyasapadah golaprsthaphalam syat | ata uktam - ‘phalam tatksunnam 
vedair’ ityadi | 

Then the upapatti for the surface area of a sphere — From cloth etc., cutting a 
circle whose diameter is equal to half of the circumference of the sphere, if by that 
circular cloth that half sphere is covered, that cloth remains a little like pleats 
[of women’s garments]. Hence a little less than the area of that cloth will be the 
surface area of the half sphere. The area of the [circular] cloth will be nearly two 
and a half times the quarter of the diameter multiplied by the circumference of 
the sphere. Therefore, as a little cloth is remaining, two times the quarter of the 
diameter multiplied by the circumference of the sphere is considered as the surface 
area of half the sphere. So four times the quarter of the diameter multiplied by the 
circumference of the sphere will be the surface area of the sphere. Therefore it is 
said thus — ‘area, that multiplied by four’. 


The demonstration given by GaneSa can be explained as follows: A circular 
cloth whose diameter is equal to half of the circumference of the sphere is 
taken. Half the sphere is covered by this circular cloth. After covering the 
hemisphere (golardha), a small piece of cloth just like the pleats of a garment is 
left. When this extra cloth is subtracted from the circular cloth, the remaining 
gives the surface area of hemisphere. 


Let C,D and R be respectively the circumference, diameter and radius of 
the circular cloth. Let c,d and r be respectively the circumference of the great 
circle, diameter and radius of the sphere. Now, the area of the circular cloth 
is 
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The area of hemisphere 


= A, — area of remaining cloth® 


=2(Zaxe). 


Thus, the surface area of the sphere is 


1 1 
s=2x2(jaxc) =4(taxe) -axe 


Using modern notation for 7, this can be written as 


1 
4 € x 2r x 2nr = Arr’. 


Figure 2: The hemisphere and circular cloth taken to demonstrate the surface 
area of sphere. 


Note 1: GaneSa probably has taken the idea for this upapatti from Golad- 
hyaya [SiSi1943, vv. 52-56, p. 82] of Bhaskara. A similar explanation is found 
in Kriyakramakari also [Lilal975, vv. 17-19, p. 397]. 


Note 2: The demonstration shows that the area of the cloth taken is little 
more than the surface area of the hemisphere. Ganesa does not mention how 


1 
(5) (Fa x c) is obtained. [This can be obtained if one takes 1? to be 10: 


° It may be mentioned here that Ganega does not explain how to obtain the area of the 
remaining cloth that constitutes the pleats. 
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1 1 1 1 1 
Area of cloth is qpxe - qm xa(tr) = rae ~ qm x10 = € q0* cj. 


The extra piece of cloth left like nzvi after covering might have been actually 


1\ 1 
cut and measured to see” that it was equal to (5) z2 XC. 


5 Volume of sphere 


Ganefga gives the following upapatti for the volume of a sphere [Lilal937, p 
201): 


TT UAHA: — NOT SARTA ISNT SAT Beas TA SALeT- 
cai aR eaqeteddeait oat watt waeterda vara! wd 
friparser aft dams Sada] weet a us desl aa Wd sans TT 
SP UH VAI “AT HS SEPT Gd VASAT Vara" |S aT HAST: 
aarardt ws wade? semana! sat arasde whee ara EIT 
aceite achiiees cates sara shal att Sth - ‘daft gs YSST Peneli 


atha ghanaphalopapattih - golasya vydsardhatulyadairghyani sucyakarani sucya- 
grani catuskonadairghyani murdhni hastatulyavistrtidairghyani krtani khandani 
prsthaphalasamkhyanyeva bhavanti | evam vidhaikakhandasya murdhni ksetrapha- 
lam ripameva | khandadairghyam sa eva vedhah | tena gunitam ksetraphalam tasya 
tryamso ghanaphalam syat | “ksetraphalam vedhagunam khate ghanahastasamkhya 
syat” | “samakhataphalatryamsah stictkhate phalam bhavatiti” vaksyamanatvat | ato 
vyasasadamsa evaikakhandasya ghanaphalam syat | tatprsthaphalagunitam sarvago- 
lasya ghanaphalam jayata iti | ata uktam - ‘tadapi ca phalam prsthajam’ ityadi || 


Then the upapatti for cubical content — Needle-shaped pointed sections (pyramids), 
which have length equal to half the diameter of the sphere and which have on top, 
squares that have length and width equal to one hasta (unit length), are made and 
the number of such sections are equal to the surface area. The area on top of such 
a section is one itself. The length of a section is half the diameter, that itself is 
depth. One third of the area multiplied with that will be the cubical content, as it 


” An experiment was actually carried out by the author of this paper to verify Ganega’s 
statement. A hollow hemisphere was taken. The circumference (c) of its great circle was 
measured using a thread, which was found to be 42cm. First a circular paper of diameter 


(D) 21cm (- 5) was cut and the demonstration could not be carried out as the paper 


could not cover the hemisphere properly due to lack of flexibility. Then a thin circular 
cloth whose diameter = 21cm was cut. This was spread over the hemisphere to cover 
it properly and it was glued to the surface of the hemisphere (to prevent movement). 
The remaining extra cloth was cut into small pieces and arranged on a plane squared 
sheet marked with squared of area 1 sq.cm. The area of these remaining cloth pieces 


1 1 
put together was nearly equal to 59 sq.cm, which was a little less than 3 x 74 xc= 


1 1. 42 
ge 


8 [L1la1937, v. 214, p. 220]. 
° [L1la1937, v. 217, p. 223]. 
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will be said that ‘the area multiplied by the depth will be the number of cubical 
hastas of an excavation’ and that ‘one third of the [cubical] content of a regular 
excavation is the [cubical] content of a needle-shaped excavation’. Therefore, one 
sixth of the diameter only is the cubical content of one section. That multiplied by 
the surface area becomes the cubical content of the full sphere. Hence it is said — 
‘this surface area also ...’ 


The whole surface area of the sphere is divided into unit squares whose side 
is equal to one hasta. Let the total area of the sphere be made up of S such 
unit squares. Corresponding to each unit square, one needle-shaped pyramid 
(sticyagra) is conceived of. The base area of each needle- shaped pyramid is 
obviously a square of unit length. It is further stated that the depth of the 
conceived pyramid is equal to half of the diameter. The upapatti given above 
may be explained as follows: 


Hence the volume of one such pyramid is given by 
1 
Vpyramid = base area x depth x 3° 


Thus, the volume of the sphere is 


d 
Vsphere = S x Vpyramid — S x 6 


This can be expressed using modern notation as 


2 Anr? 
= Anr? x (=) — ( > ) cubic units. 


6 Conclusion 


Based on our study, we would like to mention that the Buddhivilasini is one 
of the earliest commentaries that presents upapattis to various rules given by 
Bhaskara in his Lilavate. GaneSa Daivajna commences his commentary with 
the following interesting proclamation. [Lila1937, p. 1]: 


TATA AASAISA AG WIG BSP AA GRIT | 
atropapattikathane ’khilasarabhite pasyantu sujnaganaka mama buddhicitram | 


May expert mathematicians observe the wonder of my intelligence in narrating the 
upapattis that captures the essence of a variety of aspects [of mathematics]. 


A variety of upapattis presented in the text indeed demonstrates that this 
statement has been upheld by him. 


Check for 
| updates 


A study of two Malayalam commentaries 
on the Lilavati 


N. K. Sundareswaran* and P. M. Vrinda 


1 Introduction 


The doyen of scholars Dr. K. V. Sarma, who completely dedicated himself 
to unearth, identify and edit seminal works produced by the mathematical 
tradition of Kerala, has recorded that there are six commentaries written in 
Malayalam on the Lilavati [Lila1975, p. xiii]. He has given a detailed list of 
manuscripts of these commentaries in his work A History of the Kerala School 
of Hindu Astronomy {Sar1972, pp. 162—163].' Many of these manuscripts are 
housed in the Oriental Research Institute and Manuscripts Library, Trivan- 
drum, and the rest are from private collections. With a view to assess the 
scope and feasibility of editing any/some of these commentaries, we made a 
fresh survey of manuscripts of Malayalam commentaries on Lilavati deposited 
in the three public repositories of manuscripts in Kerala viz. 


1. Oriental Research Institute and Manuscripts Library, Trivandrum, 


2. Sree Ramavarma Government Sanskrit College Grantha Library, Trip- 
punithura, and 


3. Thunchan Manuscripts Repository, University of Calicut. 


Our original proposal was to have a close study of all the manuscripts of 
commentaries written in the Malayalam language on the Lilavati. But as we 
could not succeed in getting physical access to all the manuscripts, we are 
constrained to confine our study to the manuscripts of two commentaries. In 


*Email: nkswaranQ@gmail.com 


' Besides this, Sarma has also prepared a catalogue giving details of scientific texts in 
Sanskrit in various repositories of Kerala and Tamilnadu [Sar2002]. 
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fact, the majority of available manuscripts are of these two commentaries. In 
addition, these carry much significance from the point of view of the textual 
study of the Lilavati. 


2 Details of manuscripts 


In preparing this paper, we have utilized the following manuscripts: 


Sl. No. Name of the Library Manuscript No. 

1 Oriental Research Institute and Manuscripts 17683 
Library, Trivandrum 

2 : 18438 

3 " 22199 

4 ‘i 22447 

5 Sri Ramavarma Government Sanskrit College 619A 
Grantha Library, Trippunithura 

6 ? 619B 

7 a 620A 

8 i 620B 

9 Thunchan Manuscripts Repository, Univer- 3585A 


sity of Calicut 


Of these, the first four and the last one contain one commentary that we 
refer to as Yogasraya. The remaining ones pertain to the other commentary 
which we refer to as Abhipreta. The authors of both these commentaries are 
unknown. Furthermore, we also do not get any specific name given by the 
authors themselves to refer to these commentaries. However, since the first 
commentary has the benedictory verse: 


UPTAs waeaPedeh TONS SATA | 

dts Feahret we oe TAas TTHARATAT II 

yogasrayam papaviyogahetukam gunalayam haramasesaduskrtam | 

krtisvaram vedagiram param padam ghanatvisam gopakumaramasraye || 

I seek refuge upon the Gopakumara (Lord Krsna), who is the object of the yogasad- 
hands [like dharana and dhyana], the one who causes severance of sins, the seat 
of all virtues, the cleanser of wrong doers, the lord of realized souls, the ultimate 
one who is the subject of upanisadic passages [such as tattvamasi], the one whose 
complexion is akin to that of the rain bearing clouds.” 


2 It may be noted that by the terms yoga, viyoga, guna, hara, krti, pada, and ghana, the 
fundamental operations addition, subtraction, multiplication, division, squaring, square- 
rooting and cubing are hinted at by Sabdagaktimuladhvani. 
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which commences with the word Yogasraya, we have chosen the name Yo- 
gasraya to refer to it. The second commentary has the following benedictory 
verse: 


arirardterst ofstat Teqeee | 

adfagreese aes senses aA: I 
abhipretarthasiddhyartham pujito yassurairapi | 
sarvavighnacchide tasmai ganadhipataye namah || 


The one who is worshipped even by the Gods in order to get their undertaking 
accomplished, unto that Ganega who severes all difficulties [I offer] my venerations. 


Since this commences with the word ‘Abhipreta’, we refer to this commentary 
hereafter as Abhipreta. 


Palaeographic evidence from these manuscripts suggests that these are not 
later than 1850.° This is corroborated by the statement found in the colophon 
of manuscript no. 17683 where in we find the date of completion of writing 
as the 3rd of the month cinnam (Malayalam for Simha) Malayalam Era 980. 
This date falls in the year 1805 CE. Here we also find the name of the scribe 
- Valappil Ceriya Raman. 


3 Salient features of the two commentaries 


In what follows we present some of the salient features of the two commen- 
taries Yogasraya and Abhipreta. These manuscripts essentially present. brief 
explanations for the verses in the Lilavati in simple language. However, there 
are some distinct features as well. 


The Yogasraya commentary 


The Yogasraya commentary is a simple and clear exposition of the text. 
While commenting on the text, this commentary quotes relevant passage of 
the original text verbatim. The karanasutras are mostly explained with the 
help of illustrative examples of the text. The karanasutras and udaharanas 
(uddeSakas) are quoted together at first and then the karanasttras are illus- 
trated with the examples given in the uddegakas. At times the explanatory 
passages from the vasana portion of the original text are reproduced without 
mentioning the source. Numbers are expressed in words. Sometimes they are 
reexpressed (i.e., duplicated) using digital symbols in Malayalam. There are 
no figures drawn. 


3 Thanks are due to the eminent palaeographer Prof. M. R. Raghava Variyar, who, after 
examining the manuscripts, gave this considered opinion. 
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The order of the verses (in the Lildvati) are not in conformity with that 
of the Kriyakramakart (KKK) commentary. Rather they are closer in the 
order of the verses found in the Buddhivilasint (BV) commentary of Ganega 
Daivajna, as are many of the readings. 


The section on chandascityadi occurs at the end of the migravyavahara* in 
this commentary. This agrees with the order of the BV. But in the KKK, 
the section on chandagcityadi comes after the section on sredhi. Besides, the 
karanasutra ‘padaksaramite gacche’ etc. appears at the end of the section (on 
chandagcityadi) in this commentary unlike in the KKK, where it appears 
at the beginning. As we will shortly see, the Abhipreta also agrees with the 
Yogasraya in these respects. But this commentary does not simply follow the 
reading of the BV tradition. There are two verses in this commentary, which 
are not seen in the BV, for finding out the radius of a circle from the four 
sides of a quadrilateral inscribed in it. These are: 


dosnam dvayor dvayor ghatayutinam tisrnam vadhe | 
ekaikonetaratraikyacatuskena vibhajite || 
labdhamilena yadurttam viskambhardhena nirmitam | 
sarvam caturbhujam ksetram tasminnevavatisthate || 


The three sums of the products of the sides taken two at a time are to be multiplied 
together and divided by the product of the four sums of the sides taken three at a 
time and diminished by the fourth. If a circle is drawn with the square root of this 
quantity as radius, the whole quadrilateral will be situated on it. [Sar1999, p. 108]. 


The above verse essentially presents the following expression for the radius of 
the circle in terms of the sides of a cyclic quadrilateral. That is, 


oer ee (ab + cd) (ac + bd) (ad + bc) 
~ V (a+b+e-d)\(b+e+d—a)(c+d+a-—d)\(d+a+b-c) 


where a, b,c,d are the sides. 


The KKK also has these verses.° K. V. Sarma, while editing, puts these 
under the section on vrttacaturagra (these two verses are the sole members in 
this). It may be noted that here again, the position of these verses differ. In 


4K. V. Sarma writes [Lila1975, p. 238]: ‘In the north Indian recensions of Lilavati, this 
section on §redhi occurs after chandagcityadi which is treated there as the last portion 
of Migravyavahara recension, 


> These find a place in the Abhipreta commentary as well. 


° There are some variations in the readings. See Kriyakramakari [Lila1975, p. 363]. 


A study of two Malayalam commentaries on the Lilavati 119 


the Yogasraya, these come after the section on suctksetra while in the KKK, 
these are placed before it.” 


There is a verse in Sanskrit which gives the cubes of counting numbers 1 
to 9, using the katapayadi system of notation. It runs as: 


Gat GAT Gat Sst ART ATS TATERTTO | 
RY UAT at SASH TAA TTA Il 
yajnena danena sukhena varttanam murasya tapo’tra gavangaropanam | 


dharastha ekadinavavasayinam ityankakanam ghanamatra vidyatam || 


May you understand that 1 (yajriena), 8 (danena), 27 (sukhena), 64 (varttanam), 
125 (murasya), 216 (tapo’tra), 343 (gavanga), 512 (ropanam) and 729 (dharastha): 
are the cubes of numbers from 1 to 9. 


For finding the square root and cube root, an easy method is given after 
explaining the method enunciated in the text. We get a Sanskrit verse in the 
beginning with the introductory remark ‘varggaghanannalute mulattinnu oru 
upadesgasglokatte parayunnw’ (for the square root and the cube root, a verse is 
enunciated). The verse runs as: 


seramrenacaed Ih et Ye THT | 

faxedbarech fasts | 

istaptamistanvitamardhitam yat istavargasya mulam ghanamulamevam 
dvirahrtestaikyadalam visese |® 


The Abhipreta commentary 


This also is a simple and brief exposition of the text. The original text of 
Lilavatt is never quoted in the commentary portion. Only the introductory 
and concluding remarks like iti trairasikam, innane ghanamulam and atha 
saptarasikam are seen. 


The commentary presupposes the text, which it seems, is given separately 
in the first part. Thus the manuscripts 619A and 620A contain the text alone 
and part B of each one contains the commentary. Here also numbers are 
expressed in words. Sometimes they are expressed using digital symbols in 
Malayalam. Unlike the Yogasraya, here some geometrical figures are drawn to 
illustrate the point at hand. 


7 In this aspect also our two commentaries agree with each other. 

8 It is noticed that the verse is incomplete and that, as such, it is difficult to construe. 
The following emendations have been made. In the first half of the verse, the reading U7 
PTT was arerprsr | Similarly ae Taare was HOAs | With these emendations not 
only is the verse metrically correct, but it also gives the same rules as those given in the 
Malayalam passages appearing in the next section. 
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Though the text more or less follows the order of the KK Kk, there are some 
exceptions, as in the case of the karanasutra ‘padaksaramite gacche’ etc. It ap- 
pears at the end of the section on ‘chandascityadi’ in this commentary unlike 
in the KKK, where it appears at the beginning. Just as in the case of Yo- 
gasraya, the section on ‘chandagcityadi’ occurs at the end of misravyavahara. 
In the case of ‘dosnam dvayor dvayor ghatayutinam’, the positioning is differ- 
ent. Here also this commentary agrees with Yogasraya. 


Passages from the vasana are also sometiomes explained just as the verses 
of the text. It is not specified that these are from the expository notes of the 
author, i.e. Bhaskaracarya. Many verses that are cited in the K kk commen- 
tary are also reproduced. It is to be noted that there is no indication either 
to the sources of these verses or to the fact that these do not belong to the 
original text. The verses of the Lilavati, the passages of the vasana appearing 
sporadically, and these verses are given as a running matter without any kind 
of demarking expression (in the first part, as is specified earlier). 


There are some verses in this commentary which are not found in the KK Kk 
or the BV. For instance, for finding out the area of a circle and the volume of 
a sphere, it gives a simple verse in addition to the karanasutras ‘urttaksetre’ 
etc. and ‘vyasasya varge’ etc. It runs as: 


vyasasya vargaccharasayakagniksunnad dviparicabdhihrtam phalam syat | 
ghanikrtavydsaka eva nagadryangahrtam golaphalam ghanakhyam || 

The area of a circle is got by multiplying the square of its diameter with the number 
355 and dividing the product by 452. The volume of the sphere (golaphala) called 
ghana is [obtained by multiplying] the cube of the diameters [with 355] and dividing 
[the result] by 678. 


It may be noted that this verse gives a better approximation for 7 than the 
value given by the Lilavatt verse ‘vyase bhanandagnithate etc’ (3.1416) since 
the value obtained from the present verse amounts to taking 7 as 222 which 


113 
is equal to 3.1415929204.1° 
We get two more verses which do not appear in the KKK. They are: 


FAM ALH A MPH | 

agratiegat ard ct uret ae Geo: Il 
° Here we have emended the reading from SIMI to ARM in order to have an oblative 
(paricam2) just like Prd in the first quarter of the verse. 
10 This is one among the many approximations for 7 given in the Kerala mathemati- 
cal tradition. The KKK gives the same value by suggesting a variant reading for the 


hemistich ‘vyase bhanandagnthate etc’ as ‘vyase Saresvagnihate vibhakte ramendurtipath 
paridhih susuksmah’ [Lilal1975, p. 377]. 
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Be: THEA: Ht ASST: | 

BAM BT Best Tz SS WH UT TA II 
trayodasabhirekagro yo rasir ganakottama | 
catustrimsoddhrto vyaptam tam rasim vada prcchatah || 
dvyadyaih salparyantairekagrah ko bhavedraésih | 
saptabhireva sa §uddho vada sighram ganaka rasim tam || 


Before we end this section, we would like to highlight an interesting and easy 
method for finding the square root and cube root that has been presented in 
the Yogasraya commentary along with a lucid English rendering of the same 
[Ms 3585A ff. 28-29.]: 


oru vargasamkhye milikkenam ennu varikil a@ vargasamkhye veccu istamayittu 
oru sankhye harakamayi kalpiccu mite veccu harippu | haricca phalatte harakat- 
til kutti arddhippi | atine kontu pinneyum natette vargasamkhye tanne harippt | 
pinneyum atukontu vargasamkhye harippt | « vannam harakattinnu avigesam varu- 
volam ceyyt | ennal a@ harakam tanne a@ vargasamkhyete mulamennrika | 


pinne ghanatte mulippanum ghanasamkhye veccu t vannam vallatum oru harakatte 
kalpiccu harippu | hariccuntaya phalatte pinneyum a@ harakam kontu tanne harippt | 
avite untaya phalatte harakattil kutti ardhippu | pinne atine harakamayi kalpiccu 
harippu avigesam varuvolam | ennal ghanamulavum varum | 


Divide the number [whose square root is to be found] by any chosen number. Then 
find the average of the divisor and quotient. [If the average is not a whole number, 
leave aside the remainder]. Repeat the process, treating this average as the new 
divisor till you do not get a remainder. At this stage the divisor and quotient will 
be the same, which is the square root. 

In the case of a cube root, divide the given number by any chosen number. Then 
divide the quotient obtained again by the same chosen number [of course neglecting 
the remainder]. Then find the average of the divisor and quotient. [Leaving aside 
the remainder if any,] repeat the process, treating this average as the new divisor 
till you do not get a remainder. The quotient will be the cube root. 


We now illustrate the procedure outlined above with examples, one for the 
square root and one for the cube root. 


A. Suppose we want to find out the square root of 81. 


Divide 81 by any chosen number, say, 3. We obtain the quotient 27. Now 


the average of divisor and quotient would be Ort a. i.e. 15. Now dividing 


81 by this new divisor, 15 we get the quotient 5 and a remainder 6. The 
average of this new quotient and the divisor is O5+5) | ie., 10 [leaving aside 


the remainder] form the new divisor. 


Now dividing 81 by this new divisor 10, we obtain 8 as the quotient and 1 
(10+8) ; 


as the remainder. The average of this divisor and the quotient 4— i.e., 


9 form the new divisor. 
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Dividing, again 81 by this new divisor, i.e. 9, we get the quotient 9 without 
any remainder. This last divisor (the same as the present quotient), 9 is 
the square root. 


B. Now let us find out the cube root of 512. 


Dividing this by a chosen number, say 3, we get 170 with the remainder 2. 

Dividing the quotient (leaving aside the remainder) 170 by the same divi- 

sor, i.e. 3, we get 56 with remainder 2. Again, leaving aside the remainder, 

find he eyeraee of the divisor and the quotient, which would be the new 
3+56 


divisor ““>~*, ie. 29 (neglecting the fractional part). 


Now dividing the original number 512 by this new divisor 29, we get 17 
with a remainder 19. As we cannot divide the quotient, 17, by the same 
divisor, 29 we take zero as the quotient and 17 as the remainder. Now the 
average of divisor and quotient obtained would be ee we i.e. 14 (neglect- 
ing the fractional part). 


Now dividing again the original number 512 by this new divisor, 14, we 
get 36 with a remainder of 8. Dividing the quotient (leaving aside the 
remainder) 36 again by 14, we get 2 as quotient with a remainder of 8. 


Now the average of the divisor and quotient would be eer ie., 8. 
g 2 


Now dividing the original number 512 by this new divisor 8, we get 64. 
Again dividing the quotient by the same divisor 8, we get 8 as quotient 
with zero remainder. This quotient 8 is the same as the divisor. And it is 
the cube root of the given number 512. 


4 Variant readings and their analysis 


Both the commentaries give an abundance of variant readings. As it is impos- 
sible to give an exhaustive list, some important variants are given below. 


1. In the BV and the KKK the characteristic feature (laksana) of an im- 
possible figure (aksetra) are given as: 


yeiesrast st wrHsed: LIC | 
aay Tea AF aes Il 


dhrstoddistamrjubhujam ksetram yatraikabahutah svalpa 
taditarabhujayatirathava tulya jreyam tadaksetram || 


ICT Tea STAAL aT T | 
Seer ale Hlerteh Ht wacatsaay Il 
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svalpa taditarabhujayutir athava tulyaikabhujamanat | 
uddista yadi mohannedrk ksetram bhavatyato’ksetram || 


If, by ignorance, a plane figure is so desired that one of its sides is either equal 
or greater than the sum of other sides (in measure), then it is a non-figure 
(aksetram), for there cannot be such a figure. 


The KKK gives another laksana which runs as: 


Tas IH aT at BaTHaEA: LACT | 
aearysrgeesa qe at aes II 
caturagre tryagre va ksetre yatraikabahutah svalpa | 


taditarabhujayutir athava tulya jreyam tad aksetram || 


If, in a quadrilateral or a triangle, the sum of the other sides is either less or 
equal to any of its sides, then it should be known as a non-figure. 


This is followed by the statement ‘iti kesdvicitpathah’ (this is the reading 
of some people). The Yogasraya gives the second verse as the laksana and 
does not give the first verse at all. The Abhipreta gives both the verses in 
the order of the KKK. 


2. The KKK, after giving the formula to find out the diagonals of a trapez- 
jum as: 


PUMA SR THT TSS T ITE | 

PASTHIA TITS: LAAT: HaAspesaont FT sa: Il 
TIS SIRAIS Breet: Baar fray: | 
karnasritasvalpabhujaikyamurvim prakalpya tacchesabhujau ca bahu 


sadhyo valambasca tathanyakarnah syorvyah kathancicchravano na dirghah || 
tadanyalambacca laghustathedam jnatvestakarnah sudhiya vibhavyah | 


gives a variant reading, probably for the second hemistich of the first verse 
and the first part of the third hemistich, as: 


Seas WY AMAT Ht T SAT st ae | 

TIT SAITTH: | 

sadhyovalambo laghu dossamanaduno’tra karno na samo na dirghah | 
anyastu lambadhikah | 


with the remark ‘iti kesucit pustakesu patho drgyate’ (some texts have this 
reading). The Yogasraya gives this variant reading in the same manner, 
with a slight difference (anyastu lambadadhikah). The only difference is 
that the variant reading is preceded with the remark ‘atra pathantaram’. 
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In the section on the right triangle, the KKK gives two alternate 
karanasutras with the remark ‘evam va karanasutram’ [Lilal975, pp. 309— 
10]. These verses do not find a place in either Yogasraya or Abhipreta. 


Vatasseri ParameSvara’s formula mistaken as a Lilavatt passage 


We have seen that the KKK, Yogagraya and Abhipreta have the karanasu- 
tras viz. ‘dosnam’ etc. to find the diameter of a circle from the four sides of 
an inscribed quadrilateral, which is absent in the BV. These two verses are 
actually prescribed by Vatasseri Paramesvara in his commentary on the Lila- 
vati. The fact that Paramesvara has given such a formula in his commentary 
was pointed out by T. A. Saraswati Amma in 1962.14 


K. V. Sarma, in his work, A History of the Kerala School of Hindu Astron- 
omy cites these verses with the prelude [Sar1972, p. 19]: 


In Western Mathematics the eighteenth century mathematician Lhuilier is cred- 
ited with the discovery, in 1782, of an expression for the circum-radius of a cyclic 
quadrilateral. In India, however, we find the same formula enunciated by the Ker- 
ala astronomer Paramesvara (c. 1360-1455) in his commentary on Lilavati, in the 
following lines: 


This he wrote in the year 1972. But in his edition of the KKK (1975), he 
has given these very same verses as the 190th karanasutram (as two numbers, 
190a and 190b) of the text Lilavati [Lila1975, p. 363], with the introductory 
statement ‘atha catuskonasprsah paridher vyasardhakalpanaya karanasutram’. 


In this case, Sarma has not noticed that these verses are the very same 
ones which he had stated earlier to be enunciated by Paramegvara. It is quite 
possible that having seen the introductory statement ‘atha catuskonasprsah 
paridher vyasardhakalpanaya karanasutram’ in the manuscript, he might have 
taken these lines as belonging the Lilavatz. 


The very same verses appear in the Yuktidipika commentary (on the 
Tantrasangraha) of Sankara Variyar as well. There, it is included in the long 
tract of verses dealing with cyclic quadrilaterals, of course without any attri- 
bution or introduction. This commentary was also edited by K. V. Sarma in 
1977. 


In the mathematical tradition of medieval Kerala many findings that were 
couched in beautiful Sanskrit verses which seem to have been a part of the 
oral tradition (for instance verses presenting infinite series) are not found to 
be part of any of their own works that are extant today. We know this fact 


1l She mentions this in the article ‘The development of mathematical ideas in India’ 
[Sar1962], (quoted by K. V. Sarma, see [Sar1972, p. 20]). She repeats this in her work 
Geometry in Ancient and Medieval India, see [Sar1999, p. 108]. 
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from the path-breaking studies of Sarma himself. Many such verses contain- 
ing mathematical findings of Sangamagrama Madhava are preserved in the 
works of Vatasseri Paramesvara, Kelallur Nilakantha Somayaji, Jyesthadeva, 
Putumana Somayaji and others. 


In the KKK itself, we get many such verses prescribing mathematical 
formulae, which are introduced as karanasutras or sutras. Such verses gained 
much popularity in the oral tradition and in the course of time the original 
promulgator was forgotten. As a result, some of these were mistaken as part 
of some classical texts. 


It may further be noted in this connection that the Yogasraya commentary 
seems to give yet another karanasutra at the end of the exposition on ‘dosnam’ 
etc. The passage runs as: ‘tryagre karanasttram sunya(m?) prakalpya turyan- 
dostryasre vetat!? samam bhavet’. Interestingly Vatasseri Paramesvara’s com- 
mentary on the Lilavatt has the same passage.!3 


Other verses of Paramesvara 


We have noticed that the Abhipreta commentary has many common 
verses with the KKK. Actually many of these verses are by/of Vatasseri 
Paramegvara. This has been mentioned by Narayana (of Mahisamangalam), 
the joint author of the Kk k. Thus while commenting on the 233rd verse 
(chayavyavahara) of Lilavati, he writes [Lilal975, p. 424]: 


TAMARA WaT HAA SIth BaP, SAAT PI gqvrar TAATATATT | 
ag SORT oT Sea! as alee Baa wT aT weed | 


atra dvadasangulagankoh kaladvayasambhutacchayayogatadantarakarnayo- 
gatadantaresu dvabhyam tabhyam ajnatayor itarayor adnayanam sodha karyam 
ityuktam yuktimargena, ityasyartham vivrnvata paramesvaracaryana | tenaiva 
karanasutrani ca krtani | tani sodaharanani sanyasani ca maya pradarsyante | 
Parameévara has said, while interpreting the word ‘yuktimargenq’ (in Lilavatt 233), 
that in six ways one should find out the third quantity from the given two, of the 
triad — 1) the sum of shadows of the gnomon of 12 arigulas, at two points of time, 
2) the sum of hypotenuses formed by the shadows, and 3) the difference between 
shadows. He has composed karanasttras as well. These are shown [hereunder] by 
me together with illustrative examples and [their solutions beginning with] nyasas 
(setting-downs). 


Following this, he gives six formulae and their illustrative examples. Thirteen 
verses of this tract are reproduced in the Abhipreta. 


12 Tt seems that there is a scribal error. Ms No. 3585A has this reading clearly. 


13 See Ms No. 498B of Thunchan Manuscripts Repository, University of Calicut, folio 
no. 103. 
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Verses of an unknown scholar 


Similarly at the end of the section on ‘chayadyanayana’, Narayana quotes 
the formulae and illustrative examples of a scholar with the introductory re- 
mark [Lilal975, p. 435]: 


agile ala 
ea are eh UR te ee 
aaa l 


atha yatra dipastambhe dradhikrtasya golasya chaya samavrtta tatra golamad- 
hyadirdhvadipamastakantasya pradegasya, parimanam, dipastambhaparimanam, 
golavyasah, chayavyasa ityevam catursu satsu tesu viditais tribhth ajnatasyetara- 
nayanam caturdha karyam ityupadistam kenacid ganitayuktividagresarena | tadapy- 
atra dargyate | 


A scholar, the foremost of those who know the rationales of mathematics has taught 
that the calculation of the fourth quantity should be made in four ways from the 
given three of the tetrad — 


1. the extension of the lamp post above the fixed sphere, 
2. the total length of the lamp post, 

3. the diameter of the sphere, 
4 


. the diameter of the shadow, 


where the shadow of a sphere fixed on a lamp post is uniformly circular. These 
methods are shown here. 


He then gives four formulae and three illustrative examples. These verses are 
also reproduced in the Abhipreta commentary. Further investigations are to 
be carried out to get the identity of the scholar. These sutras and udaharanas 
which might have been very popular in the oral tradition of the Kerala School 
of Mathematics clearly indicate ample scope for further research in the field. 


The common verses (outside the text of the Lilavatt) that are seen in the 
KKK and the Abhipreta commentary have, in fact, this oral tradition as the 
source. Even the verses which are ascribed to ParameSsvara by tradition may 
be due to an earlier author belonging to this tradition and might not have 
actually been composed by him. 


Correct reading is preserved 


At the end portion of the section on kuttaka, the KK K gives two examples 
for finding: 
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1. the number of adhimasas and sauramasas that have elapsed from the 
remaining adhimasas and 


2. the number of avamas (omitted lunar days) and lunar months that have 
elapsed from the avamagesa (the remaining avamas). 


Kk. V. Sarma has edited the first verse filling the lacunae in the manuscripts 
as [Lilal975, p. 453]: 


QTE PIP IEICE Wich) Aq TUT SRA (a) Il 

(khyata yaugadhima) sa navavasuhutabhuk sadrasaih sammitah syuh 
saura masastadiya ayutahatarasaikasvino yatra vidvan | 

Seso yatradhimasasya tu khanagagajassaptasunyadvisamkhya- 
(stasmad yatadhimasan ganaka) vada tatha sauramasamsca (yatan) || 


We get the correct reading of the complete verse from the Abhipreta commen- 
tary as: 


aidieieetera ame aan eet aa II 


yauga yatradhimasa nava vasuhutabhuk sadrasaih sammitah syuh 
saura masastadiya ayutahatarasaikasvino yatra vidvan | 

Seso yatradhimasasya khanagagajasaptangasunyadvisankhyah 
tatratitadhimasan ganaka vada tatha sauramasaméca yatan || 


In the second verse also Sarma faces difficulties without getting the correct 
reading. He notes that the number as given in the explanatory portion does 
not agree with that which is given in the verse. His version of the verse is as 
follows [Lilal975, p. 454]: 


yauganthavamani triyugakhagajaikabdhisankhyani vidvan 
candrahankanganga rasavidhunagangasvitulyani yatra | 
astabhrahyekadasrodadhisarayugalascavamasyatra sesah 
tatratitavamani pravada mama gatanitha candranyahani || 


Here the lunar days ina Yuga are given by the phrase ‘ankanganga rasavidhu- 
nagangasvitulyani’. The number, as per the reading, is 2, 67, 16, 669. Sarma 
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notes that in the manuscript this is wrongly decoded as 2, 67, 16, 668. But, 
in fact, problem is with Sarma’s reading of the verse. The number given in 
the manuscript is right. The Abhipreta commentary has the correct reading of 
the second line as ‘candrahanyastakanganga rasavidhunagangasvitulyani ya- 
tra’, which solves the problem. 


5 Conclusion 


Thus we can see that the two Malayalam commentaries provide valuable 
source material for further research on the textual tradition of the Lilavatz. 
These also affirm the scope of further research on the oral tradition of me- 
dieval Kerala mathematics. 
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Mensuration of quadrilaterals 
in the Lilavati 


S. G. Dani* 


Mensuration with quadrilaterals had received attention in the siddhanta tra- 
dition at least since Brahmagupta. However, in Bhaskaracarya’s Lilavati we 
come across some distinctively new features. In this paper an attempt will be 
made to put the development in historical perspective. 


A systematic study of the topic of mensuration of quadrilaterals in In- 
dian mathematics goes back at least to the Brahmasphutasiddhanta (628 CE) 
of Brahmagupta (born in 598 CE); in certain special cases, such as isosceles 
trapezia, some familiarity is found in the Sulvasitras from around the middle 
of the first millennium BCE [SB1983]. With regard to mensuration of quadri- 
laterals Brahmagupta is well-known for the formula given in the sutra: 


won Padysseuraearrecrad: | 
WPT ET STA Fe AIT II 
sthulaphalam tricaturbhujabahupratibahuyogadalaghatah | 
bhujayogardhacatustayabhujonaghatat padam stksmam || 
[BSS1902, ch. 12.21] 


Traditionally the sutra has been understood, by ancient mathematicians fol- 
lowing Brahmagupta (I shall dwell more on this later), as well as modern 
commentators broadly as follows: 


The gross area of a triangle or quadrilateral is the product of half the sum of the 
opposite sides. The exact area is the square-root of the product of the four sets of 
half the sum of the sides (respectively) diminished by the sides. 
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This translation is taken from [Sar1999, p. 88], and the translations in 
[Col1817] and [Plo2009] also correspond to it. In all of these, in particular, tri- 
caturbhuja is interpreted as referring to the formula being applicable to trian- 
gles and quadrilaterals (independently). For the case of the triangle this is the 
well-known formula, known after Heron of Alexandria (first century CE), and 
in this context the quadrilateral version is referred to as “Brahmagupta’s gen- 
eralization” (see, for instance, [Plo2009, p. 144]). The general version, which 
in modern notation may be stated as 


A= /(s—a)(s— b)(s—e)(s—d), (*) 


where a,b,c,d are the sides of the quadrilateral, s is half the perimeter, and 
A is the area, is however correct only when the quadrilateral is cyclic, viz. 


when all the four vertices lie on a common circle; this condition holds for 
quadrilaterals like rectangles and isosceles trapezia, but not in general, e.g. 
for rhombuses with unequal diagonals. The general perception in the context 
of the interpretation has been that the author somehow omitted to mention 
the condition, though actually aware of it, with the latter being confirmed by 
the fact that he is noted to apply it only for cyclic quadrilaterals. 


It has however recently been argued in [Kic2010] that actually the term 
tricaturbhuja was in fact used by Brahmagupta to mean a cyclic quadrilateral 
(and not triangle and/or quadrilateral). Thus Brahmagupta means to state: 


The gross area of a cyclic quadrilateral is the product of half the sum of the 
opposite sides, and the square-root of the product of the four sets of half the sum 
of the sides (respectively) diminished by the sides is the exact area. 


A hint that the traditional interpretation may not be right is contained in 
the fact that at the only other place where the term tricaturbhuja occurs in 
Brahmasphutasiddhanta [BSS1902, ch. 12.27], (and it is not known to occur 
in earlier or later ancient texts), the result involved (relating to the circum- 
radius) is stated first for triangles, separately, and then for “tricaturbhuja”s 
which indicates that the latter should in fact have four sides [Kic2011]. The 
arguments in Kichenassamy go well beyond that, with the author providing a 
detailed discussion on the issue, including on how Brahmagupta would have 
arrived at the formula, and how it incorporates in a natural way the hypothe- 
sis that the quadrilateral is cyclic. According to Kichenassamy, Brahmagupta 
while pursuing his study of triangles dealt with the circumcircle, described in 
particular a formula for the circumradius, and along this line of thought con- 
sidered quadrilaterals formed by the triangle and a point on the circumcircle, 
which motivated the term tricaturbhuja.! 


' Recently P. P. Divakaran [Div2018] has proposed (see Chapter 8, Sections 4 and 5; my 
thanks to Divakaran for the pre-publication information) a somewhat different scenario 
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Unfortunately, the theory developed by Brahmagupta did not go down the 
line of later mathematicians in India with proper understanding. It may be 
worthwhile to recall the following in this respect. Let us consider the works of 
Sridhara, the author of Patiganita [PaGal959] and Trigatika, and Mahavira 
who authored Ganitasarasarigraha [GSS2000], two prominent authors? from 
the intervening period between Brahmagupta and Bhaskara. Mahavira is 
known to be from around 850 CE. Concerning Sridhara there has been a 
controversy among scholars over his period, and in particular over whether he 
was anterior or posterior to Mahavira, but it now seems to be agreed that he 
is from the eighth century.® 


In the Patiganita, on the issue of areas of quadrilaterals, Sridhara first gives 
a formula for the areas of trapezia (the usual one), in swtra 115 which is then 
complemented, in stitra 117 [PaGal1959, p. 175], with the following: 


YAM TIA Foret Taare TS TTT | 
TEMA seers TTT Il 
bhujayutidalam caturdha bhujahinam tadvadhat padam ganitam | 
sadrsasamalambanam asdrgalambe visamabahau || 

[PaGa1959, v. 117] 
Set down half the sum of the [four] sides [of the quadrilateral] in four places, 


[then] diminish them [respectively] by the [four] sides [of the quadralateral], [then] 
multiply [the resulting numbers] and take the square root [of the product]: this 


for the development of ideas in Brahmagupta’s work and the genesis of the term tricaturb- 
huja, which nevertheless discounts the traditional interpretation of the term mentioned 
earlier. 


2 As noted by K. S. Shukla in the introduction to his edition of Sridhara’s Patiganita, 
Sridhara’s works are cited by many later authors. On the other hand, Mahavira’s Gani- 
tasarasangraha apparently enjoyed the status of a textbook in many parts of South India 
for nearly three centuries, until the arrival of Bhaskaracarya’s Lilavati, as noted by Bal- 
achandra Rao, in his review [Rao2013, p. 167] of the book Sri Rajaditya’s Vyavahara- 
ganita edited and translated by Padmavathamma, Krishnaveni and K. G. Prakash. 

3 In §5 of Shukla’s introduction to his edition of Sridhara’s Patiganita, one finds a detailed 
discussion on this issue, concluding with his own verdict that Sridhara “lived sometime 
between Mahavira (850) and Aryabhata II (950)”. Saraswati Amma expresses skepti- 
cism in this respect [Sar1999, p. 10]; her wording is “Sridhara is probably earlier than 
Mahavira though K. S. Shukla places him between 850 and 950 AD”. S. D. Pathak, in his 
paper Sridhara’s time and works, [Pat2003], which was published posthumously but was 
actually written before Shukla’s edition of Patiganita was published, argues in favour of 
Sridhara being earlier, and, notably, in a special note following the article, the editor 
R. C. Gupta, who had himself also discussed the issue in an earlier paper, mentions 
“But now Dr. Shukla himself accepts the priority of Sridhara over Mahavira (personal 
discussions)”. Also, Shefali Jain in her recent thesis [Jai2013] mentions that at the end of 
a manuscript of the Ganitasarasangraha in the Royal Asiatic Society, Bombay [Ms-GSS] 
one finds the statement “kramadityuktam $Sridharacaryena bhadram bhiiyat” which shows 
that Sridhara preceded Mahavira. In the light of earlier literature she assigns 750 CE as 
the year around which he would have flourished. 
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gives the area of the quadrilaterals having [two or more] equal sides but unequal 
altitudes and also of quadrilaterals having unequal sides and unequal altitudes. 


(Translation from [PaGal1959]). 


Thus Sridhara is seen to give formula (*) for the area of any quadrilateral, 
dwelling elaborately on the generality, without realising that it is not true in 
that generality. Interestingly, unlike in the case of the formula for trapezia, 
no examples are discussed to illustrate the general formula. This suggests in a 
way that the sutra is included in the spirit of recording and passing on a piece 
of traditional knowledge in which the author espouses no direct interest; this 
is a kind of situation in which mathematicians are prone to let down their 
guard! His treatment in the Trigatika is also along the same lines [Sar1999, 
p. 92]. 


Mahavira states the result under discussion as follows: 


PITTI, Pears BHT | 
bhujayutyardhacatuskat bhujahinad ghatitat padam suksmam | 

[GSS2000, ch. 7.50] 
Four quantities represented [respectively] by half the sum of the sides as diminished 
by [each of] the sides [taken in order] are multiplied together and the square root 


[of the product so obtained] gives the minutely accurate measure [of the area of 
the figure]. (Translation from [GSS2000]) 


Here again, formula (*) is stated unconditionally for any quadrilateral. The 
second half of the above mentioned verse is the usual formula for the area of 
a trapezium, as the product of the perpendicular height with half the sum of 
the base and the opposite side, mentioning also a caveat that it does not hold 
for a visamacaturasra (a general quadrilateral with unequal sides). In verses 
51-53 following the sutra as above, Mahavira asks to compute the areas of 
triangles with given lengths for their sides, presumably meant to be done using 
the first part of verse 50. Verse 54 describes a formula for the diagonal of a 
quadrilateral‘ and in verses 55 to 57 the author asks to compute diagonals and 
areas of quadrilaterals which are isosceles trapezia; since reference to diagonals 
is also invoked it is not clear whether the computation is meant to be done 
using the general form of verse 50, namely formula (x), or by first computing 
the diagonal. As a whole the treatment suggests either lack of interest or 
disbelief in the general case of the formula. 


Similarly, Sripati (eleventh century) also gives, in the Siddhantasekhara, 
formula (*) unconditionally [Sar1999, p. 94]. On the whole the practice of 
treating the expression as the formula for the area of any quadrilateral was so 


“ This formula also goes back to Brahmagupta and is valid only for cyclic quadrilaterals, 
but is stated here unconditionally. 
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prevalent that one finds it presented as such even in the fourteenth century 
work Ganitasdrakaumudi of Thakkura Pherti [GSK2009, p. 142]. Notwith- 
standing the overall continuity of the Indian mathematical tradition, topics 
that were not directly involved in practice, in astronomy or other spheres in 
which mathematics was applied at the time, suffered neglect, and sometimes 
were carried forward without a proper understanding of what was involved. 


By the time of Bhaskara any connection of the formula (*) with cyclicity of 
the quadrilateral was completely lost. Even awareness of cyclic quadrilaterals 
seems to have gone missing over a period, until it was resurrected in the work 
of Narayana Pandita, in the fourteenth century [Sar1999, pp. 96-106]. 


In this overall context, as it prevailed around the turn of the millennium, 
Aryabhata II, who is believed to have lived sometime between 950 and 1100 
CE [P102009, p. 322] rejected (*) as the formula for the area of a quadrilateral, 
ridiculing one who wants to find the area of a quadrilateral without knowing 
the length of a diagonal as a fool or devil (murkhah pisaco va) [Sar1999, p. 87]. 
This was the situation when Bhaskara appeared on the scene. Though appar- 
ently guided by Aryabhata II in his treatment in respect of Brahmagupta’s 
theorem [Sar1999, p. 94], Bhaskara took an entirely different approach to the 
issue, bringing considerable clarity on the topic (even though he did not get 
to cyclic quadrilaterals). 


A closer look at the relevant portion of the Lilavati shows an intense con- 
cern on the part of Bhaskara at what he observed as a flaw in the “tradi- 
tional” formula. This does not seem to have been adequately appreciated in 
the literature on the topic. One of the reasons for this seems to be that the 
standard translation and commentaries (E.g. [Col1993], [Pha2014] [Lila2001], 
and [Lila2008]) which have been the chief sources for dissemination of the 
topic, have translated and commented upon the sutras involved only indi- 
vidually, in a rather disjointed way, as a result of which a common strand 
that Bhaskara followed in respect of the above seems to have been missed. 
Secondly, many of the commentaries, except [Col1993] from the above, while 
including the text of the Lilavati, do not include Bhaskara’s Vasanabhasya 
(explanatory annotation, in prose form) along with it, and even as they are 
seen to avail of various points made in Vasanabhasya, no reference is made 
to the latter, which diffuses the overall picture even further. Colebrooke does 
include the Vasanabhasya and also a meticulous translation of it for the most 
part, though as I shall point out below, a crucial line relevant to the theme 
under discussion is missing from the translation.® 


I shall now present the part of the Lilavati together with the Vasanabhasya 
on the issue as above and bring out the strand of Bhaskara’s thinking, and 


5 Similarly, some other short segments aimed at introducing the subsequent verse have 
been omitted from the translation elsewhere in the text. 
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concern, over the perceived flaw. Let me begin with Bhaskaracarya’s statement 
on the formula.® 


rai safer ape a | 
qorepens dst wexaaied Bares I 

sarvadoryutidalam catuhsthitam bahubhirvirahitam ca tadvadhat | 
milamasphutaphalam caturbhuje spastamevamuditam tribahuke || 


[Lila1937, v. 169] 


Half the sum of all the sides is set down in four places; and the sides are sev- 
erally subtracted. The remainders being multiplied together, the square root of 
the product is the area, inexact in the quadrilateral, but pronounced exact in the 
triangle.” 


Thus, unlike Aryabhata II, Bhaskara does not reject outright the formula 
for the quadrilateral, accepting it wholly only for triangles. He mentions it 
as exact (spasta) for triangles while for quadrilaterals he calls it “inexact” 
(asphuta). This is however only the beginning. Detailed comments on it are 
to follow. 


To begin with he asks, in verse 170, for the area to be computed “as told by 
the ancients” (tatkathitam yadadyaih) for a quadrilateral with base (bhumi) 
14, face (mukha) 9, sides 13 and 12, and perpendicular 12; it can be seen 
that the quadrilateral is a non-isosceles trapezium. In the Vasanabhasya he 
proceeds to note that the area given by the formula is 19800, which is “a 
little less than 141”, while the actual area (which can be computed for a 
trapezium more directly) is 138, thus pointing to a contradiction. 


Though this would have sufficed for the contention that the formula is not 
correct, or accurate, Bhaskara does not leave it at that. He embarks on a 
more detailed discussion on the issue. At the beginning of verse 171, in the 
Vasanabhasya he says: 


ay Voaherns at assy | 
atha sthilatvanirtpanartham sutram sardhavrttam | 


Now a sutra of a stanza and half for looking into the grossness. 


° For reference to the verses I shall indicate their numbers as in [Lila1937], the standard 
Sanskrit sourcebook on the topic; the reader is cautioned that the numbers in different 
references vary somewhat from each other. In the sutras involved here the differences are 
small. 

’ The translation is taken from [Col1993]; I have added a comma, after “area”, which 
seems to be needed for easy comprehension. 
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This line, which is significant from our point of view, is not found in the 
translation in [Col1993] (as noted earlier many other sources do not include 
the text of the Vasanabhasya either). We note that “atha” marks the com- 
mencement (of a story, chapter, argument etc., typically in a ceremonial way) 
and that nirupana means “looking into, analysis or investigation”. Sthulatva 
stands for “grossness” or “coarseness”; thus Bhaskara is announcing here that 
he is taking up an analysis of the grossness® (of the formula). This is followed 
by the following argument [Lila1937, v. 171]: 


agsentadt fe Heit Het aatskafaad heh Sa | 
Data Test Tere: VaHfedat afsaesa FT eA: Il 
asta seat wT Hot awe Aas Tae I 


caturbhujasyaniyatau hi karnau katham tato’sminniyatam phalam syat | 
prasadhitau tacchravanau yadadyath svakalpitau tavitaratra na stah || 
tesveva bahusvaparau ca karndu anekadha ksetraphalam tatagca || 


The diagonals of a quadrilateral are indeterminate (aniyatau); then how could the 
area [confined] within be determinate? The (values for) diagonals set down (prasad- 
hitau) by the ancients® would not be the same elsewhere. For same (choices of the) 
sides, the diagonals have many possibilities and the area would vary accordingly. 


In the Vasanabhasya this is further elaborated, noting that if in a quadrilateral 
two opposite vertices are moved towards each other then the diagonal between 
them contracts, while the other two vertices move away from each other and 
the diagonal between them elongates, and thus with sides of the same length 
there are other possible values for the diagonals. 


The next verse in the Lilavati [Lilal1937, v. 173] raises some rhetorical 
questions: 


raat: Hratdch AMSAT: HAA | 
peered Fad ath aay Il 
lambayoh karnayorvaikam anirdigya parah katham | 


prechatyaniyatatvepi niyatam capi tatphalam || 


When none of the perpendiculars nor either of the diagonals are specified, how will 
the other values get determined? It is like asking for definite area, when in fact it 
is indeterminate. 


Then in verse 174 come some devastating blows: 


8 Like the English word adopted here for sthilatva, the latter also has shades of meaning 
of unflattering variety, and one may wonder whether the choice of the word sthulatva 
here, as against say the noun form of the adjective asphuta that was adopted in the 
original sutra, is deliberate. 


° The ancients refers to “Sridhara and the rest” according to Ganega’s commentary; this 
has been noted in Colebrooke [Col1993, p. 112]. 
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UT TSH: Tara I Feet at Fraet aa: | 

at a ofa agstesarentadt Rats Il 

sa prechakah pigaco va vakta va nitaram tatah | 
yo na vetti caturbahuksetrasyaniyatam sthitim || 


Such a questioner is a blundering devil (pigaca) and worse is one who answers it. 
They do not realise the indeterminate nature of the area of a quadrilateral. 


The scorn being deployed is reminiscent of Aryabhata II, but here we find it 
accentuated, and its scope expanded to those answering the question! 


Having vented his ire over the ignoramuses, Bhaskara next sets out to 
establish the point through more concrete illustrations. Before continuing with 
it, it may be worthwhile to note the following. While the argument given in 
verse 171 is of considerable heuristic value, it is not conclusive from a logical 
point of view, since so far it has not been shown that when the sides are 
the same and diagonals vary, the areas could actually be different. To make 
the argument foolproof, and to fully convince skeptics, one needs concrete 
examples, with the same four sides and different pairs of diagonals for which 
the areas are different. While he may or may not have specifically followed 
such a train of thought, that is what Bhaskara sets out to do in the following 
verses. 


For the illustrations he needs situations where after making alterations as 
proposed in the Vasanabhasya following sutra 171 it would be possible to 
readily compute the area (and show that it is different). For this purpose he 
considers the class of equilateral quadrilaterals, in which all sides are equal, 
also called rhombuses. He notes a formula for the second diagonal, given the 
common value of the side and one of the diagonals: in modern notation, if a 
is the side and d, and dz are the diagonals then 


dz = ,/4a? — d}. 


He recalls also the formula for the area, as equal to $d dz in the verses that 
follow. The sutras prescribing this also include a statement of the areas of 
rectangles and trapezia, but that is purely to put the situation of equilaterals 
in context - after all, the knowledge of these is already implicit in particular 
in the problem posed in verse 170. 


At this juncture, one is in a position to illustrate the point that was made 
following verse 171, since if we start with an equilateral quadrilateral with 
side a and a diagonal of size d; and move the vertices on the two sides of that 
diagonal closer along the diagonal, then the area is $di\/ 4a? — dz, with dy as 
a variable quantity; one can readily see that choosing different values of d; we 
get rhombuses with the same side-lengths but different areas. However, not 
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content with this, he seeks more concrete choices for the side and diagonal, 
specifically with integer values. 


For this purpose he brings in his knowledge of what are now called 
Pythagorean triples. A Pythagorean triple is a triple of natural numbers 
(l,m,n) such that [? + m? = n?; by the Pythagoras theorem for a triangle 
with sides 1,m and n where (1,m,n) is a Pythagorean triple, the angle op- 
posite to the side of length n is a right angle. Putting four such right angled 
triangles together, along their equal sides adjacent to the right angles, we get 
an equilateral quadrilateral with all sides n and diagonals 21 and 2m respec- 
tively, and their areas are 2/m. Bhaskara now chooses the triples (15, 20, 25) 
and (7, 24,25) which are seen to be Pythagorean,!° and have common value 
for the length of the hypotenuse. Thus the construction as above yields two 
equilateral quadrilaterals with areas 2(15 x 20) = 600 and 2(7 x 24) = 336, 
respectively. Bhaskara also points out that we may also consider for compar- 
ison the square with all sides equal to 25, in which case the area is 625, yet 
another value for the area. Thus Bhaskara adopts various means, argumen- 
tation, pressurising through rhetoric, as well as persuasion, to put it across 
to his readers that Brahmagupta’s formula is not valid exactly for a general 
quadrilateral. 


Following the group of verses discussed above, there are two more problems 
concerning the area of a quadrilateral. In verse 175 we have an example of 
(what turns out to be) a non-isosceles trapezium, for which again it is pointed 
out, in Vasanabhasya, that the area computed using (*) does not give the true 
value. 


The next verse, 176, asks to find the area, and also the diagonals and 
perpendiculars, of a quadrilateral whose sides are given as, face 51, base 75, 
left side 68 and right side 40. To a modern reader it should seem puzzling 
that the Acarya should ask such a question, giving only the sizes of the four 
sides, after all the painstaking endeavour to get it across that the sizes of 
the four sides do not determine a quadrilateral, and in particular the area is 
indeterminate. It is hard to reconcile this especially with verse 172 according 
to which one asking such a question is a “pigaca”. 


The spirit of what follows however seems to be to explain how one should 
proceed in response, when such a problem is posed (e.g. as a challenge); since 
at one time the focus was on cyclic quadrilaterals which were determined 
once the sides were given (together with their order), it may have been a gen- 
eral practice to pose questions about quadrilaterals purely in terms of their 
sides (in specific order). In the next verse Bhaskara recalls that if we know 


10 Tt, may be recalled here as an aside that Pythagorean triples have been known in India 
since the time of the Sulvasitras; for a discussion on such triples occurring in Sulvasiitras 
the reader is referred to [Dan2003]. 
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the perpendicular, that determines the (corresponding) diagonal, and know- 
ing a diagonal determines the (corresponding) perpendicular, and the area; 
this is consistent with the earlier contention about the need for an additional 
assumption being necessary. In his treatment of the problem in the Vasanab- 
hasya he then says “to determine the perpendicular we assume the diagonal 
joining the tip of the left side to the base of the right side to be (of length) 77” 
(emphasis added). With this choice for the diagonal, the perpendicular and 
then the area of the quadrilateral are computed (adding the areas of the two 
triangles on the two sides of the diagonal as above);'! it turns out to be 3234. 
Interestingly, this is the value that one would get from (*) with the values 
51, 68, 75 and 40 for the four sides! One may wonder whether Bhaskara in- 
tended this, but there is no way to know. The reason for this agreement, from 
a modern perspective, is of course that for the above choice of the diagonal 
the quadrilateral is cyclic, and Brahmagupta’s formula does apply. 


It would seem curious that the choice made was such that the quadrilat- 
eral is cyclic, especially when there is no reference to such a concept in the 
text. Also, though the fact of having to make a choice has been clarified, one 
would wonder how the choice of 77 as the length of the (particular) diagonal 
came about, especially in the context of its turning out to be one for which 
the quadrilateral is cyclic. It may be noted that if one starts with an ad hoc 
choice, the computations of the perpendicular and the area involve rather 
complicated surds, making it unsuitable for an illustrative example. All com- 
mentators have repeated the part about assuming the (particular) diagonal to 
be 77 (generally without reference to the Vasanabhasya), but throw no light 
on the issue of how the specific value may have come to be chosen. It seems 
that this quadrilateral was familiar to Bhaskara, together with the value for 
the diagonal. Brahmagupta had given a construction [BSS1902, ch. 12.38] of 
quadrilaterals with integer values for the sides and area, starting with a pair 
of Pythagorean triples (the reader is referred to [Pra2012] for an exposition 
on this), and it has been recalled in the Lélavati [Lila1937, v. 189]. For each 
quadrilateral constructed using the Brahmagupta construction (which neces- 
sarily turns out to be cyclic) one gets some new ones (with vertices on the 
same circle as the original one) by replacing the triangle on one side of a 
diagonal by its reflection in the perpendicular bisector of the diagonal. This 
process of obtaining new quadrilaterals also turns up in the Lilavati (though 
there is no reference to their cyclicity along with it). Commentator Ganega 
has pointed out that the quadrilateral with sides 51, 68, 75 and 40 as in the 


1l Having assumed the diagonal to have length 77, the areas of the two triangles formed 
could be computed using (*), which Bhaskara does consider to be exact for triangles, but 
the method given goes through the computation of the perpendicular, and no reference 
is made to this other possibility. 
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above discussion is one of the quadrilaterals arising in this way, starting with 
the Pythagorean triples (3,4,5) and (8, 15,17) [Col1993, pp. 127-128]. 


Concluding remarks 


To sum up, Bhaskara’s response to the longstanding misunderstanding makes 
an interesting episode in the history of mathematics. While unfortunately he 
missed the fact that formula does hold if one restricts to cyclic quadrilaterals, 
and one may wonder if it was due to lack of access to the original formulation 
or due to lack of clarity in Brahmagupta’s original version, his thought process 
and arguments would have provided a better understanding in the subsequent 
period, at least in some quarters though not universally (as seen earlier), on 
mensuration of quadrilaterals. 
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Ankapasa in the Lilavati 


Takanori Kusuba* 


1 Introduction 


While discussing the mixture procedure (migra-vyavahara) in his Lilavati, 
Bhaskara gives the rule for the number of combinations of r things taken 
at a time from n things. 


n Cy = 


He applies this rule to prosody (metrics), architecture (windows) and medicine 
(taste). His predecessors in jyotisa give this rule.! 


At the end of the Lilavati, Bhaskara adds a new subject called arikapasa. 
He concatenates digits and treats them as a number. He presents four rules for 
permutation with examples, which do not appear in any of his predecessors’ 
mathematical works. In what follows I study these rules and examples. 


2 Bhaskara’s rules for permutations 


In this study I use two editions of the Lilavati, both of which are accompanied 
by commentaries. One edition is with the Buddhivilasint (1545) by Ganega 
Daivajfia and a vivarana (1587) by Mahidhara [Lilal1937]. This also includes 
the auto-commentary by Bhaskara. The other is with the Kriyakramakarv (ca. 


*Email: kusuba@osaka-ue.ac.jp 
' [PaGal959, v. 72], [GSS1912, v. 218], [MaSi1910, ch. 15.45cd-46]. 
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1556) by Sankara Variyar and Narayana, [Lila1975].? In this study, I refer to 
Bhaskara’s auto-commentary and the commentaries by Ganesa and Narayana. 


2.1 Permutations of distinct digits 


Rule 1 [Lila1937, vol. 2, v. 261]: 


ae eee eee 
WHS: IAT Bel Ffstafa: ATT Il 


sthanantamekadicayankaghatah samkhyavibheda niyataih syurankath | 
bhakto’nikamityankasamasanighnah sthanesu yukto mitisamyutih syat || 


The product of the digits (arka) beginning with one and increasing by one up to 
the [number of] places is the [number of] variations of numbers (samkhyavibheda) 
with fixed digits. [The product] divided by the number of digits (ankamiti) and 
multiplied by the sum of the digits, and added in the places, will be the sum of 
the numbers (mitisamyuti).° 


Example [Lila1937, vol. 2, v. 262]: 


fanrsarat Baaechal Fede etetarsar: | 
emtatar: ait Bras ARS HRI FIST Il 
dvikastakabhyam trinavastakairva nirantaram dvyadinavavasanaih | 


samkhyavibhedah kati sambhavanti tatsamkhyakatkyani prthagvadasgu || 


How many are variations of numbers with two and eight? Or with three, nine and 
eight? Or with [the digits] from two to nine without interval? Tell promptly the 
sums of those numbers (samkhyaikya) separately. 


2.2 Auto-commentary 


1. Given digits: 2, 8. The number of variations is 1-2 = 2. This 2 is multiplied 
by the sum of the two digits 2+ 8 = 10. The product 20 is divided by 2, 
the number of digits. The result 10 is added in two places. The sum of the 
numbers 110 is obtained. 


2. Given digits: 3, 9, 8. The number of variations is 1-2-3 = 6. Then 6 is 
multiplied by the sum of digits 8+ 3-+9 = 20. The product is 120. The 
product is divided by 3, the number of digits. The quotient 40 is added in 
three places. The sum of the numbers is 4440. 


? For the joint authorship of Sankara and Narayana’s Kriyakramakari see p. xvi. 


3 Bhaskara uses the term miti as a synonym of samkhya (number). 
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3. Given digits: 2, 3, 4, 5, 6, 7, 8, 9. The number of variations is 40320. The 
sum of the numbers is 2463999975360. 


2.3 Commentary by Ganesa 


Ganeé§a refers to spreading (prastara) and enumerates 28, 82 in the first case 
and 398, 389, 983, 938, 893, 839 in the second case.* He says ‘the [method for] 


spreading the variations with digits in clay (losta) told by Narayana and so 


on should be known’.® 


* Bhaskara uses the term prastara in Lilavatt 115 for metrics, but he discusses only the 
number of combinations. 

> atria areata Aa: | 

lostankair bhedaprastaro narayanadibhir ukto jreyah | (p. 276) 

Ican not find the term lostanka in the Kriyakramakari. I do not know whom Ganeéa re- 
ferred to. Narayana Pandita, who wrote the Ganitakawmudi in 1356, used a term ladduka 
for spreading in the chapter called ankapaga. This is similar to lostakaprastara referred to 
by Bhattotpala for combination in his commentary on the Brhatsamhita 76.22. Hayashi 
[Hay 1979, p. 162] showed how to use clay-marks. Based on Hayashi’s explanation I discuss 
how to arrange the marks in an example. 

Arrange three digits from 1, 2, 3, 4, 5, 6, 7, 8. Draw two rows of cells, one of which is 
filled by digts from 1 to 8. First put three marks, whose number is equal to the number 
of digits. This is shown as 


1} 2} 3) 4] 5/6] 7]8 
0} 0] 0 


This indicates an arrangement of digits: 678. Then move the mark under 6 to the place 
under 5: 


1} 2} 3) 4] 5/6] 7]8 
0} 0 


This is an arrangement of 578. In the same way move the mark to the left until it comes 
to the place under 1: 


1} 2} 3) 4] 5/6] 7) 8 
0 0} 0 


which indicates 178. When the mark comes to the place under 1 put marks under 5, 6 
and 8: 


1] 2} 3) 4) 5/6] 7)8 
0 0 


When some marks are used in this way the digits are arranged in ascending order only. 
[Hay1979, p. 162]; [Kus1993, pp. 496-500]. 
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Commentary by Narayana 


Narayana explains the operation ‘added in the places’ as follows: ‘If there are 
two places, after one place the number at the place of ones one should again 
place the same (number) at the place of tens. This amounts to saying the 
following. If there are two places, one should multiply the number by eleven.® 


Note: Neither Bhaskara nor commentators show how to add the numbers. In 
his translation of the passage of the auto-commentary, Colebrooke [Col2005, 
pp. 123-124] explains it in square brackets as 


[1 0 
10] 


in the first case, and 


[40 
40 
40] 


in the second case the number 10 may be set out as 


10 10 
10 10 


in the first case and added together: 


10 10 
10 or 10 
110 110 


This operation is equivalent to 10 x (1 +10) = 110. The process to calculate 
the sum is 2*C*8) x 11 = 110. 


In the second case the calculation is 


Safe waa watt dar tHe at cet freer Gada o ars wa Set faesrea 
Uderh Wald Be wae dar at Sears Careastead| 

yadi sthanadvayam bhavati tada ekasthane tam samkhyam vinyasya punar dagasthane ca 
tam eva samkhyam vinyaset | etad uktam bhavati | yadi sthanadvayam tada tam samkhyam 
ekadasabhir nihanyat |[Lila1975, p. 459]. 
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40 40 
40 40 
or 
40 40 
4440 4440 


The sum of the numbers is 40 x (100 + 10 + 1) = 4440.7 
In the third case, 


LOSS 5678 (24+ 3444546474849) = 28 x 44. The result 221760 
is added in 8 places. 


221760 
221760 
221760 
221760 
221760 
221760 
221760 

221760 
2463999975360 


In general, among the 9 digits, n digits, a1,a2,...,@,, are taken. The number 
of variations is P, = n! = 1-2---(n —2)-(n—1)-n, where n is the number 
of distinct digits or places. A variation formed by concatenating numerals is 
a number. The process to calculate the sum of the numbers in stanza 261 
implies the derivation of the rule. P,, divided by n and multiplied by the sum 
of the given numbers is added in each decimal place. Each a; occurs Fa times 
in each place. Therefore, the sum of the digits in each place is 


n 
Pr 3 
——"K ay. 
nr : 

w=1 


The operation that the result is added in the places is equivalent to multipli- 
n-1 


cation by .o 10°. In the auto-commentary Bhaskara prescribes multiplication 


i=0 
first and division after. 


7 afe wat dal GSS: at eat Pex | 
yadi sthanatrayam tad@ candrarudraih tam samkhyam nihanyat | [Lila1975, p. 459]. 
If there are three places one should multiply the number by one hundred and eleven. 
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2.4 Another example 


The first half of Rule 1 can be applied to the permutations of different objects 
whose number is more than 9 [Lila1937, vol. 2, v. 263]: 


TAZ MSA SHH: GgPAHAIaATA aKa | 
srareeniod: Hid After: sestetas weratsrerg: Il 


pasankusahidamarikakapalagsilaih khatvangasaktisaracapayutairbhavanti | 
anyonyahastakalitaith kati murtibhedah sSambhorhareriva gadarisarojagankhaih || 


How many are the variations of the images of Sambhu when the noose, elephant’s 
hook, serpent, tabor, skull, trident, together with club, crosier, arrow, and bow are 
held in one or the other of his hands? Similarly [how many are the variations of 
the images] of Hari with the club, discus, lotus and conch? 


2.5 Auto-commentary 


The images of Sambhu are 3628800 (= 1-2-3-4-5-6-7-8-9-10) ways. Those 
of Hari are 24 (=1-2-3-4) ways. 

Note: According to Sarma, the western Calukyan monarch Someégvara III 
(1127-1138), a contemporary of Bhaskara, enumerates the twenty-four names 
in the Manasollasa 3.1.688-694 [Sar2006, pp. 115-126]. Sarma refers to certain 
Puranas which mention the twenty four images and names [Sar2006, p. 116]. 


3 Permutations of non-distinct digits 


Bhaskara treats this rule as a special (vigesa) case of Rule 1. 


Rule 2 [Lila1937, vol. 2, v. 264]: 


WAITS TeITET: THT TIT: | 

meta fegar tar: Teese T Ya II 

yavatsthanesu tulyankah tadbhedaistu prthakkrtaith | 
pragbheda vihrta bhedah tatsamkhyaikyam ca purvavat || 


The variations [computed as] before, divided by the variations computed separately 
for as many places as there are the same digits, are the variations. The sum of these 
numbers is [calculated] as previously. 


Example [Lila1937, vol. 2, v. 265]: 


fase Re: ait aera: =: 
arat Blast Tora, AA Waa | 
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sks ll 
dasuraatearenraanears 


dvidvyekabhiparimitaih kati samkhyakah syuh 
tasam yutigca ganakagu mama pracaksva | 
ambhodhikumbhigarabhutasaraistathankath 
cedankapasamitiyuktivisarado’si || 


How many are the numbers (samkhyaka) with [the digits] two, two, one and one 
and their sum? Tell me quickly, mathematician, also with [the digits] four, eight, 
five, five and five, if you are conversant with the reasoning (yukti) with numbers 
(miti) in ankapdaga. 


3.1 Auto-commentary 


1. Given digits: 2,2,1,1. 


The number of variations is aay = 6. Here Bhaskara enumerates the 


variations shown as below and gives the sum of the numbers 9999. 
2. Given digits: 4,8,5,5,5. 


The number of variations is % = 20. Here also Bhaskara enumerates the 
variations shown as below and gives the sum of the numbers 1199988. 


3.2 Commentary by Ganesa 


Bhaskara does not explain how to calculate the sum of the numbers and says 
only ‘as before’ in the first case. According to Ganega, the sum of the numbers 
is obtained as follows: The number of variations 6 is multiplied by the sum of 
the given digits (2+2+1+1=6). The product 36 is divided by the number 
of digits 4. The result 9 is added in four places; 9999. The sum of numbers in 
the second case is obtained as follows: 20 TSS TS +5) = 108, which is added 
in five places: 1199988. 


Ganega also enumerates the variations in the two cases. The enumerations 
in these cases are not identical (see Table 1). Here there is no rule for spreading. 


Note: I think that the number to be added in the places can be calculated 
in an alternative way. Divide the number of variations by the number of digits. 
In the first case, divide 6 by 4. The quotient is 3/2. Because both the digits 2 
and 1 are used twice, multiply 3/2 by 2. Thus 3 is obtained, that means 1 and 
2 occur three times in each decimal place. Therefore the sum of digits in each 
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decimal place is 1-3 + 2-3 = 9. In the second case 4 and 8 occur 20/5 = 4 
times, and 5 occurs 4-3 = 12 times in each place. Therefore the sum of digits 
in each decimal place is 4:-4+8-4+5-12 = 108. 


Table 1: Sum of numbers according to Bhaskara and GaneSa. 


Bhaskara Ganega|Bhaskara Ganega|Bhaskara Ganega 
2211 2211 48555 48555 | 45558 55584 
2121 2112 84555 54855 | 85455 55548 
2112 2121 54855 55485 | 85545 58545 
1212 1221 58455 55458 | 85554 = 58554 
1221 1212 55485 45855 | 54585 58455 
1122 1122 55845 45585 | 58545 55845 

55548 85455 | 55458 54558 

55584 84555 | 55854 45558 

45855 54585 | 54558 85545 

45585 55854 |} 58554 85554 


4 Permutations of distinct digits from 1 to 9 


Rule 3 [Lila1937, vol. 2, v. 266]: 


VIA H aera Sasa ST Pyar: II 
sthanantamekapacitantimankaghato’sa mankaigsca mitiprabhedah || 


The product of [the numbers beginning with] the last digit (antimarka) (i.e. 9) and 
[successively] decreasing by one until the [given] place, is the variations of numbers 
(mitiprabheda) with dissimilar digits. 


Among 9 digits, n digits are taken and arranged in a certain order. The num- 
ber of variations is 9P, =9-8---(9—(n—1)). 


Example [Lila1937, vol. 2, v. 267]: 


VITIg RAS: SAT Ss aS: | 

ofa demrasar: wy: ate dies Ferra |i 
sthanasatkasthitairankath anyonyam khena varjitaih | 
kati samkhyavibhedah syuh yadi vetsi nigadyatam || 


How many are the variations of numbers with digits [different] from each other 
except zero in six places? Tell if you know. 
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4.1 Auto-commentary 


Bhaskara calculates the number of variations 9-8-7-6-5-4 = 60480. 


4.2 Commentary by Ganesa 


Ganesa enumerates some of the numbers which occupy two decimal places. 
He does not list 9-8 = 72 numbers, but enumerates 12, 13, 14, 15, 16, 17, 
18, 19, 21, 23, 24, 25, 26, 27, 28. Then he enumerates numbers which occupy 
three decimal places: 123, 124, 125, 126, 127, 128, 129, 136, 137, 138, 132, 134, 
135, and gives the number of variations as 504. 


Next he gives the upapatti as follows. ‘From ten to ninety-nine there are 
nine tens [of numbers] having two places. Among them nine digits [namely], 
ten and twenty, etc. are accompanied by zero. Nine [numbers, namely] eleven 
and twenty-two etc. have equal digits. Thus nine multiplied by ten minus two 
(8) is the variations of numbers in two places 72. Similarly from one hundred 
to nine hundred and ninety-nine there are numbers in three places. Among 
them also, one hundred 100, one hundred and ten 110, etc. are accompanied 
by zero. One hundred and eleven 111, one hundred and twenty-two 122, etc. 
also have two equal digits. Therefore the variations in two places 72 multiplied 
by ten minus three (7) is the variations of numbers in three places 504. 


Note: In the case of the numbers occupying two places, I summarize Ganesa’s 
explanation. There are nine rows. In each row there are eight numbers. There- 
fore the number of variations is 9-8 = 72. 


8 aay Tass VIASAT Aa Sata: | TY sasereareat Aa: FRAT | 
CHa FF TTT | Ud aaarest ¢ WPA Aa Vea HaT: Oe Vl 

Ud Tea aea eed VIAAATST: | ASAT Set 900 SSAA SA: 990 FTAA: | 
Bee ee eee ae He: BATT 9 YT: 
waMaeasar: 02 WITTE: Soe BT: 

dasarabhya navanavatiparyantam sthanadvayankanam nava dagakah | tesu daga- 
vimgatyadayo navankah Sstinyasametah | ekadasadvavimsatyadayo nava tulyankah | 
evam dvytinadagakena 8 gunita nava sthanadvayankabhedah 72 syuh | evam gatam 
arabhyaikonasahasraparyantam sthanatrayankah | tesv api gata 100 dagottaragsatadayah 
110 Siinyasametah | ekadaSottarasata 111 dvdvimsatyuttaradisy api 122 dvau samankau 


stah | atah trytnadagakena 7 gunitah sthanadvayabhedah 72 sthanatrayankabhedah 504 
syuh | (pp. 281-282.) 
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10 


11 


12 


13 


20 


21 


22 


23 


30 


40 


50 


60 


70 


80 


90 


3l 
Al 
51 
61 
71 
81 
91 


32 
42 
52 
62 
42 
82 
92 


33 


43 
53 
63 
73 
83 
93 


14 
24 
34 


44 


54 
64 
74 
84 
94 


15 
25 
35 
45 


59 


65 
79 
85 
95 


16 
26 
36 
46 
56 


66 


17 
27 
37 
A7 
57 
67 


18 
28 
38 
48 
58 
68 


76 


77 


78 


86 
96 


87 
97 


88 


98 


19 
29 
39 
49 
59 
69 
79 
89 


99 


In the case of the numbers occupying three places, number 12, for example, can 
be connected with seven digits 3, 4, 5, 6, 7, 8, 9. Similarly 13 can be connected 
with seven digits 2, 4, 5, 6, 7, 8, 9. Therefore the number of variations in three 
places is (9 - 8) - 7. 


100 


101 


102 


103 


104 


105 


106 


107 


108 


109 


110 


111 


112 


113 


114 


115 


116 


117 


118 


119 


120 


121 


122 


130 


131 


140 


141 


150 


151 


160 


161 


170 


171 


180 


181 


190 


191 


132 
142 
152 
162 
172 
182 
192 


123 


133 


143 
153 
163 
173 
183 
193 


124 
134 


144 


154 
164 
174 
184 
194 


125 
135 
145 


155 


165 
175 
185 
195 


126 
136 
146 
156 


166 


176 
186 
196 


127 
137 
147 
157 
167 


177 


187 
197 


128 
138 
148 
158 
168 
178 


188 


198 


129 
139 
149 
159 
169 
179 
189 


199 


5 Permutations of digits that add up to a specified sum 


Rule 4 [Lila1937, vol. 2, vv. 268-269]: 


Praag Peraemrataratad ferns | 
worfeheated: Gat: =: Generar Padsgart I 
TURIRIASASH Sissat HId FT Fez | 
ae Tyas arasher SATA TAM TTT II 


nirekamankaikyamidam nirekasthanantamekdpacitam vibhaktam | 


rupadibhistannihataih samah syuh samkhyavibheda niyate’nikayoge || 
navanvitasthanakasamkhyakaya une’nkayoge kathitam tu vedyam | 


samksiptamuktam prthutabhayena nanto’sti yasmadganitarnavasya || 
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The sum of digits less one [and successively] decreasing by one until the [given] 
place less one is divided by one and so on. The product of these is equal to the 
variations of the number when the sum of digits is fixed. It is to be known that this 
was told for the case when the sum of digits is less than the number of places added 
to nine. Only the compendium was told for fear of prolixity (prthutabhayena)® since 
the ocean of calculation has no bounds. 


This is the case when the numbers from 1 to 9 are arranged so as to give the 
given sum (s) in a given number of places (n). The number of variations is:' 


s—-1l s—2 s-—(n-1) 
1 2 n—1 


(n+9<s). 
Example [Li1a1937, vol. 2, v. 270]: 

TAPIA STITT | 

aid Har wet ate aie Perera I 


pancasthanasthitairankair yadyadyogastrayodasa | 
kati bheda bhavetsamkhya yadi vetsi nigadyatam || 


How many are the variations of numbers with digits in five places, the sum of which 
is thirteen? Tell if you know. 


5.1 Auto-commentary 


The number of variations is 2 . a . » . 2 = 495. 


5.2 Commentary by Ganesa 


GaneSsa counts variations of each of the eighteen cases, which is calculated by 
Rule 2. 


° In the [Lila1937, vol. 1, v. 114] on combination also he uses a similar phrase ‘for fear 
of prolixity’ (vistrter bhayat). 

1° Tn [Yan1980, p. 371] Hayashi in footnote 37 shows a derivation of the rule. Also see 
[Gup1995, pp. 11-12]. 
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Sr. No.|Number|Ways]|Sr. No.] Number] Ways 
11119 | 5 10 12343 | 60 
11128 | 20 11 22225 | 5 
11137 | 20 12 12226 | 20 
11146 | 20 13 33331 5 
11155 | 10 14 44221 | 30 
11236 | 60 15 12235 | 60 
11245 | 60 16 33322 | 10 
11344 | 30 17 22234 | 20 
11335 | 30 18 72211 | 30 


O© WAND KR WN 


Note: s = 13. n = 5. This is an example of the partition of 13 in five 
numbers. 1 + %2+2%3 +44+ 45 =13.1< x; < 9 (a; is integer). 

Neither Bhaskara nor the two commentators mention the sum of the num- 
bers. I calculate the sum in the same way as before. 

Cases (1) (11) (13): The number of variations is obtained by 5!/4!. By Rule 


2, (5- 13)/5 = 13. And 13 is added in five places. The sum of the numbers is 
144443. 


Cases (2) (3) (4) (12) (17): The number of variations is obtained by 5!/3!. 
By Rule 2, (20-13) /5 = 52. 52 is added in five places. The sum of the numbers 
is 577772. 


Cases (5) (16): The number of variations is obtained by 5!/(3!2!). By Rule 
2, (10 - 13)/5 = 26. 26 is added in five places. The sum of the numbers is 
288886. 


Cases (6) (7) (10) (15): The number of variations is obtained by 5!/2!. By 
Rule 2, (60-13)/5 = 156. 156 is added in five places. The sum of the numbers 
is 1733316. 


Cases (8) (9) (14) (18): The number of variations is obtained by 5!/(2!2!). 
By Rule 2, (30-13) /5 = 78. 78 is added in five places. The sum of the numbers 
is 866658. 


Then their totals in each case are added together: 144443 x 3 = 433329, 
577772 x 5 = 2888860, 288886 x 2 = 577772, 1733316 x 4 = 6933264, and 
866658 x 4 = 3466632. The sum of all is 14299857. 


Or the sum of the numbers can be calculated by the method mentioned in 
Rule 1. The number of variations is 495. The sum of digits is 13. The number 
of places is 5. Then ee = 1287. The result 1287 is added in five places. 
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1287 
1287 
1287 
1287 
1287 
14299857 


Acknowledgements: I thank Professor Hayashi for his valuable comments 
and suggestions before and after my talk at the Thane conference. 


PART III 


THE BIJAGANITA 


TOS UIST Fast: 

asd Gal FSI BST: | 
reaper Wert TFS II 
utpadakam yat pravadanti buddher 
adhisthitam sat purusena samkhyah | 
vyaktasya krtsnasya tad ekabijam 
avyaktam iam ganitam ca vande || 


I revere that unmanifest supreme power (avyakta-iga), whom seers (saémkhyas) [who 
have understood the nature of the self] declare to be the producer of clear intellect 
(buddhi), and [also] as the sole cause (bija or seed) for all that is manifest (vyakta), 
being so explained by a holy person. 


I [simultaneously] revere that mathematics in its unmanifest form (avyakta-ganita, 
namely algebra), which the mathematicians (samkhyas) declare to be the generator 
of clear [mathematical] thinking (buddhi), and [also] as the sole cause (bija or seed) 
for all that is [dealt with] in arithmetic (vyakta), being so expounded by an able 
mathematician. 
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The Bijaganita of Bhaskaracarya: 
Some highlights 


Sita Sundar Ram* 


1 Introduction 


Arithmetic and algebra form two fundamental branches of mathematics. 
While arithmetic deals with mathematical operations, algebra deals with the 
determination of unknown entities. Hence arithmetic was known as vyakta 
(manifest) ganita and algebra was known as avyakta (unmanifest) ganita. 
Starting from the earliest extant treatises like the Sulbasutras, Indian math- 
ematicians like Aryabhata, Brahmagupta, Mahavira, Sripati, Sridhara, Pad- 
manabha and others have contributed directly and indirectly to the growth 
of algebra. Bhaskara is no exception. In addition to his famous treatise on 
arithmetic, the Lilavati, Bhaskara has devoted an entire treatise on algebra 
called the Bijaganita. 


Explaining why algebra has been called Bijaganita, Bhaskara observes 
[B1iGa1927, p. 99]: 


bijam matirvividhavarnasahayini hi 
mandavabodhavidhaye vibudhairnija’dyaith | 
vistarita ganakatamarasamsumadbhih 

ya@ saiva bijaganitahvayatamupeta || 
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Intelligence alone is algebra. Indeed the variety of symbols are its associates. An- 
cient teachers, enlightening mathematicians as the sun irradiates the lotus, have 
in the main displayed their intelligence for facilitating the understanding of the 
dull-witted. That has now attained the name Bijaganita. 


He also remarks [BiGa1927, p. 127]: 


Soya SSP TorHT SPT: | 

a ded faersiska a oretdtsrarta: I 

upapattiyutam bijaganitam ganaka jaguh | 

na cedevam viseso’sti na patibijayoryatah || 

Mathematicians have declared algebra to be calculation accompanied by proofs; 
otherwise, there would be no distinction between arithmetic and algebra. 


2 An overview of the topics discussed in the Bijaganita 


In Bhaskara’s Bijaganita, the initial chapters deal with dhanarnasadvidha 
(rules of postive and negative signs), khasadvidha (rules of zero and infinity) 
avyakta-sadvidha (operations of unknowns), karant (surds), kuttaka (indeter- 
minate equations of the first degree), vargaprakrti and cakravala (indetermi- 
nate equations of the second degree). In the later sections, Bhaskara teaches 
the applications of the sutras stated earlier in his text. 


It may also be mentioned that Bhaskara was the first to classify the Bijaganita 
into two parts namely, the tools of algebra and its applications. At the end 
of the first section after the chapter on Vargaprakrti and Cakravala, he says 
[BiGal927, p. 43]: 


TA Sst Wasa WHA HH II 
uktam bijopayogidam samksiptam ganitam kila | 
ato bijam pravaksyami ganakanandakarakam || 


The section of this science of calculation which is essential for analysis has been 
briefly set forth. Next I shall propound analysis, which is the source of pleasure to 
the mathematician. 


Among the commentaries of the Bijaganita, the Bijapallava of Krsna Daivajiia 
and the Suryaprakaga of Suryadasa are the most popular. In what follows, 
based on our study of the Bijapallava, in the light of these commentaries, we 
discuss some of its special features. 
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2.1 Positive and negative numbers 


Dhanarnasadvidha explains the six fundamental operations dealing with pos- 
itive and negative numbers. They are sankalana, vyavakalana, gunana, bha- 
jana, varga and vargamula. Brahmagupta (b. 598 CE) was the first to detail 
the operations involving positive and negative numbers. It should be men- 
tioned here that Krsna Daivajiia in his commentary Bijapallava [BiPa2012, 
p. 19] on the Bijaganita explains the addition and subtraction of negative and 
positive numbers with the help of identifying them on a straight line. Modern 
school texts call this the “number line”. 


About negative numbers, Bhaskara says in [BiGa1927, p. 2]: 


Ut BOTTA A HeAlsseT T | 


yani rnagatani tani urdhvabindini ca | 


Numbers which are negative also get indicated by a dot on top [of the number]. 


He further adds [BiGa1927, p. 4]: 


oes are eT erp ita | 
na milam ksayasyasti tasyakrtitvat | 


A negative number has no square root because of its non-square nature. 


2.2 Zero and infinity 


The discovery of zero not only helped to establish the place value system 
but also to distinguish between negative and positive numbers. Though Brah- 
magupta was the first to deal with operations of zero, it was Bhaskara who 
first explained with a beautiful simile that any number divided by zero results 
in a quantity whose magnitude does not change whatsoever, just as in the case 
of mathematical infinity. He says in the chapter [BiGa1927, p. 6]: 


afer fra: wet a want aft weet Pracs | 
TERM BQ waSsaisad TMT Tad Il 


asmin vikarah khahare na ragau api pravistesvapi nihsrtesu | 

bahusvapi syallayasrstikale ’nante’cyute bhitaganesu yadvat || 

Just as at the period of destruction or creation of the worlds, though numerous 
orders of beings are absorbed or put forth, there is no change in the Infinite and 
Immutable God, so in the quantity which has zero for its divisor, there is no change, 
though many may be added or subtracted. 
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2.38 Karant 


The section on Karani or surds is dealt with in detail by Bhaskara. He says 
[BiGa1927, p. 12]: 


apt Hevatedt wHeesr wes Ae fet od TT | 

apie Sraedad Por Pt yo AST I 

yogam karanyormahatim prakalpya ghatasya miilam dvigunam laghum cal 
yogantare ripavadetayoste vargena vargam gunayet bhajecca || 


Term the sum of two irrationals the great surd; and twice the square root of their 
product, the less one. The sum and difference of these reckoned like integers are so 
[of the original roots]. Multiply and divide a square by a square [Col2005, p. 145]. 


The sum of two numbers under the square root sign is denoted by M (mahatz). 
Twice the square root of their product is denoted by L (laghu). The sum and 
difference of the two surds are respectively WM + Land /M — L. If a number 
is to be multiplied or divided by a given number, multiply or divide the given 
number under the radical sign by the square of the given number. 


In other words, a+b=M; 2Vab= UL. Then, 


(vat+vb) =a+b42Vab Jab =f MEL. 


While dealing with division of surds, Bhaskara has skillfully used what is called 
rationalization of denominators in modern mathematics. In the example given 
the divisor is /27 — /25. The student is then asked to multiply and divide 
by /27 + /25 to get the result with integers in the denominator. 


2.4 Kuttaka: Indeterminate equation of the first degree 


Beginning with Aryabhata, most of the ancient Indian mathematicians dealt 
with the kuttaka or pulverizer method to solve indeterminate equations of the 
first degree, ax + c = by. After giving the definition of the word kuttaka and 
explaining the method, Bhaskara has considered various forms of kuttaka with 
negative and positive dividend a (bhajya), divisor b (bhajaka) and additive c 
(ksepa). Bhaskara also uses the kuttaka method to solve equations with several 
unknowns. There are slight differences between the methods of Bhaskara, and 
those of Aryabhata I, Brahmagupta, Mahavira, Aryabhata II and Sripati. 


The example given by Bhaskara is to obtain integer solutions for x and y in 
the equation: 221z + 65 = 195y. This equation gets reduced to 17x +5 = 15y 
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after dividing throughout by 13. By using the kuttaka method it can be shown 
that the least solution arrived at is the multiplier x (guna) = 5 and quotient 
y (labdhi) = 6. 


Once we obtain the least solution, the procedure to get infinite solutions 
has been stated by Bhaskara as follows [B1Ga1927, p. 26]: 


BSEARARTELT Oh ct aT Aah TEM OMT | 
istahatasvasvaharena yukte te va bhavetam bahudha gunapti | 


The multiplier and quotient, being added to their respective abrading divisors 
multiplied by assumed numbers, become manifold [Col2005, pp. 161-162]. 


If (x, y) = (5,6) be the least solution, then infinite number of solutions can 
be generated using the following equations 


x=15t+5 and y = 17t+6, 


where ¢ is any integer. 


In his elaborate treatment of kuttaka, Bhaskara seems to have noticed that 
by the rule of some earlier writer, errors would arise in the case in which the 
dividend is negative. The problem arises when the bhajya and ksepa are of 
opposite signs. 


Bhaskara wonders [B1Gal927, p. 29]: 


WSS AS TT BIOS UIA, CHIT OPT: VATA Sle fee Ga Wass | 
bhajye bhajake va rnagate parasparabhajanat labdhaya rnagatah sthapya iti kim 
tena prayasena | 

If either the dividend or divisor become negative, the quotients of reciprocal divi- 
sion, would be stated as negative; which is a needless trouble [Col2005, p. 164]. 


Before we move on to next topic we may briefly mention about sthirakuttaka 
and samélistakuttaka. The simple indeterminate equation az+1 = by is solved 
in the same way as az +c = by and is only a special case of the latter. It is 
called sthirakuttaka and is used in astronomical calculations. The last topic 
dealt with in the kuttaka chapter is the samslistakuttaka or simultaneous linear 


Diophantine equation. 


2.5 Vargaprakrti and Cakravala 


At least from the time of Brahmagupta (628 CE), mathematicians in India were 
attempting the harder problem of solving equations of the second degree. In his 
Brahmasphutasiddhanta, Brahmagupta gave a partial solution to the problem 
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of solving Na? +1 = y?. The fundamental step in Brahmagupta’s method for 
the general solution in positive integers of the equation Nx? + 1 = y? where 
N is any non-square integer, is to consider two auxiliary equations 


Na? + ki = y’, 7=1,2 


with k; being chosen from kj = +1,+2,+4. A procedure known as bhavana, 
applied repeatedly, wherever necessary, helps us in deriving at least one possi- 
ble solution of the original vargaprakrti viz. Nx? +1 = y?. Using the bhavana, 
an infinite number of solutions can be obtained. Brahmagupta could find this 
auxiliary equation only by trial and error. 


Let the general equations be Na? +k, = y?; Na3 +k: = y3. By the 
bhavana technique, 


prakrti kanistha jyestha ksepa 
N Ty Y1 ky 
T2 Y2 ke 


Then by vajrabhyasa (cross multiplication) and direct multiplication, the new 
roots will be 


L=X1YQ+ Lay, y = Na r2+ y1yo; k = kyko. 


Remarkable success was achieved by Bhaskara when he introduced a sim- 
ple method to derive the auxiliary equation. This equation would have the 
required ksepas +1,+2,+4, simultaneously with two integral solutions from 
any auxiliary equation empirically formed with any simple value of the ksepa. 
This method is the famous cakravala or cyclic method, so named for its iter- 
ative character. 


According to K. S. Shukla [Shu1954], the earliest author who refers to 
cakravala is Udayadivakara (eleventh century CE), who quotes Jayadeva’s 
verses on cakravala. There is no mention of him by any other author. Bhaskara 
only says: 


Uma ST: | 
cakravalam jaguh | 


They called it cakravala. 


Note: The verbal form jaguh used here implies that the method was known 
prior to him. 
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2.5.1 Bhaskara’s cakravala 


Bhaskara’s cakravala is based on the following lemma: If Na? + k = 0? is an 
auxiliary equation where a, b, k are integers, k being negative or positive then, 


N am+b)? . m?—N _ bm+ Na)? 
k ' KO K 


where m is any whole number. The rationale is simple. Consider the equations: 
No? +k =07, 
and N(1)?+m?—N=m’. 
Using Brahmagupta’s bhavana we have: 
N(am +b)? + k(m? — N) = (Na+ mb)’. 


Dividing by k? we get, 


am+b 2 m2 —N bm+ Na - 
N + = : 
k k N 


Here, m has to be so chosen such that welt is an integer since its value can be 
determined by means of the kuttaka, viz., by solving the equation ax +b = ky 
for an integer solution and taking the solution for 2 as m. Obviously there 
can be an infinite number of values for m. But Bhaskara says m should be 
m"—N is equal to +1, +2, +4, then 
etl 


chosen so as to make |m?— N| minimum. If 


Brahmagupta’s bhavana can be applied immediately. If is not one of 


2 
mM — 


the above values, then the kuftaka is performed again and again till “;— is 
equal to +1,+2,+4. It is possible that Bhaskara was aware that this process 
will end after a finite number of steps. 


Krsna Daivajna’s valuable contribution in this chapter is that he has given 
the formula to find the new greater root [B1Pa1958, p. 142]. 


arate Sete date etd sts velop aes ad awh we 
FIA AAHAPT SAS Hate | 

anyathapi jyesthapeksa cettada gunakagunitam jyestham prakrtigunena kanisthena 
yutam ksepabhaktam jyestham bhavatityasmaduktamargena jyestham kuryat | 
Otherwise to find the greater root, the original greater root (b) multiplied by the 
multiplier (m) is added to the lesser root (a) multiplied by prakrti (N) and the 
sum is divided by ksepa (k). 
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This is nothing but the square root on the right hand side bm Na This method 
is especially useful while computing the square root of large numbers. 


In the infinite system of values, there should be a set of two integers, one 
less than VN, the other greater than in the neighbourhood of +N and 
similarly N in the immediate two in the immediate neighbourhood of VN. 
The squares of these four integers are evidently nearer to N than the squares 
of any other value of m in the equation am+ b = ka,. According to Bhaskara, 
we have to choose that m which is closest to N. 


In this connection, A. A. K. Ayyangar [Ayy1929, p. 235] makes a note 
that this rule has exceptions: “An exceptional case may occur when the root 
corresponding to the nearest square leads back to the previous step in the 
process of reduction. In this case, the root corresponding to the nearest of 
the remaining squares should be chosen.” This exceptional case has not been 
explicitly noted by Bhaskara. However, the following example will make it 
clear. 


Consider the equation 58x? + 1 = y?. The auxiliary equation is 
58(1)? + 6 = (8). 


The corresponding kuttaka equation is x +8 = 6y. The solutions for the above 
kuttaka are (4, 2), (10, 3), (16, 4) and so on. 


Choose (10, 3) which gives the least value for el ie., 
The pair (10, 3) is chosen because by choosing (4, 2) we go back to the same 


kuttaka and eventually arrive at m = 10. 


Now take x = 3 and the equation is 58(3)? +7 = 237. 


|107—58| __ 
7 af 


The corresponding kuttaka equation is 3x + 23 = 7y following the same 
procedure as in the first step. Solution sets for this kuttaka are (4, 5), (11, 8) 
and so on. Choosing (4, 5), we have ksepa = —6 and the next x is 5 and the 
corresponding equation becomes 


58(5)?—6 = 38°. 


From the next kuttaka, 5x + 38 = 6y, we get solution sets (2, 8), (8, 13) 


m*— 


and so on. Choosing (8, 13) as the least value for “=~, we get 


58(13)? — 8.1 = 997. 


Using bhavana with the columns, 
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prakrti kanistha jyestha  ksepa 
58 13 99 -1 
13 99 —2 


We have 


x=2x 13 x 99 = 2574 

y = 58x 13 x 13+ 99 x 99 = 19603 
and k=-1x-1=1. 
Hence, 58(2574)? + 1 = (19603). 


An interesting anecdote 


There is an interesting anecdote [Ste2000, p. 318] associated with equations 
of the type Na? +1 = y?. In 1657, the famous French mathematician Fermat 
sent a public challenge to his friend, Bernard Frenicle de Bessy and then on 
to Brouncker and Wallis in England to get integral solution for the equation 
61a? +1 = y?. “We await”, he challenged, “the solutions which, if England or 
Belgian and Celtic Gauls cannot give them, Narbonian Gaul will...” (meaning 
himself). None of them succeeded in solving the equation. It was only in 1732 
that the renowned mathematician Euler gave a complete solution. 


But remarkably, the very same equation had been dealt with and solved 
in a few steps by Bhaskara using the famous cakravala method more than 
five centuries earlier. Bhaskara gave the least solution as 7 = 226153980 and 
y = 1766319049. No wonder Andre Weil [Weil984, p. 81] exclaims “what 
would have been Fermat’s astonishment if some missionary back from India 
had told him that his problem had been successfully tackled there by native 
mathematicians almost six centuries earlier.” 


Later, in the eighteenth century, Euler gave Brahmagupta’s Lemma and its 
proof. He was aware of Brouncker’s work on the above equation as presented 
by Wallis, but he was totally unaware of the contribution of the Indian math- 
ematicians. He gave the basis for the continued fraction approach to solving 
the above equation which was put into a polished form by Lagrange in 1766. 
Euler was also responsible for wrongly naming the equation as “Pell’s equa- 
tion” thinking that the major contributions which Wallis had reported on as 
due to Brouncker, were in fact the work of Pell. Lagrange published his Ad- 
ditions to Euler’s Elements of Algebra in 1771, and this contains his rigorous 
version of Euler’s continued fraction approach to Pell’s equation. 
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Selenius’ observations 


The following observations have been made by C. O. Selenius, in his special 
study on Cakravala [Sel1975, pp. 177-178]: 


1. Cakravala represents the shortest possible continued fraction algorithm, 
with a minimum number of cycles.! 


2. Cakravala always produces the least (positive) solution, with or without 
the use of the bhavana technique from which any number of solution can 
be obtained. 


3. Incidentally, Cakravala also avoids large numbers in the calculations. 


The equation Nx? — 1 = y? 


Bhaskara has also dealt with the case Nx?—1 = y? i.e., when the additive or 
ksepa is negative unity (—1). He says [BiGal1927, p. 40]: 


Sahat Fakes prep yet + Ta 
rupasuddhau khiloddistam vargayogo guno na cet | 


[When the ksepa] is negative unity, the solution of the problem is impossible unless 
the multiplier (guna = prakrti), is the sum of the squares [of two numbers]. 


It is not clear whether the European mathematicians who later developed 
Pell’s equation were aware of the above observation. A well-known result re- 
lating to convergents shows that particular solutions for Nx? +1 = y? can 
always be found. But particular solutions for Nx? — 1 = y? are found only 
when the period of the continued fraction for VN is odd. In addition, not all 
equations of this type can be solved [O1d1963, pp. 115-117]. 


In this connection, we have the following known results of Olds on existence 
and non-existence of solutions for Na? —1 = y?. 


Result 1. If N —3 is an integral multiple of 4, i.e., N = 4k+8 for some natural 
number k, the equation Nx? — 1 = y? has no solutions. 


Result 2. If N is a prime number of the form 4k+1, then the equation Nx? — 
1 = y? always has solutions. This result is closely connected with a 
famous theorem stated by Fermat in 1640, and proved by Euler in 
1754. 


Theorem: Every prime p of the form 4k + 1 can be expressed as the sum of 
two squares, and the representation is unique. That is, there exists 
one and only one pair of integers P,Q such that p = P? + Q?. 


1 Naturally, the use of the bha@vana technique shortens the calculations. 
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The above results conform to what Bhaskara had said five hundred years 
earlier. One of the examples considered by Bhaskara viz., 822 — 1 = y? does 
not produce integral roots. This has been dealt with in detail in [BiPa2012, 
pp. 107-109]. 


Variations of Vargaprakrti 


So far, we discussed Bhaskara’s cakravala method to arrive at integral solution 
for vargaprakrti problems of the type Na? — 1 = y?. In a few more forms 
of vargaprakrti, Bhaskara does not insist on integral solutions, and hence 
does not apply the cakravala method. These are explained by Krsna Daivajna 
in detail [BiPal958, pp. 149-154]. He considers four different possibilities of 
multipliers (coefficient of x”), which are indicated below: 


. Mn?x? +k=y? (multiplier is divisible by n?) 


Wee oa (multiplier is a square) 


1 
2 
3. Nt N=y (multiplier and the additive are the same) 
4 


.—-Na?+k=y? — (multipler is negative) 


3 Applications of algebra 


3.1 Ekavarnasamikarana and madhyamaharana 


The procedures outlined by Bhaskara for solving linear or quadratic, equa- 
tions with a single variable — are referred to as ekavarnasamikarana and mad- 
hyamaharana. 


In fact, the procedure for solving linear equations in one variable is very 
much similar to the techniques used in modern mathematics. In this section, 
by way of examples, Bhaskara covers many branches in mathematics, such as 
the rule of three (trairagika), arithmetic progression (§rediphala) and geometry 
(ksetravyavahara). 


Quadratic equations 


From early times, Indians were aware of madhyamaharana or quadratic equa- 
tions. Bhaskara himself defines madhyamaharana as [BiGa1927, p. 59]: 
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qe FAAS Sarasa: | 

asa PR CHT PATELLA II 

tacca madhyamaharanamiti vyavarnayantyacarya: | 
yato’tra vargaragau ekasya madhyamasyaharanamiti || 


It is specifically described by the Acaryas as madhyamaharana because the middle 
term of the quadratic gets removed. 


The most significant contribution came from Sridhara (ninth century) whose 
treatise is unfortunately lost to us. He gives an excellent method for solving 
the quadratic equation which is quoted by Bhaskara [BiGa1927, p. 61]: 


FRETH RAT: Tees TAT | 

Gaearmed Hd: SSA ATTA II 
caturahatavargasamartpaih paksadvayam gunayet | 
purvavyaktasya krteh samarupani ksipettayoreva || 


Multiply both sides of the equation by a number equal to four times the [coefficient] 
of the square, and add to them a number equal to the square of the original 
[coefficient] of the unknown quantity. (Then extract the square root) [Col2005, 
p. 209]. 


This reading of the verse is found in the text of the commentator Krsna Daiva- 
jna [BiPal958, p. 188]. Colebrooke adds in his notes [Col2005, p. 210] that Ra- 
makrsna’s text concurs with this reading. Datta and Singh [DA2001, p. 65] also 
accept the same. However Stryadasa in his Suryaprakaga [SuPr2001, f. 44], the 
other commentary of Bijaganita, gives a different reading for the second line 
as avyakta-vargartipaih yuktau paksau tato mulam. According to Datta and 
Singh [DA2001, p. 65], Jianaraja (sixteenth century CE) has also given the 
same reading in his Bijaganita and this has also been accepted by Sudhakara 
Dvivedi as is found in his edition [BiGa1927, p. 61]. 


Sridhara’s rule 


According to Sridhara, to find the roots of the equation ax? + ba = c, we need 
to multiply by 4a throughout. Thus we have, 


4a? x? + 4abx = 4ac. 


Adding b? to both sides (in order to complete the square), and doing some 
algebraic manipulation, we get, 
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2ar +b = V/4ac + b? 
or 2axz = \/4ac + b? — b, 
V4ac + b? — b 
2a ; 


and L= 


It is tacitly assumed that a, b,c are all positive. 


Special features of the quadratic equation 


While dealing with quadratic equations, a few examples are taken up by 
Bhaskara in order to illustrate: 


(i) that every quadratic equation has two roots. 


(ii) when there are two positive roots, one of them may not be suitable for 
a particular problem. 


(iii) to explain situations when the negative root cannot be accepted. 


Bhaskara gives a rule [BiGal927, p. 59] to determine the two roots of a 
quadratic equation, laying emphasis on the words, dvividham kvacittu im- 
plying that sometimes two values of the unknown may be possible. 


In the modern treatment, the fact that 4ac + b? has two square roots 
(one positive and one negative), is indicated by attaching the symbol + to 
V4ac + 6?. Bhaskara’s rule states that (2ax + b)? = {—(2ax + b)}”. Clearly, 
because of the concern for only practical problems to be solved, only those 
cases where /4ac + b? —b and V/4ac + b? — b are both positive are considered. 
A necessary condition therefore would be b < 0 while a,c > 0. Bhaskara’s 
rule says that b should be numerically greater than /4ac + b? — b for such a 
situation. 


Bhaskara rules out negative roots though they can be allowed in numerical 
examples. However it should be remembered that Indian mathematicians used 
algebra to solve practical problems, which generally admit positive solutions 
and hence ignored negative solutions. The following example will make it clear 
[B1iGa1927, p. 65]: 


Fae Ware APTA TES Te: | 

CS: TMT: Bai arEct ae Ft He Il 

yuthat paricamgakastrytino vargito gahvaramgatah | 

drstah §akhamrgah sakham aridho vada te kati || 

The fifth part of the troop of monkeys less three, squared, had gone to a cave and 
one monkey was in sight, having climbed on a branch. Say how many were there 
in all? 
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The two solutions are 50 and 5. In his commentary vasana Bhaskara adds 


[B1iGa1927, p. 66]: 


fadaas + Tress oaeadd | A fe ach ops Shes welfare! 


dvitiyamatra na grahyamanupapannatvat | na hi vyakte rnagate lokasya pratitirasti | 


But the second in this case is not to be accepted; for it is incongruous. People do 
not conceive of negative numbers in manifest physical quantities [vyakta]. 


By chosing the following example, Bhaskara points out the error in the maxim 


given by Padmanabha: 


wher AST Sager | 
UGG STAT TH HS aA Sy Il 


karnasya trilavenona dvadasangulasankubha | 
caturdasangula jata ganaka brihi tam drutam || 


The shadow of a gnomon 12 angulas being lessened by a third part of the hy- 
potenuse became 14 arigulas long. State quickly O mathematician! the length of 
the shadow. 


The two solutions for this are 3 and 9. Hence Bhaskara observes [BiGal1927, 
p. 67]: 


feds TISara VASA SATIS FT Tra] att Sth fae garateteal 
dvitiyacchaya caturdagabhyo nytina’to’nupapannatvat na grahya ata uktam dvivid- 
ham kvaciditi | 


The second value of the shadow is less than 14; therefore by reason of its incon- 
gruity, it should not be taken. Hence it was said that this two-fold value holds in 
some cases. 


Continuing his discussion further on the topic, Bhaskara cites Padmanabha 
and mentions that the rule stated by him is an exception to what has been 
given by Padmanabha [BiGal927, p. 67]: 


3a Waatst - 


POTTS TTT: | 
Tet HPT Heantarrarcrad ATs I 


sft aa Cen cer aPPaRsaA 


atra padmanabhabije — 


vyaktapaksasya cenmtlamanyapaksarnartipatah | 
alpam dhanarnagam krtvadvividhotpadyate mitih ||” 
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iti yat paribhasitam tasya vyabhicaro’yam | 


In this connection, it is said in the algebraic work of Padmanabha “When the root 
of the absolute side is less than the known number being negative on the other side, 
making it positive and negative, the value comes out two-fold” [Col2005, p. 218]. 
The rule given thus is only an exception of that. 


Anekavarnasamikarana and madhyamaharana 


As earlier, the term varna here refers to a variable or unknown quantity. 
Hence, the word anekavarnasamikarana refers to the procedure for solving 
equations with more than one unknown. There are both simple and multiple 
equations of this type. 


The sutras explaining the method employed to solve the equations involving 
several unknowns are commented on by Bhaskara [BiGal927, p. 76] himself 
in his auto commentary. Krsna Daivajiia observes [BiGa1927, p. 206]: 


Tat Va ae Sa SeTaMia aaah | 
etani sitrani acaryaireva samyak vyakhyataniti nasmabhirvyakriyante | 


These sutras have already been well explained by the Acarya and therefore not 
dealt with in detail by us. 


A controversial example 


An example by earlier authors is taken up by Bhaskara for discussion in this 
section [BiGa1927, p. 93]: 


SSE H: HIT SATIT Hey | 

fecha oT Oa: aS wah USP: Ter: II 

Seat: SATTRAST G: Hat TAHA Hi I 

sadastasatakah kritua samarghena phalani ye | 

vikriya ca punah §esamekaikam paricabhih panath || 

jatah samapanastesam kah krayoh vikrayagca kah || 

Three traders having six, eight and a hundred, for their capitals, bought fruits at 
a uniform rate; and resold [a part] so; and disposed of the remainder at one for 


five panas; and thus became equally rich. What was [the rate of] their purchase? 
What was [the rate of] their sale? [Col2005, p. 242] 


Bhaskara himself states that he has ‘somehow’ solved it. He has made his own 
views on the said problem quite clear in his commentary [BiGa1927, p. 99]: 
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se amacauriparat sileceat Sarna Veet Hearsssay| St TAT 
He HA FM Ha AMAATIRAMAY aaa HAs He APTS | TATaT- 
aor frag aa ataxia aa sheaths: Fear aaa | 

idam  aniyatadharakriyayam adyairudahrtya yathakathancit samikaranam 
krtva”nitam | iyam tatha kalpana krta yatha atra aniyatadharakriyavat pha- 
lam dgacchati | evam vidhakalpanacca kriyasankocat yatra vyabhicarati tatra 
buddhimadbhih buddhya sandheyam || 


This (example) was told by our predecessors for the case of insecure computation 
and solved after an equation was somehow made. Here, an assumption was made 
(by me) in such a way that the computation, through its grounds were insecure, 
might come to an answer like a computation with secure grounds. Wherever (a 
compution) is deviating from the right course due to the contraction of computaion 
based on this kind of assumption, (the answer) should be reconciled (with the 
statements) by means of intelligence by intelligent people [BiGa2009, p. 152]. 


The above example cited by Bhaskara raises two important issues: 


(a) Whether a trairagika should be used or not, and 


(b) Whether a given fraction should be reduced to smaller numbers before 
doing the kuttaka. 


In an elaborate discussion Krsna Daivajia defends Bhaskara’s use of the 
trairasika in this example [B1Pa1958, pp. 225-232]. Krsna justifies the second 
point by quoting Bhaskara’s own words from Golaprasnadhyaya [SiSi1929, 
v. 24): 


SRS Heh ase: ae Peaaday | 
anrar: gated gare Ramcarathaesar Il 


uddistam kuttake tajjnaih jreyam nirapavartanam | 
vyabhicarah kvacit kvapi khilatudpattiranyatha || 


It has been established by the scholars that reduction should be done in a kuttaka; 
[but] ‘no reduction’ should be done if it will lead to an incorrect answer. 


Kamalakara (seventeenth century) does not agree with Krsna’s view. In his 
Siddhantatattvaviveka [STV 1991, v. 255], he says: 


Tag sett FEMI | 
Rearasateara Geatarratstet AT Il 


navankure’pi bijotthe kuttakanapavartane | 
siddhantasammatiryokta sadarthajnanato’sti sa || 


The statement, even in the Navankura (of Krsna), that the said anapavartana has 
sanction from Siddhanta (siromant) is due to a lack of proper understanding. 


Sudhakara Dvivedi in his edition of the Bijaganita takes objection to the 
method propounded by Bhaskara. He says [BiGal927, p. 94]: “Bhaskara has 
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given the sutra on kuttaka stressing the need for apavartana. To say that 
here it is not applicable is only satisfying the duller intellects.” In this con- 
nection, he also adds in a different context: “While explaining the example 
sadstasatakah, whatever Krsna has said without understanding the real im- 
port of Bhaskara’s statement given in the Golaprasnadhyaya, is to be looked 
into by mathematicians” [GaTa1892, p. 181]. 


In the same edition of Dvivedi’s Bijaganita, in his expository notes, Mu- 
ralidhara Jha does not concur with Dvivedi. He gives the following rejoinder 
[BiGal927, p. 94]: “Bhaskara has not done apavartana knowing fully that by 
doing so a solution will not be possible (in this context). But he has also 
added that in certain exceptional cases, such assumptions should be made by 
the wise. So it is not correct to use the phrase mandanandakari (pleasing the 
dull-witted)”. Thus the above example has prompted a lot of discussion even 
up to recent times, which indeed vouches for the popularity of the Bijaganita. 


Madhyamaharana 


Bhaskara is perhaps the earliest author to mention the solution to indetermi- 
nate equations of the second degree other than vargaprakrti in his Bijaganita. 
But since he himself has taken examples from other authors it is highly prob- 
able that the method was known to mathematicians before him. However, 
Datta and Singh [DA2001, p. 181] observe: “Neither those illustrations nor a 
treatment of equations of these types occur in the algebra of Brahmagupta or 
in any other work anterior to Bhaskara II.” According to Bhaskara there are 
two types of these equations. He adds [BiGal927, p. 106]: 


Ud Tea AST HAH SHH Fal F AHST SHH Tal Uh Tot PaaS TSI 
AMI heal WIA | 

evam tadaiva yada asakrt samikaranam yada tu sakrdeva samikaranam tada ekam 
varnam muktva’nyesamistani manani krtva pragvanmile | 


This is to be practised when there is more than one equation (asakrt samikarana). 
But if there be only one (sakrt samikarana), then reserving a single colour, and 
putting arbitrary values for the rest, let the root be sought as before [Col2005, 
p. 252]. 


Simple equation 


Considering equations of the type ax? + br +c = y”, the example given by 
Bhaskara is [B1Ga1927, p. 101]: 
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cal feteerett = Seer: Ug: wales: | 

Foal stad ater Tarsszy Tz Il 

ko rasirdviguno rasivargath sadbhih samanvitah | 
miulado jayate bijaganitajna vada”su tam || 


What number when doubled and added to six times its square becomes capable of 
yielding a square root? O algebraist, tell me quickly. 


The problem posed in the above verse may be written as, 

6a? + Ir = 3". 
Multiplying by 6 throughout, we get 

36a + 12x = by”. 
Adding 1 to both sides, to complete the square in the LHS we have 
(62 + 1)? = 6y? +1. 

Denoting 62 + 1 by X, we obtain the standard vargaprakrti equation 

X? = 6y? +1, 
whose solution sets are (2, 5), (20, 49) and so on. For example when X = 


d,y = 2, we get «= 3. 


Using the above method of Bhaskara, an infinite number of solutions can 
be obtained. This easy method has also been followed by later authors like 
Narayana (ca.1350 CE) and Jianaraja according to Datta and Singh. They add 
that some of these methods were rediscovered in 1733 by Euler and that: “His 
(Euler’s) method is indirect and cumbrous. Lagrange’s (eighteenth century 
CE) begins in the same way as that of Bhaskara by completing the square on 
the left side of the equation” [DA2001, p. 186]. 


Vargakuttaka 


The indeterminate equation of the type x? = by + ¢ is called vargakuttaka. 
It derives its name from the fact that it closely resembles the linear kuttaka 
equation in as much as the problem reduces to finding a square which when 
reduced by c will be exactly divisible by b. Earlier authors like Brahmagupta 
[BSS1966, vol. 4, p. 79] adopted the method of assuming suitable arbitrary 
values for y and then solving for z. However neither Brahmagupta nor his 
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commentator, Prthudakasvami have given any general solution. Bhaskara was 
the first to give a general solution [B1Ga1927, p. 120]: 


aeat ee Wt ale AAC | 

Fah Tat AAAS STATA TAT | 
aeasaaraite: det AT zahad Il 

vargaderyo harastena gunitam yadi jayate | 

avyaktam tatra tanmanamabhinnam syadyatha tatha | 


kalpyo’nyavarnavargadih stulyam gesam yathoktavat || 


If the simple unknown be multiplied by the quantity which was divisor of the 
square etc., [on the other side]; then, that its value may in such case be an integer, 
a square or like [term] of another symbol must be put equal to it; the rest [of the 
operations] will be as before taught [Col2005, p. 262]. 


Without getting into further details we simply mention that— here three cases 
are considered by Bhaskara: 


(a) If c is a square, then y should be assumed as bz? + 2,/cz so that by +c is 
a square, where z is an arbitrary number. 


(b) When c is not a square, assume x to be \/by + /c. 


(c) When the equation is of the form ax? = by + c, multiply by a to make it 
a varga kuttaka. 


3.2 Bhavita 


Bhavita as a mathematical term refers not only to the product of two unknown 
variables such as xy, ab and so on, but also to the genre of equations dealing 
with products. Brahmagupta [BSS1966, ch. 18.62-63] refers to an equation 
of this type in his work. Similar equations occur in the Bakhsali Manuscript 
[DA2001, p. 297] and in the Siddhantasekhara of Sripati [DA2001, p. 302]. 


Bhaskara’s aim was to give integral solutions while solving the Bhavita 
equation. He himself states that such equations can be solved both using 
figures and algebraically [BiGal927, Bhdavita, p. 125): 


aw a fear ada area aarrarsetr UaPSrra fa 


s@ ca dvidha sarvatra syadeka ksetragata’nya rasigateti | 


That is of two kinds everywhere, one using figures and the other using numbers. 


Just to give a feel for the kind of equation that bhavita refers to, we may cite 
an example [BiGa1927, p. 125]: 
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agaprat wea: safaiasar Ta: | 
RIT FT VATA at Beat aia TAS I 
catustrigunayo rasyoh samyutirdviyuta tayoh | 
rasighatena tulya syat tau rasi vetsi cedvada || 


Tell me if thou know two numbers such, that the sum of them, multiplied separately 
by four and by three, may, when added to two, be equal to the product of the same 
numbers. 


If x and y are two unknowns to be determined, then the problem given above 
may be expressed using algebraic notation as follows. 


ry = 4x + 3y4+2. 


The solution to this problem can be obtained either geometrically or alge- 
braically. In what follows we demonstrate this using both the approaches as 
outlined in the Bijapallava [BiGa1927, pp. 125-127]. 


Geometric demonstration 


The product xy can be visualized as the area of a rectangle with sides x and 
y. It is evident from Figure 1, that the area of the rectangle ABCD can be 
conceived to be made up of four other rectangles. That is, 


ABCD = ASRP + SBTR+ PRQD + RTCQ. 


Taking the interstice between two lines to represent one unit, the area of the 
rectangle ABT P = 4a. Similarly the area of the rectangle SBCQ = 3y. 


When the two rectangles are added, the rectangle SBT'R has been added 
twice, and so one has to be discarded. From the figure we have: 


xy = 4x + 3y — 12+ rectangle PRQD. 
It is given that ry = 4x + 3y + 2. That is, 


4x + 3y — 12+ rectangle PRQD = 4a + 3y4+ 2. 


This implies that the area of the rectangle PRQD = 24 12 = 14. This 
being the product of two adjacent sides p and q, the sides can be (1, 14) or 
(2, 7). If we take p= 1,q = 14, then « = 5,y = 17. 
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Figure 1: Finding the area of a rectangle. 


Algebraic demonstration 


Figure 2: Geometric demonstration of algebraically finding the area of a rect- 
angle. 


Considering the same figure shown in the previous section, let cx = p+3, y = 
q+4. Substituting for xz and y in the given equation, 
(p+ 3)(q+ 4) = 4(p+ 3) + 3(¢4 4) + 2. 


Solving the above equation we obtain pq = 14. The rest of working is as before. 
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4 Conclusion 


Bhaskaracharya was one of the earliest of ancient Indian mathematicians 
to have treated algebra as a separate genre of mathematics. Also, it was 
Bhaskara, who for the time elaborately dealt with both the tools of alge- 
bra and its application. India reached the pinnacle of its achievement when 
Bhaskara explained the cakravala method to solve the vargaprakrti equation 
Na? +1=y? many centuries ahead of the Europeans in his text Bzjaganita. 


We would like to conclude the article with the last verse of Bejaganita 
[BiGal1927, p. 130] that aptly sums up his text: 


ganakabhanitaramyam balalilavagamyam 

sakalaganitasaram sopapattiprakaram | 

itt bahugunayuktam sarvadosairvimuktam 

patha patha mativrddhyai laghvidam praudhasiddhyai || 

To augment wisdom and strengthen confidence, read, do read, mathematician, 
this abridgment elegant in style, easily understood by youth, comprising the whole 


essence of computation, and containing the demonstration of its principles, replete 
with excellence and void of defect [Col2005]. 
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A critical study of algorithms in the 
Karanisadvidham 


Shriram M. Chauthaiwale* 


1 Introduction 


Bhaskara’s Bijaganitam (BB) contains 11 chapters consisting of 187 verses 
pertaining to algebra, 2 introductory verses and 9 verses in the epilogue 
[BiGa1980, pp. 7-59]. In the second verse of the epilogue Bhaskara admits 
that this text is compiled by selecting notable ideas from his predecessors like 
Brahmagupta, Sridhara, Padmanabha and others [BiGa1980, p. 52]. This is 
certainly the case in the chapter entitled karanisadvidham (six operations on 
the surds). 


Prior to Bhaskara, we find the frequent use of terms like dvi-karani, tri- 
karant, trttya-karani etc., and the use of elementary operations like addition, 
multiplication and rationalization on karanis in the Sulvasitras [Dat1991, 
pp. 187-206]. Later Brahmagupta in the Brahmasphutasiddhanta (628 CE) dis- 
cussed six operations (addition, subtraction, multiplication, division, square 
and square roots) on karanis in three verses [BSS1966, vv. 38-40, pp. 1198- 
1204]. Some operative rules on karanis are discussed by Bhaskara I in his 
Aryabhatiya-bhasya (c. 629 CE) [AB1976, pp. xxi—xxii]. 


Mahavira (850 CE) in the Ganitasarasangraha stated the rule for addition 
and subtraction of karanis in a single verse. [GSS2000, v. 88, p. 479] and Sri 
pati in the Avyaktaganitadhyaya of the Siddhantagekhara (1039 CE) discussed 
the same six operations in five verses [Sin1986, vv. 7-12, p. 29]. However 
the works of Padmanabha (c. 700 CE) and Sridhara (750 CE) on algebra are 
not available. Later Narayana Pandita (c. 1356 CE) in the Bijaganitavatamsa 
(BGA) followed Bhaskara with some traditional algorithms. 
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Bhaskara elaborated on the same six operations in the fourth chapter, with 
the help of 13 sttras/vidhis (formulae/algorithms) supported by 17 uddegakas 
(examples) spread over a total of 22 verses [B1Ga1980, pp. 13-17]. The mean- 
ing of the title is explained by Krsna Daivajia in his Sanskrit commentary 
the Navankura (NK) on BB as [BiGal1930, p. 35]: 


at eT Safad Pat as a asafa a HT | 


..tatra yasya rasermile’peksite niragram milam na sambhavati sa karani | 


That is, that quantity of whose square root is expected (but) not possible 
without a remainder is karan, and, 


TRAGER Fass THOTT SaAT | 


... milarasyorvargadvara yatsadvidham tatkaranisadvidhamiti | 


That is, six operations performed with squares of two square root quantities 
are [termed as] karanisadvidham. For a detailed discussion on the concept of 
the related operations refer to [Dat1993] and [Pat2005]. 


This paper focuses on these 22 verses. Here, a simple translation of the 
verses is provided and algorithms therein are explained with comments. The 
sequence of the verses in the original text or part of them is sometimes changed 
to facilitate the development of the subject. The examples stated by Bhaskara 
are noted and some are solved. This author has also introduced five new 
illustrations. The technical terms and the word numerals used in this article 
along their mathematical meaning, are listed below in Table 1 and 2. 


2 The sum and the difference of two karanis 


Bhaskara states two methods for the sum and difference of two surds followed 
by an existence condition and three examples. 


First method 


Bhaskara says [BiGal1980, p. 13]: 
apt pevatedt wre ues Ae fet od TT | 
apie STITT... 


yogam karanyormahatim prakalpya ghatasya mulam dvigunam laghum ca 
yogantare rupavadetayoh... 
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Table 1: Technical terms and their meanings. 

Sanskrit | Mathematical) Sanskrit Mathematical Sanskrit | Mathematical 
terms meaning terms meaning terms meaning 
ante first term a, old square Pris ie 

(term/operation) expression 
ys part Fedt greater term fate algorithm 
TIT multiplier We, We square root as remainder 

Itiplied 
oy multiplicand arr, ugiod sum Yded Pater aD? 
by itself 

spr multiply UPI sum and difference ed multiplied 

dd, FA) = product ITS obtained by addition} €@& divisor 
BE denominator Ute quantity /number TT positive 
way integer Od smaller term ed divided 
Nibzand difference fass splitting Td divide 

Table 2: Words and numbers represented by words. 
Object |Number} Object |Number}] Object |Number| Object |Number 
numeral numeral numeral numeral 


For the sum or difference of the two surds, first treat them as integers. Recognize 
the sum [of the integers] as mahati [the greater quantity] and twice the square root 
of the product [of the same integers] as laghu [the smaller quantity]. [The required 
sum or difference is the square root of the sum or difference of mahati and laghu 
respectively]. 


Algorithm: 
For /x and \/y,x > y, we find (x + y) and 2,/zy, 


Then, x 


Explanation: /z 


Vy = 


(c+y)4 


2 Jay. 


Ju = 


(va 


Jay = Jet us 2a 
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Second method 


Bhaskara says [BiGal1980, p. 13]: 


Bal Cag We Hea: Bh Pea wed STA | 
UPTRaS Sa: HAT: TAM: 

laghvya hrtayastu padam mahatyah 

satkam nirekam svahatam laghughnam | 

yogantare stah kramaésah tayoh. ... 


Divide the greater number by the smaller one and find the square root. [Separately] 
add 1 and subtract 1 [to the quotient] and square. Multiply each term by the smaller 


number. [The required sum or difference is the square root of 
obtained results respectively]. 


Algorithm: 


= 2 
For /x and \/y,x > y, we find fe ( e+) and 
y y 


sum or difference of 


tao) 


Explanation: /z + /y = \/y (/= 1) = i x ( 


Existence conditions and examples 


Bhaskara states [BiGa1980, p. 13]: 


gan Rate: arate ae ery | 


prthaka sthitth syad yadi nasti milam | 


7 2 
—+ i) : 
y 


If the square root does not exist then the sum or difference will remain separated. 


If the square root of xy or G does not exist, then (/z Ess V9) remains as it 


is. 


Examples [1-3]: Bhaskara gives the following three examples [BiGa1980, 


p. 14]: 


fener aagaas aKa He Ta Hera: | 
Prerarrearar 


dvikastamityostribhasankhyayosca yogantare brihi prthak karanyoh | 


trisaptamityosca ... 
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Tell separately the sum and difference of the karanis 2 and 8; 3 and 27; and 3 
and 7. 


Essentially the problem is to find: [1]: /2+ V8. [2]: V3 + V27. [3]: 
V3 + V7. 


Comments: 


1. For any two positive rational numbers x and y such that « > y, we have 
Vr —/y > 0. Squaring we get, «+ y—2,/xy > 0. That is, r+ y > 2,/zy. 
Hence the terms mahatt and laghu are justified. This guarantees that 
(x+y+2,/zy) is always positive and hence, its square root exists. Again, 


2 
we have y X (/2 =e 1) is positive for all x and y hence, its square root 
exists. 


2. In the third example, the product 21 is not a perfect square number hence, 
the sum does not exist. 


3. This amounts to saying that only like surds can be added or subtracted. 


Illustration 1: For x = 2 y= o find /x + \/y. 
16 ; 
Here ry = 79° a perfect square rational number. Now, 

26 8 
Oa pps GN 

Hence, 

/26 + 24 
Vet V¥= ; 
21 
Thus, 


ve+ ya= 2, va- a= [2 


3 Vislesa-sutra (Rule for splitting) 


Bhaskara is the first scholar to state the algorithm under the heading vislesa- 
sutra, which is the rule for splitting. Here, we express the given karanit as 
the sum or difference of two or more karanis. Before we present the rule, we 
explain the concept of yogaja-karani. 
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A karani obtained by the addition of two or more karanis is called yogaja- 
karana. For example, /3+ V12+ V147 = V300. The criterion for locating this 
karana is that, \/x is a yogaja-karani if x is divisible by m?, for some integer 
m. For example, 32, /245 are yogaja-karanis but /17 is not. 


Bhaskara states the algorithm for the splitting of this yogaja-karani as 
follows [B1Ga1980, p. 15]: 


ahr apraet fea aed wrest acpitaeer sata | 
per arpa: BE Goss aor sate gePrahar: HVT: II 


vargena yogakarant vihrta visuddhyet 
khandani tatkrtipadasya yathepsitani | 

krtva tadiyakrtayah khalu purvalabdhya 
ksunna bhavanti prthagevamimah karanyah || 


Select the square number by which the given yogaja-karani is exactly divisible and 
find the quotient. By breaking up the square root of this square into [rational] 
parts at will, multiply the square of each part by the previous quotient. [Then], 
yogaja-karani splits into [the sum or difference of] these different karanis. 


Algorithm: 
For VN, let m? exactly divide N. Then find 44 = y (say). Select rational 
numbers m1,™M2,m3, etc. such that m = m, +myg+ms3t ... and find y x 


m3,y x m3,y x m,...Then, 


VN = y/ym? + y/ym3 + ym? +... 


Explanation: 


For N = m?y, we have, VN = m,/y. If we express m = m1 + m2 + M3... 


then, VN = (my +m2+mz.. )V¥ = Symi + /yme + \/ym? 


The positive or negative sign is selected according to the sign of the corre- 
sponding part. 


Illustration 2: 
Split /28 in two different ways using vislesa-sutra. 
Here, N = 28. Select m? = 4, then y = 7. 
Ifm=2=54+643- 12 then, /28 = V175 + V252 + V63 — V/1008. 


1 5 7 {175 
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4 Multiplication of the karanis 


Bhaskara first states the method for the multiplication of an integer and a 
surd, and then refers a method for the multiplication of surd expressions fol- 
lowed by two examples. 


Multiplication and division of the karanit by an integer 


Bhaskara says [BiGal1980, p. 13]: 


PPT Bt OST | 
vargena vargam gunayedbhajecca | 


That is, multiply or divide the square of [the karani] by the square [of the multi- 
plier]. 


Krsna Daivajfia explains this as [BiGa1930, p. 36]: 
atin ade afe Sore yoacd yorHS aT VA SS a det ale 
SIT ASI TT Ashes IT A Aa SIT PT Hear FAS He! 
karanigunane kartavye yadi rupanam gunyatvam gunakatvam va syat karanibhajane 


va kartavye yadi rupanam bhajyatvam va bhajakatvam va syat tada rupanam vargam 
krtva gunanabhajane karye | 


That is, if the surds need to be multiplied by or divided by an integer, or if an 
integer is to be multiplied by or divided by the surd, then perform it by squaring 
the integer. 


Algorithm: 


For any integer m, we have 


mx Jz = Vm2a, Ve “and 
m 


Comment: 


In general, mx /x=/mz and a 
m m 
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Multiplication of the surd expressions 


In the previous chapter of BB titled ‘Varnasadvidham’ (Six operations on 
algebraic numbers) Bhaskara says [B1Ga1980, p. 11]: 


THTHPPUPP A Rat aersprt aaa | 


avyaktavargakaranigunanasu cintyo vyaktoktakhandagunanam vidhirevamatra | 


That is, the khandagunana method [for the multiplication of numbers] stated in 
vyakta (ganita) (i.e., in the Lilavatt [Phal1971, ch. 4.15, p. 8]) should be considered 
here for the square of the polynomial unknowns and for the multiplication of the 
polynomial karanis [surd expressions]. 


Comment: 


The process of Khandagunana is akin to the distributive property of mul- 
tiplication over the addition of numbers, variables or surds. 


Examples [4—5]: To illustrate this, Bhaskara gives the following two exam- 
ples [BiGal1980, p. 14]: 


ESS: Ha: aT T ATT | 

ad waearssy feogead yetsear sac Ava II 
dvitryastasamkhyagunakah karanyoh gunyastrisamkhya ca sapaticarupa | 
vadham pracaksva”§u viparicarupe gune’thava tryarkamite karanyau || 


Quickly find the product, if the multiplicand is karan? 3 with integer 5 and the 
multiplier [consists of the addition of] karanis 2, 3 and 8 or karanis 3 and 12 and 
integer (—5). 


The problem given here is to find: 
[4]: (V3 +5)(V2 + V3 + V8), [5]: (V3 + 5)(V3 + V12 — 5). 


5 Division of the karanis 


Bhaskara says [BiGal1980, p. 14]: 


CAAA: SS ALVIT SAHAIT | 
arefatser Hotel Pea Whe aad He et SAMA Il 
TSAR ASV: PLOT: TRAIT: PVG BTS APTS: Z| 
fear Gah TH: TI Fa ERA: S| II 


dhanarnatavyatyayamipsitayah chede karanya asakrdvidhaya | 
tadrkchida bhajyaharau nihanyat ekaiva yavat karant hare syat || 
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bhajyastaya bhajyagatah karanyah labdhah karanyo yadi yogajah syuh | 
vislesasttrena prthak ca karyah tatha yatha prasturabhipsitah syuh || 

Change the sign of the one optionally chosen karant of the divisor. Multiply by 
this new karani, the dividend and the [original] divisor. Repeat such procedure till 
only one karani remains in the divisor. Divide the karanis in the dividend by that 
single karan. If any of the karanis thus obtained is a yogaja-karani then split it 
by the viglesa-sutra as per the wishes of the interrogator. 


Comment: 


This algorithm is same as the rationalization method except for the last 
two steps. 


6 Square of the sum of the karanis 


Bhaskara does not specify any algorithm here, because he has already de- 
scribed the khandagunana method for the multiplication (hence for the square) 
of polynomial surd. Here, he observes that [BiGa1980, p. 16]: 


vareagiodtraretravert SRT ST: | 

ekadisankalitamitakaranikhandani vargarasau syuh | 

That is, in a square expansion, the [total] number of terms will be the sum from 
first term 1 [up to the number of karanis involved in squaring]. 


Further, in an explanatory note he says [BiGa2008, p. 53}: 


STR Saat Atay! THE PT waeda, gal: Bata Heh, 
forse fre, TAT Ve, VST Sar, WU VEser sae 

karantvargarasau rupairavasyam bhavitavyam ekakaranyd varge ruipanyeva, dvayoh 
sarupaika karani, tisrnam tisrah, catasrnam sat, paricanam daga, sannam pan- 
cadasa ityadi | 

That is, in the square of an expression having [all] the surd terms, certainly there 
will be a rational term. In the square of a single surd [there will be] only one 
rational term. [in the square of] two surds, one rational term along with one surd; 
of three surds, three irrational terms; of four surds, six irrational terms; of five 
surds, ten and of six surds fifteen [irrational terms] etc. 


Comment: 
F 1 
The expansion (a; + az +a3 +...+ ay)? will, obviously, have nln d) 
terms. But in the expansion (,/az + ,/az + \/a3 ee , each term of 


the type (,/a;)”,i = 1 to n becomes the rational sigenvee and when all these n 
numbers are added, the result is a rational number. Thus, the later expansion 
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1 -1 
has one rational number and the remaining Bor) n= CL are the 


irrational terms. This is illustrated by Bhaskara for n = 2,3,4,5 and 6. 


Algorithm: 


(faa #4 fon hy tk «Jaa? = Foe tb 4/ 4a. P< 7. forty = 1 ton. 


Illustration 3: 


(V3 — V7 + V5)? = (34745) —V43.74 V4.3.5 — V475 
= 15 — V84 + 60 — V140. 


Examples [6-11]: Bhaskara states the following six examples [BiGa1980, 
p. 15] and [BiGa1980, p. 16]. 


faarguita: ava: arat pit fabateraer | 
wganahnatart waa yas Hrassy frst Il 
TMS eH Hat Haat TAT Tay Il 
Braahearde 4 peeat: frsdbset pita: ce T | 
fenagurta: Sos: RATT STITT AT I 
creat Hit ge Ge: sae a Set Sete Ae Ae SLT: I 


dvikatripancapramitah karanyah tasam krtim dvitrikasamkhyayosca | 
satpancakadvitrikasammitanam prthak prthanme kathaya’su vidvan || 
astadasastadvikasammitanam krtt krtinam ca sakhe padani || 
trisaptamityorvada me karanyorvislesavargam krtitah padam ca | 
dvikatripancapramitah karanyah svasvarnaga vyastadhanarnaga va || 
tasam krtim bruhi krteh padam ca cet sadavidham vetsi sakhe karanyah || 


Find separately the squares of 


6]: V2+V¥3+V5 
7: V2+ V3 
8): V6+ V5 + 724+ V3 
g]: VI8 + V8 + v2 
10] : V3+V7 
ll]: ¥2+V3- V5 
In the later part of verse 46, Bhaskara also asks the reader to find the square 


of the surd expression by changing the signs in the last two examples and to 
determine the square root of the obtained square. 
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7 Square roots of the sum of an integer and karanis 


This is one of the finest contributions of Bhaskara, where he not only elabo- 
rates the algorithm for finding the square root of the sum of an integer and 
karanis, but also states the existence conditions and the confirmative tests for 
the extracted square roots. 


The algorithm 


Bhaskara says [BiGal1980, p. 15]: 


PT SVM BS aT Hah: Ge SITPITIaT FEAT | 

frataae Sopa: Tet SIT BUTT Zales II 

Gah dad Hiss Vs THsT Tel HT aarat | 

war artanaishs ya: ster: HVA ale ala PT II 

vargam karanya yadi va karanyoh stulyani rupanyathava bahiinam | 
visodhayet riipakrteh padena Sesasya ripani yutonitani || 

prthak tadardhe karanidvayam syat miile’tha bahvi karani tayorya | 
rupani tanyevamato’pi bhtiyah Sesah karanyo yadi santi varge || 


Subtract one or more equivalent number of karanis from the square of an integer 
[of the surd expression]. The square root of this difference is separately added to 
and subtracted from the [same] integer. The square root of the half of each term 
will be the two [required] karanis. If any karanis remain in the square [expression], 
then, assuming the greater karani [out of the two obtained previously] as the new 
integer, the procedure is repeated [considering the remaining karanis]. 


The condition for the selection of karanis 


Bhaskara says [BiGal1980, p. 16]: 


aT SS SH SaaT TTS | 

PI wg ae eed Ady qd ay dW UM | 

Bapd: West os Wel ATA A A Fay | 

varge karanitritaye karanidvitayasya tulyarupani | 

karanisatke tistnam dagasu catasrnam tithisu ca paticanam | 

rupakrteh projjhya padam grahyam cedanyatha na sat kvapi | 

That is, from three karanis in the square [expression], select two; from six, three; 
from ten, four and from fifteen, five karants [for the subtraction]. If the difference 


from the square [of an integer thus obtained] is a perfect square number, then it 
should be considered, if not it will not be a proper [selection]. 
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The confirmative tests 


Bhaskara says [BiGa1980, p. 16]: 


SURAT FSR TTA | 

aReartad: are SITET Pe: SZ I 

ATT A TIT AoHRVaT Tar TAT | 

aera Fare a wale Wey Tar Tea. II 
utpatsyamanayaivam milakaranya lpaya caturgunaya | 
yasamapavartah syad rupakrtesta vigodhyah syuh || 
apavarte ya labdha milakaranyo bhavanti tascapi | 


Sesavidhina na yadi ta bhavanti mulam tada tadasat || 


Each of the karanis [selected for the difference] must be divisible by four times the 
lesser root without remainder and each of the quotients must appear in the [final] 
answer. If not, then, the [derived] roots are invalid. 


Bhaskara further suggests that [BiGa1980, p. 15]: 


poise Set HOt Hat wart oataeat at aH ares | 
FO FROTSTAAST erarietncar BPAIASaTAT Il 


rnatmika cet karant krtau syat dhanatmikam tam parikalpya sadhye | 

mile karanyavanayorabhista ksayatmikatka sudhiya’vagamyé || 

That is, if there is a negative term in the square [expression], then, assuming it 
to be positive, two roots should be obtained [following the said procedure]. One 


of the two should be optionally understood as negative by the one intelligent in 
computing the square root. 


Algorithm: 
e Lett P= RtVk + Vko t Vg t...+ Vk» such that R and each k; is a 
positive integer. 
1 
Condition 1: If m = plp+ 1) for p = 1,2,3,4,... that is, m = 


1,3,6, 10,15 etc., then square roots of E exist. 


e Bhaskara directs us to select ‘x’ karants out of m, such that for m = 
1,3,6,10, or 15, x = 1,2,3,4 or 5 respectively and then find the difference. 
That is 

R? — (ky tho tkgt:++ +k). 


¢ Qualitatively, these ‘x’ karanis are to be selected in such a way that the 
said difference is a perfect square number, y? (say). 


e Condition 2: If such a selection is not possible for any of the ™C,, com- 
binations, then the square roots do not exist. 
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Note: Narayana Pandita in his Bijaganitavatanisa [BiGa1970, v. 50, p. 22], 
states the rule for this selection as: 


* * r = | 
Sree et Ugo Faas | 
karanikhandamitirya dviguna ripanghriyukto mulam | 
rupadalena vihinam sankalitapadam bhvatyeva || 


The number of karanis [present in the given E] is multiplied by two [dviguna] and 
increased by one fourth of the unity [rupa-arighri]. The square root [of the sum] is 
decreased by half of the unity [rupa-dal]. [This number] is certainly, the number of 
terms in the sum. 


The expression given in the verse above may be expressed as 


/ 1 1 

=> 2 iy 

x ae 5 
+/8m+1-1 


This author suggests a simpler form as: « = -———————.. It may be 
noted that (8m-+1) will be a perfect square number only for m = 1,3,6, 10,15 
etc. 


» Find 2 = atu and z) = — Then +/% and +,/% will be the 


possible terms in the square root of E. Note that z1 > z2. 


¢ Ifm—az > 0, then assuming EF = z;+ remaining (m — x) karanis, the said 
procedure is repeated and the newer values z3, 24 etc., are evaluated. This 
procedure is continued until m — x = 0. 


¢ The square roots of E are any two values out of \/2; £\/z2£./2z3t./%.... 
Confirmative tests: 


1. For zg < 2, each of the ‘x’ karanis selected for the subtraction must be 
divisible by (4 x z2) without a remainder. 


2. Each of the quotients must appear in the final answer for the square roots 
of E. 


If any one of the above criteria fails, then the derived answers are incorrect. 


e By considering the positive or negative sign for the surds involved in E, we 
judge the appropriate signs for the derived roots. 


Now, we study seven examples, three of which are stated by Bhaskara, two 
by Narayana Pandita and two illustrations formulated by the author of this 
paper. 
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Illustration 4: Find the square roots of E = 5+ 24+ 32 if they exist. 


Here, m = 2, and so the first condition is not satisfied. Square roots do not 
exist. 


Example 12: Bhaskara states that [BiGal1980, p. 17]: 


SEPT: aay Serra TA Heit BLOT: | 

a fawn aq aed df cake att ceatsars: | 

caturgunah suryatithisu rudranagartavo yatra krtau karanyah | 
sa visvarupa vada tatpadam te yadyasti bije patutabhimanah || 


If you are an expert algebraist, then tell the square roots of the expression with 13 
as an integer and karanis 12,15,5,11,8 and 6 each multiplied by 4. 


For, EF = 134 V48 4+ 60+ 20+ 444 V32+4+ /24,m = 6. Hence, the first 
condition is satisfied. Consider 13? — (48+60+20) = 41, which is not a perfect 
square. The same is the case with the remaining (°C3 —1 = 19) combinations. 
Thus, condition 2 is not satisfied and the square roots for E do not exist. 


Example 13: Bhaskara states another similar example [BiGa1980, p. 17]: 


at aa aval od: Resstsiar fae | 

wudahtietar: fe Aes ae Cea SIM Il 

vargam yatra karanyo dantaih siddhairgajairmita vidvan | 
rupairdagabhirupetah kim milam bruhi tasya syat || 


Tell the square root of the square [expression] with 10 as an integer and karanis 
32, 24 and 8. 


For E = 10+ V32 + V/24 + V8, none of the differences like 10? — (32 + 24) 
are a perfect square number and hence square roots of E do not exist. 


Example 14: Bhaskara states another example [BiGa1980, p. 17]: 


ar as Hee: fafafasgarertagirerd: | 

gen aaresciem: fh ah We cea Se Il 

varge yatra karanyah tithivisvahutaganaiscaturgunitath | 

tulya dagariipadhyah kim milam brihi tasya syat || 

Tell the square root, where the square [expression] has integer 10 added with the 
karanis 15, 13 and 3 [each] multiplied by 4. 


For E = 10+ 60+ 524+ V12, m=3. Hence, the first condition is satisfied. 
Further, y? = 100 — (52 + 12) = 36, is a perfect square number. Thus, the 
second condition is satisfied with y = 6. Hence, z1 = 8 and z2 = 2. But (4x z2) 
does not divide 52 and 12 without remainder. Thus, the first confirmative test 
fails, and therefore, square roots of E do not exist. 
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It may be noted here that Narayana Pandita also gives a similar example 
[B1iGa1970, v. 25, p. 28]: 


farrrerasanpy Magy Heed: HAT | 
UISTATSAT Fa Hat aT fe Vs HAT II 
tithimanuravivisvakakubh-nagasmkhya krtahatah karanyascet | 
sodagartipasameta yatra krtau tatra kim padam kathaya || 


Tell the square root of the square expression where integer is 16 along with surd 
numbers 15 (tithi), 14 (manu), 12 (ravi), 13 (visva), 10 (kakubh) and 7 (naga) 
(each) multiplied by 4. 


This amounts to the problem of finding the square root of 


E=16+ V60+ V56 + V48 + V52 + V40 + V28. 


Here, only two differences, 16? — (40 +56 +60) and 167 — (48 +524 56) out 
of possible °C'3 = 20, are perfect squares for which z; = 13, z2 = 3. However, 
the surd numbers 40 and 56 are not divisible by 4z, or 4z2. Hence, square 
roots of F do not exist. 


Example 15: Bhaskara states another example [BiGa1980, p. 17]: 


ast TEA WS: Heist Hat aT | 

weudatteatd fh ae ae Ca SA II 

astau satpaticasat sastih karanitrayam krtau yatra | 

rupairdagabhiripetam kim milam brihi tasya syat || 

Tell the square root, wherein the square has three karanis 8, 56 and 60 along with 
an integer 10. 


For FE = 10+ V84+ 564+ V60, y? = 100 — (8+ 56) = 36, z; = 8, 22 = 2 and 
(4 x zg) divides 8 and 56 with quotients 1 and 7 respectively. 


Now, we set R = 8 and then, 


y? = 64—60=4, y=2, z3=5, 24 =3 


And (4 x 24) divides 60 with quotient 5. Hence possible roots are J2+£V3 
/5. However, quotients 1 and 7 do not appear in the possible answers. Thus, 
the second part of the confirmative test fails. Hence square roots of E do not 
exist. 


Illustration 5: This author suggests the following example: 


Find the square roots of 


E = 34+ V264 — V168 — 240 — V308 — 440 + 280. 
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We write R = 34,k; = 264,k2 = 168,k3 = 240,k4 = 308,k5 = 440 and 
ke = 280 treating negative karanis as positive. Here m = 6 and hence the first 
condition is satisfied. We find 


y? = R? — (ky + ko + kg) = 484, 


a perfect square number and y = 22. Now 2, = 28, 22 = 6 and (4 x 6 =)24 
divides 264, 168 and 240 with the quotients 11, 7 and 10 respectively. Hence 
+6 may be one of the terms in the answer. Now, we set R = 28 and find 


y? = R? — (ka + ks) = 36, andy =6. 


Now, 23 = 17,24 = 11, and (4 x 11 =)44 divides 308 and 440 with quotients 
7 and 10 respectively. Hence +11 may be the second term in the answer. 


Finally, we set R = 17 and find 


y? = Re _ ke 9, y 3, 25 10, 26 7, 


and (4 x 7 =)28 as well as (4 x 10 =)40 divide 280 with quotients 10 and 7 
respectively. Hence +/7 and +\/10 may also be terms in the answer. As each 
of the quotients appear in the probable answers, the square roots of EF are two 
values out of +/6+ /114V7+ V0. 


Now, 4 (6) (11) = 264, which is positive in E hence, we select +6 and 
+,/11 as the two values in the answer. Similarly, 4(6)(7) = 168, which is 
negative hence, we select—/7 as the third value and 4(6)(10) = 240, which is 
also negative hence, we select —\/10 as the forth value for the first root. For 
the second root, the signs are reversed. Hence, square roots of FE are 


V6+V11—V7—-V10 and V6—V1l1+V7+V10. 


[Refer Bhaskara’s suggestion in section 7.4 and algorithm in section 6]. 


Before we close this section, we would like to give a couple of more examples 
given by Bhaskara in his Bzjaganita as illustrative examples: 


[16]: E=17+ V40 + V80 + 200. [BiGal980, p. 17] 
[17]: B= 13-844 V56 — V28 — 24+ V12 — v8. [BiGal970, v. 21, p. 26] 


Additional examples found in his Vasana are here under. 


(18): B= 164 V120 + V72+ V60+ V48 + V40 + V24 . [BB vasana] 
[19]: B= 10+ 724 — 40 — V60. [BB vasana]. 
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8 Concluding remarks 


Brahmagupta and Sripati present slightly variant methods for the addition 
and subtraction of the karanis as compared to Bhaskara’s methods. Later 
Narayana Pandita gives five methods which incorporate all the earlier methods 
[BiGal970, vv. 26-30, pp. 13-14]. Bhaskara followed Brahmagupta and Sripati 
while discussing the methods for multiplication, square, division and square 
roots [Dat1993]. As regards to finding the square roots involving karanis, it 
may be noted that Narayana Pandita, besides describing the method given 
by Bhaskara [BiGa1970, vv. 46-49, p. 22] also presents alternative methods. 


Finally it may be mentioned that the concept of yogaja-karant is a unique 
contribution of Bhaskara. Bhaskara is the first scholar to discuss the pre- 
conditions, limitations and the confirmative tests for the correct extraction 
of the square roots of the surd expression, with the following critical remark 
[B1Ga2008, p. 63]: 


Res Fores Peat tT Paes FIOM | 

yairasya milanayanasya niyamo na krtastesamidam dusanam | 

It is [imdeed an] oversight on the part of those who have not [clearly] formulated 
these rules for extracting square roots. 


PART IV 


THE SIDDHANTASIROMANI: 
GANITADHYAYA 


poli GES ela AE 
weradara fatataaate 


averse | 
aded sata: ee ee 
wet: GhHyd Saw a PR rateracar fe: Il 


yatra tratum idam jagaj jalajinibandhau samabhyudgate 
dhvantadhvamsavidhau vidhautavinamannihsesadosoccaye | 
vartante kratavah gatakratumukha divyanti deva divi 

dran nah siktimucam vyanaktu sa giram girvanavandyo ravih || 


When the friend of the lotuses (i.e., the Sun) rises for protecting this world, dis- 
pelling the darkness, clearing off all impurities of those who worship him with a 
pure mind, then commence the daily sacrificial rites (kratu) [on this earth] and 
Indra (Satakratu) and the other gods in heaven are pleased. May that sun, revered 
by gods, quickly open up our voice so that it can utter felicitous words. 


—7 fon wh 
SOLE BAP SO 


| Check for 
updates 


Grahaganitadhyaya of Bhaskaracarya’s 
Siddhantasiromani 


M. S. Sriram* 


1 Introduction 


The Siddhantasiromanit composed in 1150 CE by Bhaskaracarya is one of the 
most comprehensive treatises on Indian astronomy. It has two parts, namely, 
Grahaganita and Goladhyaya. Grahaganita expounds on all the standard cal- 
culations and algorithms in astronomy of Bhaskara’s times, whereas Golad- 
hyaya has the definitions, more fundamental issues (like the nature of the 
earth, the placement of stars and planets around it and so on), and the prin- 
ciples and theoretical details of these calculations. While the source verses of 
these two parts of the Siddhantastromani present the basic results and pro- 
cedures, the Vasanabhasya or Mitaksara by Bhaskara himself gives a detailed 
exposition, almost like classroom lectures, on the entire subject. This includes 
details of proofs and justifications along with diagrams etc., in what are called 
the upapattis, as well as discussion on how theoretical concepts are linked with 
observations, constructions and use of instruments and so on. 


In this article, we confine our attention to the explanations in the Gra- 
haganita part of the Siddhantasiromani. We discuss Bhaskara’s treatment of 
some representative topics in the chapters on Madhyamadhikara (mean longi- 
tudes), Spastadhikara (true longitudes), and Tripragnadhikara (the three ques- 
tions, namely, direction, location and time, essential for discussing the diurnal 
problems), in some detail. 


In the Bhaganadhyaya section of the chapter on the Madhayamadhikara, or 
‘mean longitudes’, Bhaskara discusses the determination of the number of rev- 
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olutions of the planets in a kalpa, by making observations using a golayantra. 
In section 2, we explain his method for finding the revolution numbers of the 
Sun and the Moon. 


Section 3 is devoted to the instantaneous rate of motion of the planets. 
In Indian astronomical texts, the true longitude of a planet is obtained by 
applying some corrections to its mean longitude, which increases uniformly 
with time. Because of this, the daily motion of a planet which is the difference 
between the true longitudes at two successive sunrises, varies from day to day. 
This was recognised by the Indian astronomers even before Bhaskaracarya. 
In the chapter on Spastadhikara or ‘true longitudes’ in Grahaganita, Bhaskara 
observes that it is only approximate to assign a fixed value to the daily motion 
throughout the course of a day, and one has to consider a ‘tatkalik’ (‘instan- 
taneous’) value which varies during the course of the day, for better accuracy. 
For the Sun and the Moon, there is only one correction term, namely the 
mandasamskara or the ‘equation of centre’, in the expression for the true lon- 
gitude. In this case, he gives the correct expression for the ‘instantaneous’ 
rate of motion, which involves the identification of the cosine function as the 
derivative of the sine function. This has been discussed in detail elsewhere 
[Sri2014, pp. 221-236]. 


For the actual planets, that is, Mercury, Venus, Mars, Jupiter and Saturn, 
there is one more correction, called the ‘s¢ghrasamskara’. In this case, a direct 
computation of the instantaneous rate of motion, would involve finding the 
derivative of the inverse sine function of a ratio of two variables. Bhaskara 
describes an ingenious method for finding the instantaneous rate of motion of 
these planets, which would involve only calculating the derivative of the sine 
function. Using this he obtains the ‘stationary points’ of the planets correctly 
(within the framework of his work), and discusses their retrograde motion. 


The geometrical insights of Bhaskara come into full play in the chapter 
on Tripragnadhikara or ‘the three questions (of direction, location and time)’, 
which we consider in section 4. We take up the specific problem of finding the 
zenith distance of the Sun, given its declination, azimuth, and the latitude of 
the place, and explain one of his methods for solving the problem. In section 
5, we make a few concluding remarks. 


2 Revolution numbers of planets through observations 


In the second chapter of Grahaganita, namely the Madhyamadhikara, or the 
mean longitudes, there is a section, Bhaganadhyaya on the revolution numbers 
of the planets. The first six verses in this give the number of revolutions of the 
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Sun, Moon, Mars, Jupiter and Saturn, the s¢ghroccas of Mercury and Venus 
(which are the mean heliocentric planets), their apsides and nodes in a kalpa 
which is 1000 mahayugas, each made up of 43,20,000 years [SiSi2005, p. 10]. 
The number of civil days in a kalpa is given in verse 9 [SiSi2005, p. 14]. From 
these numbers, one can find the sidereal periods of the planets, and their 
apsides and nodes. How does one ascertain these numbers? Bhaskara states 
that the scriptures are the authority for these numbers. However, over a long 
period of time, the numbers may get changed in transmission, due to the 
mistakes generated by the scribe, the teacher, and the pupil. How does one 
remedy the situation? 


Only the upapatti or the method determines the number of revolutions. 
However the number of revolutions cannot be determined directly, as the 
sidereal periods of the apsides and nodes and even the planet Saturn itself are 
long. Bhaskara discusses the strategy for finding the revolution numbers in 
the Vasana for verses 1-6. We will discuss his method for the sidereal period 
of the Sun and the Moon in the following. 


First we give the general remarks made by him before he embarks upon 
the specific methods for the various revolution numbers [SiSi2005, p. 11]. 


TET FTA Sa HeT Carseat POT Aalet] TI ARMA Taka FT 
Were Vaart: Ga Vata) TMT Tea UAT Vaart water 

TAT: | SUA SS aa a weed AR 
Tera: GRAY Teo Vasa: Wat wet peda ws 
TAU) FUP Feat Hea Saerasareqeddgar ve dar aa 
Waray | ser adage Treas SORA: WAT Soo a Peter 
WoT: F Wa! Aalst Al Balser Yororraataatga¢s saad) 7 qar ast 
WOTIAGA hd AI! FING! STA FT Te: Was ST Se: II 
grahanam purvagatya gacchatam kalpa etavanto bhagana bhavanti | tatha man- 
doccanam caloccanam ca praggatya etavantah paryaya bhavanti | tatha patanam 
pascimagatya etavanto bhavanti | 

atropapattih | sa tu tattadbhasakugalena tattatksetrasamsthanajnena srutagolenaiva 
jnatum sakyate nanyena | grahamandasighroccapatah svasvamargesu gacchanta 
etavatah paryayan kalpe kurvantityatragama eva pramanam | sa cagamo mahata 
kalena lekhakadhyapakadhyetrdosairbahudha jatah tada katamasya pramanyam | 
atha yadyevamucyate ganitaskandha upapattimanevagamah pramanam | upapatya 
ye sidhyanti bhaganah te grahyah | tadapi na | yato’tiprajnena purusenopapattirjna- 
tumeva Sakyate | na taya tesam bhagananamiyatta kartum Sakyate | purusayusal- 
patvat | upapattau tu grahah pratyaham yantrena vedhyah || 

The planets make these many number of revolutions towards east in a kalpa. Sim- 
ilarly, the respective number of revolutions are [also] made [by their] mandoccas 


and caloccas towards east. Similarly, these many number [of revolutions] are made 
by [their] nodes, in the westerly direction. 


1 The reading in the printed text is ad: we have emended it to 214. 


200 M. S. Sriram 


Here is the rationale. This [rationale] can only be understood by a person having 
a sound knowledge of language, geometry, and well versed in the [geometry of] 
spheres, and not by anyone else. Only scriptures (agama) are the authority for 
the specified number of revolutions in a kalpa made by the planets, their man- 
docca, Stghrocca, and pata in their own paths/orbits. Over a long period of time, 
large errors are accumulated because of the mistakes [that are generated] by the 
scribe, the teacher, and the pupil. Then which is authoritative? If it is told that 
the authority of the scriptures is established by the mathematical demonstrations 
(ganitaskandha-upapatti) only and that the number of revolutions obtained by the 
rationale (upapatti) are to be accepted, it is not so either. A very intelligent man 
can only understand the upapatti well. [However,] it is not possible [even for him] 
to determine the quantity /number (iyatta) [of revolutions] by means of it (i.e., up- 
apatti). Because of the short lives of the human beings. In the upapatti, the planet 
is to be observed daily by an instrument (yantra). 


[Translation by Sita Sundar Ram] 


2.1 Sidereal year and the revolution number of the Sun 


First, Bhaskara gives the method for finding the exact length of the solar 
year. On levelled ground, a circle is drawn and the east, west, north and 
south directions are marked. At the centre of the circle, a sharp pin is fixed 
and the direction of sunrise is noted on the circle using the pin. Let the sunrise 
correspond to the point S on a day when the Sun is close to equinox, but is 
south of the equator as illustrated in Figure 1 After 365 days, let 5, be the 
point corresponding to the sunrise. It will be slightly south of S. On the next 
day, the sunrise point would be Sg which would be slightly north of S. Let 
the length of the year be 365+ a days, where z is a fraction. x is found using 
the law of proportions. Now the arc $;,$ would correspond to x days, whereas 
the arc S;S2 corresponds to one day. Hence 


a arc $,S 
7 arc S1S_° 


This is explained thus [SiSi2005, pp. 11-12]. 


wa wrediferereterrat afage weer seesat gerard Hier eaeqay sey: | 
aasrae asa Tea Wa: | Fo aT VeswatiHsrassy 364 Tea Aalec | 
carats: yatererarereal efeora wa wafal aaieat fers wel 
adtsarer fet GASea Gea: | SF Vatealrgued Us Hatt] AeA TAI 
atha samayam bhumavabhistakarkatakena trijyamitankairankitena urttam digank- 
itam bhaganamsaiscankitam krtva tatra pracicihnaddaksinato natidure pradega 
uttare’yane vurttamadhyasthitena kilena raverudayo vedhyah | tato’nantaram 
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S, N 


Ss, 
E 


Figure 1: Observations for finding the length of the year. 


varsamekam ravyudaya ganani-yah | te ca paricasastyadhikagatatraya 365 tulya 
bhavanti | tatrantimodayah purvodayasthanadasanno daksinata eva bhavati | tay- 
orantaram viganayya grahyam tato’nyasmin dine punarudayo vedhyah | sa tu pur- 
vacihnaduttarata eva bhavati | tadapyuttaramantaram grahyam || 


On a flat ground, having drawn a circle by means of an optionally chosen compass 
marked with marks equal (in number) to the Radius (trijya), and marking the 
four directions and degrees (fractions of a revolutions), observe (note down the 
position) the sunrise during the northward motion (uttarayana) when it is to the 
south of, but very close to the east point, by a sharp pin which is [kept] at the 
centre of the circle. Thereafter, the number of sunrises is to be counted for one 
whole year. They are equal to 365. There, the last sunrise is slightly away from 
the east point towards the south. Measure the difference between them (east point 
and the sunrise point). Thereafter observe the sunrise on the next (366'") day. 
This will be towards north [slightly away] from the east point. Find that northern 
difference too. 


Tats: | Fae ITH ohana: GE ko MH Hed Tal SAAT AT 
fafafel st ord cyee ufeaad vers aul afdafattrert 941 301 
22] 301 ada: wah wqysattendaadeams wearer vat 
Wafer 2641 941 30] Wl] 30] TatsTAa:| Fala TIMaaeer HLS Tar HeTTT: 
ferafal vd F oad ¢ areafeser vara Hed) ae dea wader: 
getaahor oad deca aa! wes ae eanfaRaooaa| 

tato’nupatah | yadyantaradvitayakalabhirekikrtabhih sasti 60 ghatika labhyante tada 
daksinenantarena kimiti | atra labhyante parcadaga ghatikastrimsat palani sardhani 
dvavimgatirvipalani 15 | 30| 22 | 30| abhirghatibhih sahitani paricasastyadhikasata- 
trayatulyani savanadinanyekasmin ravyabde bhavanti 365 | 15 | 30 | 22 | 30 | 
tato’nupatah | yadyekena varsenaitavanti kudinani tada kalpavarsaih kimiti | evam 
ye labhyante te savanadivasa bhavanti kalpe atha taireva ravervarsantahpatibhih 
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kudinaigcakrakala labhyante tadaikena kimiti | phalam madhyama ravigatirityupa- 
pannam | 


Now the proportion. If by the sum of the two differences (corresponding to the 
365°" and 366" days) is 60 ghatikas are obtained, then what is obtained for the 
southern difference? Here, [by applying rule of three] we obtain 15 ghatikas, 30 
palas, and 22% vipalas: 15 | 30 | 22 | 30. This added to 365 gives the number of 
civil days in a solar year as 365 | 15 | 30 | 22 | 30. Again, proportion. If these are 
the number of civil days in a [solar] year, then what would be the number of civil 
days in the years of a kalpa? The quantity obtained in this manner is the number 
of civil days in a kalpa. If by those civil days contained in a solar year, kalas of 
one revolution (i.e. 21600) are obtained, then what would be [the fraction of a 
revolution of the Sun] in one day? The result obtained is the rate of motion of the 
mean Sun. Thus is proved. [Translation by Sita Sundar Ram] 


The numerical value of the solar year thus determined is given as 
365 | 15 | 30 | 22 | 30 in sexagesimal units in the text. This is actually the 
numerical value of the sidereal year given in the vasana for verse 1 in the 
section on Pratyabdasuddhi in Madhyamadhikara of Grahaganita [SiSi2005, p. 
24]. However, the method that is given above in the text is clearly for the 
tropical year, which is less than 365 | 15 days. It is possible that the value 
presented is the one after adding the time unit corresponding to the motion of 
the equinoxes in one year. However, Bhaskara himself does not mention this. 
This point is discussed by Nrsimha Daivajna in his Vasanavartika, which is a 
super-commentary on the Vasanabhasya. He mentions that the length of the 
year found from the above procedure is that of the sayanarka (Sun with the 
ayana), that is, the tropical year, and that it becomes the sidereal year when 
the correction in time corresponding to the motion of the equinox is added 
[SiSi1981, pp. 37-38]. 


2.2 Sidereal period of the Moon and its revolution 
number 


Bhaskara prescribes the use of a golayantra (armillary sphere) to find the 
revolution numbers of the other planets and the associated points (like apsides 
and nodes), beginning with the Moon. It has a fixed celestial equator and an 
ecliptic which can be rotated around the polar axis. There is also a vedhavalaya 
to locate the planet, which is a movable ring and is a secondary to the ecliptic. 
There is a sight at the centre of the sphere. 


The zero point of the Indian zodiac, which is the beginning point of the 
Agvini naksatra or the end point of the Revati naksatra (which is also the end 
point of the Mina rai) is located in the sky, and the point R corresponding to 
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that is marked on the ecliptic. Let the Moon be located at M at some instant 
on a particular day. Consider the point X, where the vedhavalaya on which 
the Moon is located, intersects the ecliptic. Then the arc RX is the (nirayana) 
longitude of the Moon, and the arc XM is the viksepa or the latitude of the 
Moon. 


cae 
Ecliptic 


Equator 


Horizon 


Secondary to Ecliptic 


Figure 2: Finding the true longitude of the Moon using the golayantra. 


Let X; and X2 be the true longitudes of the Moon at the same ghati or 
instant on two successive days. Then X2 — X1, which is the difference in 
the true longitudes is the true daily motion of the Moon. Now, the mean 
longitudes X19 and Xo9 on the two consecutive days can be found from the 
true longitudes, by an inverse process, as described in verse 45 in the chapter 
on “Spastadhikara” or the “true longitudes”.2 Then X29 — Xj is the daily 
motion of the mean Moon. From this, the sidereal period of the Moon can 
be computed. The number of revolutions of the Moon in a kalpa can then 
be determined from the rule of proportions. The method described in the 
Vasanabhasya is as follows [SiSi2005, p. 12]: 


z [SiSi2005, p. 59] The true longitude 0; can be found from the mean longitude 60, 
using (4) in the next section. The mean longitude, 6) can be obtained from the true 
longitude, 0ms by an inverse process. Here, as the argument of the inverse sine function 
in (4) itself depends upon 6, one has to use an iterative procedure to find 09, where Oms 
is substituted for 09 in the argument, in the first approximation. 
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FT OPTI: | Taal Tag Teter Aresrerenfah frye Areerst HAT 


<adtarrat Paes Hepa Ewa ast PAater caused saate Per 

atha candrabhaganopapattih | tatradau tavad grahavedhartham golabandhoktavid- 
hina vipulam golayantram karyam | tatra khagolasyantarbhagola adharavrttad- 
vayasyopart visuvadurttam | tatra ca yathoktam krantivritam bhaganamsanki- 
tam ca baddhva kadambadvayakilakayoh protamanyaccalam vedhavalayam | tacca 
bhaganamésankitam karyam | tatastadgolayantram samyagdhruvabhimukhayastikam 
jalasamaksitijavalayam ca yatha bhavati tatha sthiram krtva golamadhyacihna- 
gataya drstya revatitaram vilokya krantivrtte yo minantastham revatitarayam 
nivesya madhyagatayaiva drstya candram vilokya tadvedhavalayam candropari 
nivesyam | 

Now the rationale for the revolutions of Moon [is being stated]. First of all, in 
order to observe the planets, a huge armillary sphere (golayantra) has to be con- 
structed /installed as per the rules specified in the chapter on Golabandha [in Golad- 
hyaya]. There, [two] spheres, namely [outer] celestial (khagola) and inner astral 
(bhagola) [are to be constructed] with the support of two circles (a@dhdaraurtta- 
dvaya) above which the celestial equator (visuvadurtta) [is also placed]. Similarly, 
as per the prescription, when one has constructed the ecliptic (krantivrtta) [which 
is one of the support circles] marked with degrees, the other ring of observation, 
which is movable and tied on two pins made of Kadamba wood, [is also constructed]. 
This is also marked with degrees. The golayantra is firmly fixed so that the axis-rod 
correctly points to the pole and the horizon-ring is adjusted with respect to the 
water level. Then, from a sight at the centre of the gola, the star Revati is observed, 
and upon it, the end of Mina on the ecliptic circle is fixed. Then looking at the 
Moon, the observation ring (vedhavalaya) is fixed over the Moon (such that it is a 
secondary to the ecliptic). 


Se ee Oe ae SAT: RT ATT ST TAS RTT 


wefan ed RSE epee area ceitheas ar aie per of 


evam krte sati vedhavrttasya krantivrttasya ca yah sampatah tasya minanta- 
sya ca yavadantaram tasmin kale tavan sphutacandro veditavyah | krantivrttasya 
candrabimbamadhyasya ca vedhaurtte yavadantaram tavamstasya viksepah | tato 
yavatisu ratrigataghatikasu vedhah krtastavatisveva punardvitiyadine kartavyah | 
evam dvittyadine sphutacandram jnatva tayoryadantaram sa taddine sphuta gatih | 


Thus having been done, the distance [in degrees] from the intersection of this circle 
and the ecliptic to the end of Mina is to be known as the true Moon (true longitude) 
at that time. The distance [in degrees] along the observation-circle (vedhaurtta) 
measured from the ecliptic to the centre of the Moon, is the latitude (viksepa). 
Then, the experiment is repeated on the next day at the same time (ghatika) of 
the night, as on the earlier night. Then, when one has determined the true Moon 
on the second day, their difference is the true rate of motion of the Moon on that 
day. 
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ay dt ost epeué seret veer safest ae Get aaa aT STAT 
sore: | carsyae: Fels (eA Caradt wsetidedar BS: fas se 
seared | TM UWE AA sere: — 


ad Peart Tet yas=aest Taras At | 
SRR AT HTSUS OA II 


atha tau candrau sphutagraham madhyakhagam prakalpya ityadina madhyamau 
krtva tayorantaram sa@ madhyama candragatih | taya’nupatah yadyekena dinena 
etavatt candragatistada kudinath kimityevam candrabhagana utpadyante tatha caha 
sriman brahmaguptah — 


jnatam krtva madhyam bhiyo’nyadine tadantaram bhuktih | 
trairasikena bhuktya kalpagrahamandalanayanam || 


Then the mean Moons are obtained (from the true Moons) from the procedure 
in which ‘the true planet is imagined to be the mean object [in the first instance] 
etc’ (verse 45 in Spastadhikara of Grahaganita), [SiSi2005, p. 59] and by that the 
mean rate of motion of the Moon is to be found from the difference between them. 
Then, again the number of revolutions of the Moon is generated from the rule of 
proportions (anupata): if the Moon travels this much in one day, then how much 
does it move in the number of civil days [in a kalpa]? That is what is said by Sriman 
Brahmagupta [BSS1966, p. 269]: 


After finding the mean (madhya) [on a day] and on the next day, the dif 
ference is the mean rate of motion (bhukti); the number of revolutions of 
the planet in a kalpa can be found from this rate using the rule of three 
(trairagika). 


[Translation by Sita Sundar Ram] 


We will discuss how the apogee or the mandocca of the Moon is found through 
observations, towards the end of the next section. 


3 The ‘true’ instantaneous rate of motion of planets 


3.1 The instantaneous rate of motion of the 
mandasphuta 


The term mandasphuta refers to the planet corrected for the equation centre. 
As the instantaneous rate of motion of a planet associated with the equation of 
centre or the mandasamskara has been discussed elsewhere in detail [Sri2014], 
we will only summarise it in the following. 
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In ancient astronomy, epicycle and eccentric circle models were used to 
obtain the true longitude of a planet. In Figure 3, the ‘mean’ planet, Po 
moves at an uniform rate on the ‘deferent’ circle (solid circle in the figure) of 
radius R whose circumference is 21600, or R = 748% ~ 3438 around E, which 
is the bhagolamadhya (the centre of the astral sphere). E’ A is in the direction 
of the ‘apside’. The ‘mandasphuta’, P is situated on a small circle of radius, r 
around Po at P, such that PoP is parallel to FA. Its longitude is also termed 
‘mandasphuta’ itself. EI is in the direction of mesadi, or the first point of 
Aries. This is the reference direction for measuring the longitudes. 


We have an alternate picture of this in the eccentric circle model. Here, 
E” is a point at a distance of r from FE, in the direction of FA. Then, the 
mandasphuta, P moves uniformly around E’ at the same rate as Py around E 
in a circle of radius R (dashed circle in the figure), known as the ‘pratimandala’ 
(eccentric circle), or the grahavrtta. The motion of P around F would not be 
uniform. Here, 


kaksyamandala 


Figure 3: Epicycle and eccentric circle models for the equation of centre. 
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the mean longitude of the planet, 0) = I EP) = TE'P, 
the longitude of the apside (mandocca), 6, = I EA, 
the mean anomaly (mandakendra), M = AEP = 9 — Om, 
and the mandasphuta, 0m; = CEP. 


The mandakarna, K = EP is the distance between the planet (P) and the 
centre of deferent circle (£) and is given by: 


Nin 


K = [(R+rcos M)? + (rsin M)?]?. (1) 


The difference between the mean planet and the mandasphuta is PEPy = 
99 — Oms. Apart from the sign, this is the ‘equation of centre’. It can be easily 
seen from the figure that 


sin(99 — @ms) = - sin M. (2) 


In most Indian texts, the epicycle radius associated with the equation of cen- 
tre, r is proportional to the mandakarna, K and ~ = 4%, where ro is the 
specified constant value of the radius stated in the text [Shu1973, pp. 43-57]. 
Using this, we have 


sin(99 — @ms) = 7 sin M. (3) 
Thus the mandasphuta, 0m5 is given by 
Os = 99 — sin7? (3 sin M) (4) 


The mandocca (apside) is the apogee, and the mandasphuta, Ons is the ‘true 
longitude’ in the case of the Sun and the Moon (neglecting the second correc- 
tion for the latter in some texts). For the taragrahas (actual planets), Mercury, 
Venus, Mars, Jupiter and Saturn, the mandocca is the aphelion, and the man- 
dasphuta is essentially the heliocentric true longitude. 


Now ro is much smaller than R. When 69, 0; and M are all in minutes, the 
arcsine should also be in minutes. Then, sin~!~ ~ Rw, when the argument 
of the arcsine, w is small, and we have, 


Oms = 49 — sin! (Gsin M) = Oy — F Rsin M, (5) 


With our present knowledge, we can now say that 


Adms _ AG TO ; AM 
ae ae OO ae (6) 
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where Ao, AM and A@,,,, are the (small) changes in 09, M and 6, respec- 
tively in a small time-interval At. Also 


A(Rsin M) = (cos M)AM, 


where AM is in minutes. Here, Abms is the rate of motion of the mandasphuta, 
and Ao is the mean rate of motion. Choosing At to be one day, and denoting 


(i) the daily motion of the mean longitude, Ato by no, 


(ii) the daily motion of the mandasphuta, Abs by Nms, and 


(iii) the daily motion of the anomaly, au by nu, 
we have 
ro 
Nms = No — R (cos M)nm. (7) 


This is essentially stated by Aryabhata-II in the third chapter (v. 15) of his 
Mahasiddhanta as [MaSi1910, p. 58]: 


Sena YRS SITH Healer || 

kotiphalaghni bhuktirgajyabhakta kaladiphalam || 

The [mean] daily motion multiplied by the kotiphala and divided by the radius (R) 
gives the correction in minutes etc., [to the mean rate of motion]. 


The kotiphala is rg|cos M|. So, the verse gives the correction term in the 
rate of motion, namely, 4$(cos M)njy correctly (the sign would depend on the 
quadrant in which M is situated). 


Slightly different forms of the equation of centre, 6, — 9, and the correc- 
tion to the rate of motion are given in Laghumanasa of Munjalacarya, which 
appears to be the first text to consider the instantaneous rate of motion and 
use the cosine function as the derivative of the sine function, though they are 
not stated as such [LaMal1944, pp. 38-49]. 


In verses 36b, 37 and 38 of the chapter on spastadhikara (true longitudes) 
in the Grahaganitadhyaya part of the Siddhantasiromani [SiSi2005, pp. 52- 
53], Bhaskara points out the need for finding an instantaneous (tatkalikt) 
rate of motion which varies from moment to moment, and gives the explicit 
expression for it, which is the same as in Mahasiddhanta. This is explained 
in far greater detail in the vasana for the verses 36b-—38 in spastadhikara by 
Bhaskara himself [Sri2014, pp. 226-230]. 
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3.2 Finding the apogee of the Moon, using the 
expression for the instantaneous rate of motion 


Now, the mean longitude, 09, the mandasphuta, 0m; and apogee, @,, are all 
the same when M = 0. Also this happens when the rate of motion, given by 


TO 
n=no- Zo nM, 


has the least value, which happens when cos M has the maximum value at 
M = 0. This is noticed by Bhaskara, who uses this fact to describe how one can 
determine the apogee of the Moon, using the golayantra. This is discussed in 
the vasana for verses 1-6 in the Bhaganadhyaya section of Madhyamadhikara 
[SiSi2005, p. 12]: 


ay ae wt vad asad Gear eperaat fasten! afer fed ad: 
wareded eS aa fet Tea UT Beast wala! aa! Ta STA TE 
eTaal WA WATTS 

atha candroccasya | evam pratyaham candravedham krtva sphutagatayo vilokyah 
yasmin dine gateh paramalpatvam drstam tatra dine madhyama eva sphutacandro 
bhavati | tadevoccasthanam yata uccasame grahe phalabhavo gategca paramalpat- 
vam | 


Now, the Ucca of the Moon: Thus the Moon’s position and the true motion, are 
noted daily. The day on which the motion is the least, then the Mean Moon is also 
the True Moon. That is the position of the mandocca. Because at that position of 
ucca, there is no (manda) correction to the planet and the rate of motion is the 
least. 


3.3 The true instantaneous rate of motion of the 
planets 


We now consider the instantaneous rate of motion of the taragrahas, that is, 
Mars, Jupiter, Saturn (exterior planets), and Mercury and Venus (interior 
planets). For these planets, a second correction, namely, the s¢ghra-samskara 
has to be applied, apart from the equation of centre, to obtain the true geo- 
centric longitude. The sighra-samskara is equivalent to a conversion from the 
heliocentric to geocentric coordinates (reference). We describe an eccentric 
model for this correction as considered in many Indian texts, in the following 
[TaSa2011, pp. 500-503). This is similar to the eccentric model for obtaining 
the mandasphuta from the mean longitude. Here the true longitude, sghra- 
sphuta is obtained in a similar manner from the mandasphuta. Just as the 
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mandocca (apside) plays a major role in the application of manda-samskara, so 
too the “szghrocca” plays a key role in the application of the sighra-samskara. 


In Figure 4, F is the centre of the Earth. S is the saghrocca at a distance 
ES =r, from it. r, is the sighra epicycle radius. 0, = I ES is the longitude 
of sighrocca. The “kaksyamandala” (deferent) is the circle of radius R with E 
as the centre. The “pratimandala” (eccentric circle) is the circle of radius R 
with S as the centre. 


The mandasphuta, Po moves on the kaksyamandala. Its longitude is 
mandasphuta, ms = TEP). Draw SP parallel to E.Po, with P on the pra- 
timandala. Then the ‘true’ planet or stghrasphuta is located at P, with 
Sighrasphuta, 0, = I EP. 6, is the true geocentric longitude of the planet. 
Note that PPy) = ES =rs. 


Vo 


Figure 4: Finding the true planet (s¢ghrasphuta), P using a sighra eccentric. 


Now, it is seen that [SP = IEP) is also the mandasphuta. So, one can 
visualise the true planet as the mandasphuta moving on the pratimandala, 
with the stghrocca as the centre. 
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The sighrakendra, M, is the difference between the s¢ghrocca and the man- 
dasphuta, whereas the (s¢ghra) sphutakendra, M, is the difference between the 
Sighrocca and the (stghra) sphuta. EP, which is the distance between the cen- 
tre of the Earth, E and the true planet, P, is the stghrakarna, denoted by 
K,. The sighraphala, denoted by w is the difference between the sighrasphuta 
(true planet) and the mandasphuta. Obviously, the s¢ghrasphuta is obtained 
by adding the stghraphala to the mandasphuta. 


It would be useful to summarise the definitions of the various quantities 
associated with the computation of the true planet: 


mandasphuta, Oms = TER = ISP, 
Stghrocca, 6, = TES, 
Sighra epicycle radius,r, = ES = PoP, 

Sighrakendra, M, = Py)ES = TES — CEP) = 05 — Oms, 
Sighrakarna, K, = EP = |(R +1. cos M,)? +r? sin? M,] 2, 
Sighrasphuta, 0, = TEP, 

Sighraphala, wy = PEP =TEP—-TER=%- Oms, and 
(Sighra) sphutakendra, M, = PES =TES —TEP =0, —. 


From the figure, one can see that 


PF = K,siny = PPosin M, =r,sin M, (8) 

or, sinw = E sin | = E sin(O; — 7) é (9) 
Therefore, 

6: = Oms + = Oms + sin 4 E sin(O, — ims) (10) 


Here it should be noted that, unlike in mandasamskara, in sighrasamskara, 
the epicycle radius r, is fixed. So, one would have to calculate K, before 
computing the true planet. Also, 4 is not small, so that the argument of the 
arcsine function x = K sin(6, — Oms) is not small, and we cannot use the 


approximation, sin! y & y. 


The true velocity of the planet is we If we calculate it from the above 


expression, it would be complicated. It involves the arcsine function whose 
argument depends upon K, which also varies with time. Essentially, it would 
involve finding the derivative of the arcsine function, whose argument is a 
ratio of two functions. 


Bhaskara gives an alternate expression for the ‘true velocity’ and gives 
an ingenious geometrical method of obtaining that expression which would 
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involve finding only the derivative of the sine function. Before discussing his 
method, we will first give a ‘modern’ derivation of the alternate expression for 
the ‘true velocity’. 


Now @ can also be written as 
0; = TEP =TES — PES = 0, — M,. (11) 


Therefore, 


It may be noted that, 


w = 0: — Oms = (6; —_ Oms) — (A; a 64) = Ms; _ Mt (13) 
and Pot =rssinM;, = Rsiny. (14) 


Taking the derivative of r, sin M;, we obtain 


AM, Av 


ag Roos, (15) 


r, cos M; 


Also, 


r,cosM, = PT = EP — ET 
= K, — Reosy, (16) 
Ay AM, AM, 


and Ze > At 7 At a7) 
Using the above in (15) we have, 
AM, ,, ,(AM, AM, 
(K, — Rceos7) ae = eos ( A ae ) (18) 
Cancelling terms and dividing by Ks, we find that 
AM, = Reosy (AM, (19) 
At Ks At 
Now (12) reduces to 
Ad, AO, Reosy (AM, (20) 
At At K, At 


Since the term, gati means the rate of motion, sphutagati, sighroccagati, and 
(Stghra) kendragati are the rates of motion of the (stghra) sphuta, 0: (48), 
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Sighrocca, 65 (Ae ~) and (stghra) kendra, M, (Awe 42), respectively. Also, Reos w 
is the koti of the Sighraphala, w. Hence, 


Heceaeyiaphatg) x kendragati. (21) 


sphutagati = srghroccagati 

karna 
Note that the sphutagati is negative when the magnitude of the second term 
on the RHS is greater than that of the first. Then the planet has a retrograde 
motion. 


The expression for the sphutagati is what is stated by Bhaskara in verse 
39 of Spastadhikara, who also mentions when the retrograde motion occurs 
[SiSi2005, p. 54]: 


HORS a AAA: Alera | 
waaay: pedeyim: Ay a gor aatagest ii 3 Il 


phalamésakhankantarasinjinighni 
drakkendrabhuktih Srutihrdvigodhya | 
svasighrabhukteh sphutakhetabhuktih 
Sesam ca vakra viparitasuddhau || 39 || 


Multiply the daily motion of the drakkendra (stghrakendra) by the Rsine of the 
difference between kharika (90),? and the degrees of [sighra] phala and divide by 
the hypotenuse. Subtract the result from the daily motion of its own stghrocca. The 
remainder is the true motion of the planet. If the subtraction has to be done the 
other way (when the result is greater than the daily motion of its own S¢ghrocca), 
the planet is retrograde. [Translation by Sita Sundar Ram] 


Note that the verse refers to Rsin(90° — s¢ghraphala), which is nothing but 
Rcos (sighraphala). Also it tells us that the planet’s motion is retrograde, 
when the stghroccagati is less than the “result” which is the magnitude of the 
second term. 


We now give Bhaskara’s brilliant geometrical derivation of the expression 
for the sphutagati as given in the vasana for the verse [SiSi2005, pp. 54-55]. 


TATA: | TAA ARAMA Te: SHS ASH MH Ta AS fey 
Venoded ca saad Hash aos Brads Sd sar argc 
ate aos hodkeas ward eeaselll Hays AeA STH TS 
BSIPPisaeratted Fest hed F Aa AeA led Veuacshy Het asTST 
aedlagr eaeadcarat feat sesrefaate: afer! aaa deorfaer 
wipe! aeat fe erate: atfeerat wees aie: epearaRrera sil st 


atropapattih | adyatanasvastanasgighraphalayorantaram gateh sighraphalam bha- 
vati | tattu yatha mandam gatiphalam grahaphalavadanitam tatha yadyaniyate 


3 This is because, in Bhitasarnikhya system, kha is 0, and anka is 9. 


214 M. S. Sriram 


krte’pi karnanupate santarameva syat yatha dhivrddhide | nahi kendragatijameva 
phalayorantaram syat kintvanyadapi | adyatanabhujaphalasvastanabhujaphalantare 
trijyagune’dyatanakarnahrte yadrgam phalam na tadrgam Svastanakarnahrte | 
svalpantare’pi karne bhajyasya bahutvadbahvantaram syadityetadanayanam hitva 
anyanmahamatimadbhih kalpitam tadyatha kendragatireva spastikrta | tasyam hi 
Sighroccagateh Sodhitayam grahasya gatih sphutaivavasisyata iti | atra sphutak- 
endragatipradarganartham... 

Here is the rationale [for the sphutagati]. The difference between the Sighraphalas of 
today’s and tomorrow’s would be the gati of the stghra-phala. If the same procedure 
as in the case of the rate of motion of the equation of centre (mandagatiphala) is 
used for the grahaphalas, then there would be a difference in proportion in the 
hypotenuse (Karna) as in the [text] Dhivrddhida. The difference in [S¢ghraphalas] 
are not only due to the variation in kendragati, but also due to some other [factor]. 
The result obtained by dividing the product of trijya (‘R’) and the difference in 
the bhujaphalas of today’s and tomorrow’s by today’s karna, would be different 
from the one when dividing by tomorrow’s karna. Even if the variation of the 
hypotenuse (karna) is small, the error would be high, because of the largeness of 
the dividend (bhajya). Hence, this has been abandoned and a new method has been 
proposed by the scholars. It is such that- only the rate of motion of the kendra 
(kendragati) is corrected. This, when subtracted from the rate of motion of the 
Sighrocca would give the true rate of motion (sphutagati) of the planet. Here, in 
order to demonstrate the rate of motion of the true (sphuta) kendra... 


[Translation by Venketeswara Pai, R..] 


Bhaskara now explains how the sphutakendragati is obtained using the geo- 
metrical construction [SiSi2005, pp. 55-56]: 


TY CATE: | Ta TenSr aa HST Halse HAA TSAI. 
HOTA GA Us UMS MAT Ta Mia Heeisay Far 
wit ca Hart ad aetaraoa fast! cer: we we ada qeadarat 
wares: | ste aeahies wicssd Heer SaIsgyT Tar sat wide 
watal sa dates T HHT VISE! aatsifaateras aera feds 
Vata dea UT SaaS aT Pear 


atha tanmanajnanarthamupayah | yatha bhimadhydadvinihsrta karnarekha 
kaksavurtte adyatanamadhyamagrahat phalatulye’ntare lagna | evam pratimandala- 
madhyadvinthsrta rekha prativrttagrahat phalatulye’ntare yatha lagati tatha krta 
satt karnasamakalaya tisthati | tasyah karnena saha sarvatra tulyamevantaram 
syadityarthah | atha tadavadhitvena pratimandale phalasya jya’nkya yatha jya- 
gram prativrttamadhyagrahacihne bhavati atha kendragatyadhikasya ca phalasya 
jya’nkya | tayorjivayorantaram karnasutrat tiryagripam bhavati | tadatra ganitena 
jyakaranavasanaya sidhyati | 

Now the strategy for finding that measure. In the manner in which the hypotenuse- 
line which issues from the centre of the earth touches the deferent circle at a 
distance equal to the phala from today’s mean planet, in the same manner, when 
the line that issues from the centre of the eccentric circle, touches [the circle] where 
the point [of intersection] is at a distance equal to phala from the planet on the 
eccentric circle (prativrttagraha), then the [line] lies, having the same (number of) 
of kalas as the hypotenuse (karna). That is, each point on the line is equidistant 
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from the karna. The chord (Rsine) of the phala should be marked on the eccentric 
circle upto it so that the tip of the chord might be upon the mark of the mean 
planet on the eccentric circle. So also, the Rsine of the phala increased by the 
kendragati. Their Rsine difference would be in the opposite direction from (i.e., 
perpendicular to) the hypotenuse. Here, that is obtained by calculation according 
to the rationale for obtaining Rsines. 


aoners saat fraarat aboard da Saofeba afecdutcar! 
wa g wabsitvakedt eid! vat soda sboevss sara soaa:| ae 
we apes apa! ale Bender alesse sre segs car 
weptesra feat! vd arreré weafesa a hacrbpn erfecessar 
FT BT WS BVI 

Sighraphalasya jivayam kriyamanayam yadbhogyakhandam tena kendragatirgunya | 
Saradvidasrairbhajya | labdham tu tayorjivayorantaram syat | yato jyagrasthena 
bhogyakhandena jivaya upacayah | atha tasya bhogyakhandasya sphutikaranam | 
yadi trijyatulyaya kotijyaya aadyam bhogyakhandam tada phalakotijyaya kimiti | 
evam adyakhandam phalakotijya ca kendragatergunau saradvidasrastrijya ca harau 
225 | 3438 || 

While obtaining the Rsines of the g¢ghraphala, the bhogyakhanda [which is ob- 
tained] has to be multiplied by the kendragati; and divided by Saradvidasra (225). 
[The result] obtained would be their Rsine difference, since an increase of Rsine 
would be value due to the bhogyakhanda at the end point of the chord. Therefore 
bhogyakhanda has to be corrected. If the first bhogyakhanda is obtained from the 
Rcosine which is numerically equal to R, then what would be [the bhogyakhanda] 
corresponding to the Reosine of phala? Then, the adyakhanda and the Reosine of 
the phala are the multipliers, and 225 and 3438 are the divisors of the kendragati. 


HURMASTAT: | Be HU Uatderate car Poa fetal cet Has SITET 
Waal Ra TA Aeqasfrar +7 ywia fee alae WT seas FR: 
ALI TA He SIAL! Ts] FT. HevHL. ST. VI GaT:| A. H. AT. Ws! st 
PACA SIRAA ASTANA SSSI VSIA YOTHATSaHA: Teacaaret 
od Heh Hones: Heit we Sal ws Teper Heaofetat! ar 
ararerd: Bear! sts Sper Tena tate 


athanyo’nupatah | yadi karnagre etavadantaram tada trijyagre kimiti | labdham 
kaksaurtte jyarupam bhavati | tasya dhanuhkarane alpatvajjiva na Sudhyati kintu 
Saradvidasra guna adyakhandam harah syat | tatha krte darganam gunah | tri. 
phalako. aa. 225 | cheda: | tri. ka. aa. 225 | atra Saradvidasratulyayostatha trijya- 
tulyayostatha”dyakhandatulyayosca gunakabhajakayoh tulyatuannage krte kendra- 
gateh phalakotijyagunah karno harah syat | phalam tu sphuta kendragatirbhavati | 
s@ Sighroccagateh Sodhya | Sesam sphuta grahagatirbhavati | 


Now, the other proportionality. Now, if the difference at the end of karna is this 
much, then how much would it be at the end of trijya? The result obtained would 
be the Rsine on the deferent circle(kaksyaurtta). Since the value of the Rsine is too 
small, while finding the arc (sine-inverse) of that, there is no correction, but the 
multiplier is 225 and the divisor is adyakhanda. Thus having been done, it can be 
seen that the multiplier is: R x Rcos of(phala) x adyakhanda x 225, and the divisor 
is: R x karna x adyakhanda x 225. Here, since the terms R, adyakhanda and 225 
appear both in the numerator and the denominator, having destroyed (cancelled) 
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them, the multiplier and the divisor of the kendragati are Rcosine of the (phala) and 
karna respectively. The result would be corrected (sphuta) kendragati. This has to 
be subtracted from the s¢ghroccagati, and the obtained result is sphuta-grahagati. 


[Translation by Venketeswara Pai, R.| 


Bhaskara’s explanation of the expression for sphutagati uses the following 
geometrical construction. 


Figure 5: Bhaskara’s geometrical construction for the true rate of motion 
(sphutagatt) of a planet. 


We consider the motion of the planet with respect to the sighrocca, S. Pio 
and Py are the mandasphutas on day 1 and 2, respectively. Similarly, P,, P2 
are the sphutas (after g¢ghra correction) on day 1 and day 2. Draw a line from 
S parallel to EP,. Let P,T, and P2T> be the perpendiculars from P; and P» 
on this line. 


One can see that P; oT; = Ww = Sighraphala on day 1. Now, 
P,§Py = PigH Pop = AM, = Change in (stghrakendra). 


Then, 
P2ST2 = P) ST, + P\SPp =W+ AMsg. (22) 
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Also, 
P)X = PyTy — P,T, = Rsin( + AM,) — Rsin vy. (23) 
Now, 
AM, (min. 
Rsin(w + AM,) — Rsinw = [Rsin(p + 225) — Rsiny] x | 
R 
and Rsin(w +225) — Rsin y = adyakhanda x 7 e (24) 


according to Bhaskara, where addyakhanda = Rsin(225) — Rsin(0) is the first 
Rsine-difference. Hence, 


PX = Rsin(w + AM,) — Rsiny 
_ adyakhanda ‘ Reosw 
— 225 R 


x AM, (minutes). (25) 


Now, PEP, = PRES — P,ES = AM; : change in sphutakendra. 
Bhaskara then observes that 


aa oe AM, (minutes), (26) 


Arc Py Py = P2X 
ee . adyakhanda R 


is the change in the sphutakendra over a circle centred at E, whose radius is 
the karna, K,. The change in the sphutakendra over a circle whose radius is 
the trijya, R is found from the rule of proportions: 


AM; (minutes) = ~ x wos AM, (minutes). (27) 
a AM, _ Reosy AM, 
Therefore, ME Re AL’ (28) 


which is the same as (19), from which follow (20) and (21) which is the desired 
result. 


Till now, we have not mentioned what the physical significance of the 
Sighrocca and the sighra-epicycle radius, r, are. Actually, the s¢ghrocca is the 
mean Sun for the exterior planets (Mars, Jupiter and Saturn), and the mean 
heliocentric planet for the interior planets (Mercury and Venus) in all the In- 
dian texts prior to Tantrasangraha of Nilakantha Somayaji [TaSa2011]. Also, 
* is the ratio of the Sun-Earth and the Sun-planet distances for the exterior 
planets, and the inverse of that ratio for the interior planets. Before moving 
on to the next topic, it may be mentioned that all the considerations above 
in this subsection are applicable to both the exterior and interior planets. 
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3.4 Stationary points and retrograde motion of the 
planets 


A planet has ‘direct motion’ when it moves eastwards in the background of 
stars. Then, its true rate of motion, Abe > 0. It has a vakragati or ‘retrograde 
motion’, when it moves westwards in ale background of stars. Then, So: <0. 
The ‘stationary points’ correspond to the transition points in the planet’s 


orbit, where the true rate of motion, Abe a 


In verse 41 of the spastadhikara, Bhaskara discusses the retrograde motion 
and the values of the sighrakendra corresponding to the stationary points of 
the five planets [SiSi2005, p. 11]. 


TSMR: aes: aS: Teas: | 
Bawa yagateaat wana agfeder wet: | ¥9 Il 


drakkendrabhagaistrinrpaih Sarendraih stattvendubhth paricanrpaistrirudraih | 
syadvakrata bhimisutadikanam avakrata tadrahitaigca bhaméaih || 41 || 


The planets, Mars, Mercury, Jupiter, Venus and Saturn will become retrograde 
when the anomaly has values trinrpa 163 (tri =3, nrpa =16), Sarendra 145 (Sara 
=5, indra =14), tattvendu 125 (tattva=25, indu =1), paricanrpa 165 (parica =5, 
nrpa = 16) and trirudra 113 (tri =3, rudra =11). Direct motion [will resume] when 
each [of this anomaly] is this [value] subtracted from 360°. 


[Translation by Arkasomayaji [SiSi1980]] 


Bhaskara does not explain this verse in the Vasanabhasya. We shall provide 
an explanation in the following. As the values stated in the above verse are 
constants and do not depend upon the mandoccas of the planets, it is obvious 
that the equation of centre is ignored and the mandasphuta, Om, is taken to 
be the mean planet, 9 itself. So, the sighrakendra, M, is taken to be 0, — %. 
Hence, 


A A (29) 
The stationary points correspond to 
AO, 
“At 0. 
Using (20) and the above, we have 
Ad, Reosy (AO, Ado\ _ 
At i ( At At ) = ey) 


It is obvious that the rate of motion of any object is proportional to the 
number of its revolutions, or bhaganas in a kalpa (or any unit of time, for that 
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matter). Hence, 


Ab, 2% 
At =CMNs, an A OM 


where n, and ng are the number of revolutions of the szghrocca and the mean 
planet in a kalpa, respectively, and c is a constant. After cancelling out the 
common factor c, we can write (30) for the stationary points in terms of ng 
and no as, 


_ Roos 
ae 


(ns — No). (31) 


Ns 


From the figure, it is clear that 


K,cosy = R+r,cosM,, (32) 
and K? = (R+r,cosM,)* + (r.sin M,)* 
= R? +r? +42r,Reos Mg. (33) 


Substituting these in the equation for the stationary point, and after some 
simplifications, we find that 


(r2 ns + R? no) 
(ns + no)rsR 
2 
i+) 
R? Ns 
—— em (34) 
2) s 


If Mg is a solution of this equation in the second quadrant ( 90° < My: < 
180°), 360° — M,, in the third quadrant is also a solution. These two values 
correspond to the beginning and end of the retrograde motion. This is depicted 
in the following figure, where the angular variable is the s¢ghrakendra, M,, and 
the horizontal line corresponds to M, = 0. Then, we have direct motion from 
Py) — Pri, retrograde motion from Pr; > Pro, and direct motion again from 
Pro — Po. It is the value of M,; which is given in verse 41, for each planet. 


cos M,; | stationary = 


For the exterior planets, the s¢ghrocca is the mean Sun, and its number of 
revolutions in a kalpa, n, is 4320000000. The mean planet is the mean helio- 
centric planet and the number of revolutions, no in a kalpa of Mars, Jupiter 
and Saturn are given to be 2296828522, 364226455, 146567298 respectively, 
in the text. 


For the interior planets, the szghrocca is the mean heliocentric planet, and 
the number of revolutions of this in a kalpa, n, for Mercury and Venus are 
given to be 17936998984, 7022389492, in the text. The mean planet is the 
mean Sun for them, and hence np = 4320000000. 
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= M,=0 


Figure 6: Direct (Pp + Pri and Pro > Po), and retrograde (Pr; — Pre) 
motions of a planet: Pr; and Pre are the stationary points. 


The values of the ratios of the s¢ghra epicycle radii and the radius of the 
deferent, that is, 4$ for Mercury, Venus, Mars, Jupiter and Saturn are given 


132 238 2432 68 40 
to be 365) 360° 360"? 3607 224 365) 


respectively. 


We have computed the values of M,; using these values of r,,n9 and nz 
for each planet, and compared them with the values stated by Bhaskara (see 
Table 1). There is a remarkable agreement between the computed and stated 
values. 


Table 1: The stationary points of the planets. 


Grahaganita | Grahaganita | Computed Stated 


value of no/ns|value of rs/R]value of Ms¢|}value of Mst 


Mercury -2408 .3667 145.57° 145° 
Venus 6152 7167 167.2° 165° 
Mars 5317 .6769 162.69° 163° 

Jupiter 0843 1889 125.86° 125° 


Saturn .0339 1111 113.75° 113° 


Grahaganitadhyaya of Bhaskaracarya’s Siddhantasiromani 221 


4A Zenith distance of the Sun for an arbitrary azimuth 


Let z and A be the zenith distance and the azimuth of the Sun (S) when its 
declination is 6 at a place with latitude ¢, as shown in Figure 7. 


Z diurnal circle 


celestial 
equator 


Figure 7: The zenith distance, z for a northern declination and A > 90°. 


Here A is the angle between the north-south or the meridian circle, and 
the vertical passing through S (PZS). In the Indian texts, the azimuthal 
angle, termed the digaméa, is the angle between the vertical passing through 
S and the prime vertical, which we denote by a. Clearly, A = 90° + a, when 
0° < A < 180°. In the figure, A = 90° + a. 


Using the modern cosine formula applied to the spherical triangle ZPS, 
where the sides are PZ = 90 — $, ZS = z, PS = 90 — 6, we have 


cos(90 — 6) = cos(90 — ¢) cos z + sin(90 — ¢) sin z cos A, (35) 


or, coszsing=sind+sinzsinacos¢ (..A=90 +a). (36) 


Now 6 can be found directly from ¢, z, and a from the above equation. However 
z cannot be found directly in terms of 6, ¢, and a, as both cos z and sin z appear 
in the equation. One would have to solve a quadratic equation for sin z, after 
squaring both sides and using cos? z = 1 — sin? z. 
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4.1 Sanku, bhuja, agra and sankutala 


In Figure 7, the Sun rises at S;., moves along the diurnal circle and sets at S;. 
If we assume that Sun’s declination 6 is constant through the day, the ‘rising- 
setting’ line, S,.S; would be parallel to the east-west line. From S;, draw S;G 
perpendicular to the east-west line meeting it at G. S;G is the “arkagra” or 
just “agra”. It is the distance between the ‘rising-setting’ line and the east-west 
line. 


Now the plane of the diurnal circle is inclined at an angle 90 — ¢ with the 
horizon. From G draw GD perpendicular to the plane of the diurnal circle 
meeting it at D. Join $;D, which would be perpendicular to GD. Clearly, 
DS,G = 90—¢ and DGS; = ¢. $,DG is a latitudinal triangle (a right-angled 
triangle with the latitude as one of the angles). Now GD = |Rsin6|. Hence, 
agra = 5,G = jrans 


cos  |* 
From S$, draw SF perpendicular to the plane of the horizon. In Indian as- 
tronomy texts, SF = Roos z is called “sanku” or gnomon and OF = Rsin z 
is called “drgjya.” Draw RF perpendicular to the east-west line. RF = 


Rsinzsina and is called the “bhuja”. It is the distance between the base 
of the ganku and the east-west line. 


Extend F'R to meet the rising-setting line perpendicularly, at S;,. S;,F is 
the distance between the base of the garnku, F and the rising-setting line, and 
is called the “sankutala”. SS;,F is a latitudinal triangle, with SS),F = 90° —¢. 
Hence, the garkutala, S,F = SF2°2 = Rceos 2224 


cosh cos ¢* 


Multiplying (36) by R and dividing by cos ¢, and rearranging terms, we 
find: 


sing _ Rsind 
cos@ cos — 


+Rsin zsina = Rcos z (37) 


Now Figure 7 corresponds to the case of a northern declination, that is, 6 = |d|, 
and A = 90° + a, when we have to take the positive sign in the LHS of the 
above equation. Hence, 


bhuja = Sankutala— agra, 6 north, and A= 90° +a. (38) 


Figure 8 depicts the situation when the declination is north, and A = 
90° — a, in which case, we have to take the negative sign in the LHS of the 
equation, and 


bhuja = agra — Sankutala, 6 north, and A= 90° —a. (39) 
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Z diurnal circle 


celestial 
equator 


Figure 8: The zenith distance, z for a northern declination and A < 90°. 
Z celestial 
equator 


diurnal 
circle 


horizon St 
Figure 9: The zenith distance, z for a southern declination and A > 90°. 


When the declination is south, 6 = —|6|, and agra = Sars Here A = 
90° + a, necessarily. In this case, shown in Figure 9, 


bhuja = Sankutala + agra, 6 south. (40) 


Actually, these relations follow from the definitions of bhuja, gankutala, and 
agra and the geometry of the problem, as evident from the figures. They are 
equivalent to the cosine formula for the side PS. 


In the upapatti for verse 30, Bhaskara states these relations [SiSi2005, p. 57]: 


RATATAT APT: ATL caeAS SAT aA | 
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svagrasvasankutalayoryamyagole yogah saumye tvantaram bhujo bhavati | 


The sum of the agra and gankutala in the southern hemisphere, and their difference 
in the northern hemisphere gives the bhuja. 


In the Tantrasangraha of Nilakantha Somayaji also, these relations are 
stated in the chapter on Chayaprakaranam, though the nomenclature is 
slightly different [TaSa2011, pp. 185-189]. In this work, the words mahabahu 
and sankvagra are used for bhuja and sankutala respectively. 


4.2 Finding the zenith distance 


The equation relating the bhuja, agra and sankutala is only the first step in 
solving for the garniku, Rcosz, and the zenith distance, z from that. Actu- 
ally, Bhaskara casts the equation in terms of a ‘chaya-karna’ or the ‘shadow 
hypotenuse’, and solves it. 


0 Sun’s diurnal circle 


12 


L 
(i) (ii) 
Figure 10: The 12-digit gnomon (dvadasagulaganku), the shadow (chaya), S 
and the shadow-hypotenuse (chayakarna), K. 


In Figure. 10, we consider the same situation as in Figure 7, when the Sun 
has a declination 6, zenith distance z, and azimuth A, for a location with 
latitude ¢. OX is a 12-digit gnomon, (dvadagarngulaganku): OX = 12. Then 
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sin z 


OY =S=12 


cos z’ 


is the shadow of this gnomon, or the “chaya”, and K = 2 is the “chaya- 


karna”, or the shadow-hypotenuse. Draw YQ perpendicular to the east-west 
line. It is given by 


sinz , 
sina, 

COs z 

where A = 90° £a, is called the “chayabhuja”. In the figure A = 90° +a. Note 

that 


YQ= B= Ssina= 12 


Ke = §? +12? = $74 144. 


Multiplying (37) by K = —., and dividing by R, we find 


snd K Rsinod 


+(chayabhuja, B) = 12 P 
Renae naa: 2) cos¢ R cosd 


(41) 


On the equinoctial day, when 6 = 0, the Sun is on the equator, Hence, the 
chayabhuja, which is the distance between the tip of the shadow and the east- 
west line is s = 1252 re his is called the “palabha” and is a constant for a 
given latitude. Hence, on the equinoctial day, the tip of the shadow of the 
gnomon moves on a straight line parallel to the east-west line, at a distance 
equal to the palabha. Note that the chayabhuja is the shadow itself at noon, 
when the Sun is on the meridian, and a = 90°. Hence, the palabha, s = 12528, 
is the equinoctial mid-day shadow. 


Now, denoting the agra, | Zein? | by A, and multiplying (41) by R, we find 
that 

B-R=s-R~K-A, (6 north) (42) 

B-R=s-R+K.-A. (6 south) (43) 

Now, B-R=Ssina:R=S.-D, where D = Rsina is the digjya. Squaring 


the equations above, and noting that K? = S$? +144, we obtain the following 
equation for K: 


(K? — 144)D? = K*A?+2K AsR+ s7R?. (44) 


In the above equation “+” is for 6 south, and “ —” for 6 north. After rear- 
ranging the terms, and dividing by D? — A? we have the following quadratic 
equation for K: 


AsR _ s?R?+144D? 


Di ees 
K a ee D2 — A? 


(45) 
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Defining two variables x and y through the relations: 


8? R? + 144D? AsR 
do = — ee and Y= D2 A2’ 


ae (46) 


the formal solutions of the quadratic equation for K are given by: 


K=ytVa«+y?, for 6 south, 


and K=-y+vV/a+y?, for 6 north. (47) 


However, for the physical solutions, the zenith distance z < 90°, and K should 
be positive. We consider the various cases now. 


6 is south: In this case, from Figure 9, it is clear that the digjya, D is 
necessarily greater than the agra, A. Then z is positive, and \/a+ y? > y. 
Hence, for positive K, only the “+” sign in front of the square root is 
permissible, and thus we can only consider the solution: 


K=yt+vVrt+y? . (48) 


6 is north, and D> A: In this case also, only the ‘+’ sign in front of the 
square root is permissible, and 


K=-yt+vVrt+y?. (49) 


6 is north, and D <A: In this case, both x and y are negative, —y = |y|, 
and \/x+ y? < |y|. Then both the solutions result in positive K and 


K=-ytvVar+y?. (50) 


The two solutions correspond to the location of the Sun south and north 
of the prime vertical with the same value of a, and hence the same value 
of the digjya, D, but different values of A, namely 90° + a. 


In the upapatti for verses 49, 50 and 51 of Triprasnadhikara, Bhaskara explains 
how the quadratic equation for the chayakarna is arrived at, and also gives 
the solutions, as above [SiSi2005, pp. 85-86]. 


sears aaa | Aare aa eed sate sree reaeta: 
Ha Sewisha wWestd| TIA! SAHA Baad 91 SAAS: BTA| 


Ersaecranreany Haass Vetoes SAT SAAT HVAT | 


atropapattirbijaganitaprakriyaya tatravyaktam yakaropalaksitam trijya- 
gradika adyaksaropalaksitah krtva bijaprakriya pradargyate | tadyatha 
chayakarnapramanam yavattavat 1 | asmadbhujah sadhyah | tribhajyahrtarkagraka 
karnanighnityadina daksinagola uttara jata karnavrttagra | 
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The upapatti is through the process of algebra. The algebraic process is demon- 
strated by giving some symbol for the unknown and the first letters are chosen for 
Radius, agra and so on. This is how it is. Let the unknown chayakarna be denoted 
by yavattavat (K). From this the bhuja (B) is to be found out. In the southern 
hemisphere, the karnagra is equal to the product of karna and agra divided by the 
radius, and is considered northwards (uttarajata). 


This karnagra is symbolically denoted in Sanskrit texts as follows. Here the 
alphabets UT and H denote the variables Karna (Kk) and agra (A) respectively. 
The number 1 by the side of 3 denotes the coefficient of that variable. 


mW. AY KxA 
9 R ° 


Bhaskara considers the southern hemisphere (southern declinations) first. 
He discusses the northern declinations later. 


Bo HUG Tessa Beha Sa AST: | 


iyam karnavritagra palacchayaya samskrta jato bhujah | 


a.a9ff KxKA 
9 eels 


sted Ssaedisat waar fest Searear Fest STAT | 

asmat trijyahato’sau prabhaya vibhakta ityadind digjya sadhya | 

This agra on the karna circle corrected by the equinoctial shadow is the bhuja. 
Multiplying this (B) by trijya (R) and dividing by the shadow (S), the digjya is 
to be obtained. 


Here the positive sign for the correction to the karnavrttagra is for southern 
declinations. 


ae Brsaryira: ar. at 9 fe. 9) Srrenigrearstsatd araserarst: aa 9 9 
881 Bh of yorkies GRIT asa! Gderetataact: fad aad 
Wat Wasa ae: | Aaa RIP ASMA aa Tat fesyoredct: 
TOTP SSH SASK Ta) ST ST Sra Aepl Sa: — 

ayam trijyagunitah yd. a 1 vi. tri 1 | karnavargaddvadasavarge’panite jataschaya- 
vargah yava 1 ru 1 4 4 | vargena vargam gunayedbhajeccetyanena ptirvarasi- 
vargo bhajyah purvarageryavadvargah kriyate tavat prathamam yavattavadvar- 
gagunito’gravargah tatoyakaragunito’gratrijyapalabhanam ghato dvigunastatah pal- 
abhavargagunastrijyavargo ruparasirante bhavati sa tena chayavargena bhakto ja- 
tah — 

This is multiplied by the trijya (R): K x A+ sx R. When the square of 12 is 
subtracted from the square of karna (Kx), the result is the square of the shadow: 
K? — 12? = §. Since it is said that ‘one should multiply or divide a square by a 
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square’ [BiGa2009, p. 16], the square of the previous quantity (that is, K x A+sx R) 
is divided by this (S*). When the previous quantity is squared, the first term is 
the square of agra multiplied by the square of ydvat tavat (A), then twice the 
product of agra (A), Radius (trijya), and palabha multiplied by the ya, then at the 
end, the square of Radius (trijya) multiplied by the square of palabha. When these 
are divided by the square of the shadow, we have 


wae 9 Taras 2 rata 9K? x A? + 2x Kx Ax sx Rts? x RP 
Ua 9B 988 K2 — 144 


The text proceeds further to describe the algebraic manipulation to be done 
as follows: The algebraic expression denoted above symbolically is the square 
of digjya (D2). That is, 


at He fersaret:| sratse fesarestor wa: fad srt vail wedi Sort 
Tat: Sree ITA: | 

atra phalam digjyavargah ato’yam digjyavargena samah kriyate | atra paksau 
samacchedikrtya chedagame tayoh Sodhanartham nyasah | 


This is equated to the square of digjya. Having reduced both sides to equal denom- 
inators and removed the denominators, one places them for the equal subtraction. 


ae.te 9 ala eat 9 KAP 42K KK AK RX 5+57 x PR? 
ara fer 9 aT o fea oe K?x D?+0K—1M4xD? 


wae waeraeien BAe Bd I wea we 


atraikavyaktam Sodhayedanyapaksadityadina samagodhane krte jatam prathama- 
pakse prathamasthane digjyagravargantaram yavadvargagunitam dvitryasthane 
trijyaksabhagrabhihatirdvigunita yavattavadgunita rnagata ca dvitiyapakse ri- 
pasthane vyasardhavargah palabhakrtighno digjyakrtirdvadasavarganighni — tat- 
samyutirjata | Sodhitapaksayornyasah | 

When the equal subtraction is made according to (the rule), ‘one should subtract 
the unknown of one (side) from the other side’ [BiGa2009, p. 40], what is generated 
is: In the first (left) side, at the first position (we have) the difference of the 
squares of digjya (D) and agra (A) multiplied by the square of ydavat; at the 
second position, negative of the product of trijya (R), aksabha (s), and agra 
multiplied by two and yavattavat, [that is, K?(D? — A?) -2x K x sx Rx A]. In 
the second (right) side, at the position of the constant (rupa), the sum resulting 
from the product of the squares of palabha (s) and trijya (R) and the product 
of the squares of digjya and 12, [that is, s?R? + D127]. The two sides corrected 
(thus) are equated. 
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arafea 9 mass a aaa 2 K2D?- K2A?-2x Kx AXRx5 
faa ra 9 fea ee s2R2 4+ D2144 


ae veTattord fesrraiteararadt He! Tae WS STA oe 
wet scahtdt sat wy at at wor: alsa waste: el sterHeart 
RaIIEMIMeeSesIreitsarea Tea: Hel Sat Tea Teart 
SOT waa Ia AST! A 9 eT 91 St WITT! starsat 
FARR [| dt Ge WITT GA: SHO AT WATTS 
at seat worier: a faders arated sopra Heat wate ster Tc | 
THONG F TPA: | 

atha paksayormilartham digjyagravargaviyogenapavartanam krtam avyaktavar- 
gasthane rupam jatam itarau rast apavarttitau jatau laght tatra yo ruparasih 
so'tra prathamasamjnah krtah avyaktasthane trijyaksabhagrabhihatirdigjyagra- 
vargaviyogabhakta canyasamjnah krtah idanim paksayoranyavargatulyani ripani 
praksipyavyaktapaksasya mulam ya 1 anyah 1 | idam prathamapaksamilam | 
athanyavargena yutadyaragermulam dvitiyapaksamilam tena saha_ prathama- 
paksamulasya punah samikaranam | tatra prathamapaksamule yo.anyo ruparasth sa 
dvitiyapaksamule samagodhane rnagatatvat ksepyo bhavati daksinagole | uttaragole 
tu dhanagatatvacchodhyah | 


In order to take the square roots of both sides, reduction (division) by the unknown 
K, all the terms have to be divided by the difference of the squares of digjya and 
agra (D? — A”). [By doing so], at the place of the square of the unknown becomes 
unity is produced. The other two quantities reduced [by D? — A?] becomes smaller. 
Here whatever is the constant term ruparagi that is called prathama. At the place 
of the unknown, the product of the radius, equinoctial shadow, and agra divided 
by the difference of the squares of the digjya@ and agra (pres) is called anya. 
Let the constant quantity equal to the square of anya be added to both sides: the 
square root of the unknown side is ya (‘) - anya: this is the square root of the first 
[left] side. The square root of the a@dya to which the square of anya is added, is the 
square root of the second (right) side. This is again equated to the root of the first 
side. The ’constant’ term in the root of the first side is to be added to the root of 
the second side in the process of the equal subtraction because it is negative in the 
southern hemisphere. In the northern hemisphere, it should be subtracted [from 
the root of the second side], as it appears as a positive [in the first side]. 


Here it should be noted that in the northern hemisphere (6 north), B.R = 
S.R~ K.A from equation (42) . The quadratic equation in this case is 
», 2xKxAxRxs  s?R?+D7144 
AY+ p22 a > a 
qa sates set fexpr genfeqerraet car fesse + 
wear! aa: aatharat feasted Peaaisamaaryessa Boa wad a 
a fadraaarperaticn: Sa Tar 


TOPLAS Ae wes ve ae aa | 


By ot ae rare arene fated gated acl 
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sore: URarsat: faya:| seat fear aia: enfeqaasy | 


yada uttaragole’graya alpe digguna icchadikchayasadhanam tada digjyavargada- 
gravargo na Sudhyati atah samakriyayam vilomagodhane kriyamdane’vyakta- 
paksamule’nya rnagato labhyate sa ca dvitiyapaksamuladadhikah syat tada 


avyaktamilarnagartpato ‘lpam vyaktasya paksasya padam yadi syat| 
rnam dhanam tacca vidhaya sadhyamavyaktamanam dvividham kvacit tat || 


ityasyah paribhasayah visayah | atastatra dvidha srutih syadityupapannam | 


When in the northern hemisphere, one determines the shadow of any optional 
direction for digjya which is less than agra, the square of agra cannot be subtracted 
from the square of digjya. Therefore, in the equation, the reverse subtraction being 
made, if the anya in the unknown side is obtained as a negative (quantity) and is 
greater than the square root of the second side, then it is an object of this metarule 
(paribhasa) [BiGa2009]. 


If the square root of the known side of the quadratic be less than the negative 
absolute term occurring in the square root of the unknown side, then making 
it negative as well as positive, sometimes, two values of the unknown may 
be possible. 


Thus it is proved that the (shadow) hypotenuse has two values. 
[Translation by Sita Sundar Ram] 


In the upapatti, prathama or adya is |x|, and anya is |y|, where x and y are 
defined in (46). Bhaskara notes that the anya term comes with a negative sign 
in the LHS, when the digjya is less than the agra, or D < A, and the square 
root of the left side is K— anya, then. The square root of the right side would 
be numerically less than anya. Hence, two roots are possible in this case. As 
we have explained earlier, digjya can be less than the agra only, for northern 
declinations. In the upapatti also, the existence of two roots is discussed in the 
context of the “northern hemisphere” only. 


5 Concluding remarks 


In the beginning of Grahaganita, in verse 4 of Kalamanadhyaya of Madhyama- 
dhikara, Bhaskara says [SiSi2005, p. 2]: 


Hal PTAA TATA 
Tas Agfa FPS | 

FT aet wey a se fe TaRIAMear 
frateasa: fear BsrrrrcnstcHias ile il 


Grahaganitadhyaya of Bhaskaracarya’s Siddhantasiromani 231 


krta yadyapyadyaiscaturavacana grantharacana 
tathapyarabdheyam taduditavigesan nigaditum 
maya madhye madhye ta tha hi yathasthananihita 
vilokya’tah krtsna sujanaganakairmatkrtirapi ||4|| 


Ancient astronomers did write, of course, works abounding in intelligent expres- 
sion; nonetheless, this work is started by me to give better expression 
to [or improve] some of their special/important statements. These [im- 
provements] are given by me here and there in their respective places. 
So, I beseech the good-minded mathematicians to go through this entire work of 
mine also. 


[Translation by Arkasomayaji, revised by the author.| 


Bhaskara lives up to his promise. In this work, most of the standard calcu- 
lations and algorithms in Indian astronomy of his times are included, mistakes 
in many of them are rectified, generalisations are made where necessary, and 
many new results are presented. All these are presented in the source verses 
of the text, and are explained in detail in his own commentary, Vasana- 
bhasya. In this paper, we have discussed some representative topics in the 
work, which would throw light on the methodology of the eminent astronomer- 
mathematician. 
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Bhaskaracarya and Ksayamasa 


Michio Yano* 


1 Introduction 


One of the important topics of the traditional luni-solar calendar is how to 
insert intercalary months so that the lunar month, which is dependent on 
the lunar phase, can be adjusted to the solar month, which is determined by 
the position of the sun. The period of intercalations was studied by ancient 
astronomers and calendar makers. In the Vedarigajyotisa,! the oldest Indian 
text on astronomy and the calendar, a very crude period of five years (called 
pancabdayuga) was used, where two intercalary months were inserted in every 
five years. If such a crude calendar was in practice, one could have easily found 
the discrepancy between theory and practice (or observation). For instance, a 
new moon would not be observed even if the tithi was the second or sometimes 
the third from the conjunction according to a calendar theoretically prepared. 
Later the better cycle of nineteen years was known in India as well as in 
Greece (the so-called Metonic Cycle) and China. 


What characterizes the Indian calendar is the practice of the omitted month 
(ksayamasa), which is the opposite case of an intercalary month: a lunar month 
is omitted from the naming. This is the custom that is found uniquely in India. 
In China and Japan, the possibility of the occurrence of the omitted month 
was known around the beginning of the nineteenth century, but it was not put 
in practice. The practice of the omitted month started, of course, as a result of 
the advancement of theory. But such an advanced theory is not found in the 


*Email: yanom@cc.kyoto-su.ac.jp 


' We have two recensions of the Veddrigajyotisa, one belonging to the Rgveda, the other 
to the Yajurveda, but they are transmitted only in very corrupt form. 
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earlier Sanskrit texts. As we will see shortly the first text which clearly states 
the possibility of the omitted month is the Grahaganitadhyaya of Bhaskara’s? 
Siddantasiromani. 


Indian month names: In order to adjust the lunar month to the solar 
month, the Indian people devised a clever method of naming the month. The 
solar month is determined by the sun’s entry (sarikranti) into a new zodiacal 
sign? while the name of the lunar month is determined by the sankranti which 
it contains. For instance, the synodic month which contains mesasankranti 
(sun’s entry into Mesa) is called Caitra, because the full moon is seen against 
the background of the naksatra Citra (Spica, a Virgo). The next month which 
contains ursasankranti is called Vaisakha, etc. Table 1 shows this correspon- 
dence.* 


Adhimasa or intercalary month: Sometimes it happens that a lunar 
month contains no sankranti, and thus one can not name it by the sankranti. 
In such a case, the month is called by the name of the next month with the 
prefix adhika- (‘additional’). In Figure 1, the month after Vaisakha has no 
sankranti and it is named Adhika-Jyaistha. Roughly speaking the intercalary 
month (adhimasa or adhikamasa) occurs every 2.7 years (or 7 intercalary 
months in 19 years). 


Mina Mesa Vrsa Mithuna Karkata Simha Kanya 
330° 0° 30° 60° 90° 120° 150° 
Caitra Vaisakha  A-Jyaistha Jyaistha Asadha Sravana Bhadrapada 


Figure 1: Example of adhimasa. 


? For the sake of brevity I just say Bhaskara without -dca@rya. Of course, I admire him 
as my acarya. 

3 The concept of the zodiacal signs as the reference system of the ecliptic coordinates was 
transmitted to India from the west sometime in the early centuries of the Christian era. 
Before the zodiacal signs were known, ancient Indian people used the derivative name 
of the lunar mansion (naksatra) where the full moon stays. Thus, for example, the solar 
Mesa month in Table 1 was called saura-caitra-masa or solar Caitra month. 

* A similar scheme is found in the Chinese and Japanese luni-solar calendar. A solar year 
is divided into 24 parts by jié qi ‘solar term’, out of which 12 are called zhong qi ‘center 
term’ which corresponds to Indian sarkranti. There is a significant difference between 
Indian and Chinese calendrical systems. While Chinese ecliptic coordinates are tropical, 
Indian coordinates are sidereal, namely, the beginning of the ecliptic coordinates are fixed 
without the precession of equinoxes taken into account. 
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Table 1: Sankranti and month name. 


Sankranti| degrees| month 
Mesa 0| Caitra 
Vrsa 30| Vaisakha 
Mithuna 60] Jyaistha 
Karkata 90| Asadha 
Simha 120] Sravana 
Kanya 150| Bhadrapada 
Tula 180} Agvina 
Vrscika 210| Karttika 
Dhanus 240| Margasirsa 
Makara 270} Pausa 
Kumbha 300] Magha 
Mina 330] Phalguna 


Ksayamasa or omitted month: If the mean motions of the sun and 
moon are used in this calendar computation, there is no possibility for a 
synodic months to contain two sankrantis. 


With the advancement in theoretical formulations of astronomy, the exact 
time of the sankranti was determined by the true motion of the sun and the 
true synodic month was used. Thus, although very rarely, it happens that a 
synodic month may contain two sankrantis. In this case, the first sankranti is 
used for the naming of the month, and the lunar month name corresponding 
to the second sankranti is omitted. This is the so-called ksayamasa, namely, 
omitted month. 


Figure 2 illustrates the case of the ksayamasa which, theoretically,> should 
have occurred in the year Saka 974 (expired), or 1052-3 cr.° In this year 
two sankrantis, namely, dhanus-sankranti and makara-sankrantt, occurred in 
one synodic month (Margagtrsa). Thus Pausa month which is defined as the 
month containing the makara-sankranti is omitted and the next month is 
called Magha which is defined by the kumbhasankranti. Consequently there 
is no month called Pausa in this year. Usually in such a year two intercalary 


5 T used the word ‘theoretically’ with very significant meaning, of course. I wish I could 
find a paficariga of Saka 974! 

© T follow the amanta (new moon ending) system of naming the lunar months instead of 
the purnimanta (full moon ending) system. 
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months occur shortly before and after the ksayamasa. Therefore, the total 
number of months results in 13. In this example Adhika-Agvina and Adhika- 
Caitra were inserted. 


Kanya Tula Vrscika Dhanus Makara Kumbha Mina 
150° 180° 210° 240° 270° 300° 330° 
A-Aégvina Agvina Karttika Margasirsa Magha Phalguna A-Caitra 


(Pauga, omitted) 


Figure 2: Example of ksayamasa. 


2 Ksayamasa and the frequency of its occurence 


As far as I know, the first Indian astronomer who discussed in detail the prob- 
lem of the ksayamasa is Bhaskara. Arkasomayaji [SiSi1980, p. 74] says that a 
mention of the occurrence of ksayamasa was made by Sripati (fl. ca. 1050 CE) 
first, without giving any textual evidence. Probably he followed Sewell and 
Dikshit [SD1896, p. 28]. Sripati’s Siddhantasekhara was not available to Sewell 
and Dikshit, but they quote two verses ascribed to the Siddhantagekhara which 
are cited in a muhurta work called Jyotisa-darpana (dated 1557 CE according 
to [SD1896, p. 27]): 


FeErRagirardeRtedt Fae ATH: 

FAAS HTH S At Ta | 

oa: Spears fe sasha: SS Us Sal 
madhyamaravisankrantipravesarahito bhaved adhikah 

madhyag candro maso madhydadhikalaksanam caitat | 

vidvamsas tv acarya nirasya madhyadhikam masam 

kuryuh sphutamasena hi yato’dhikah spasta eva syat || 

The lunar month which has no mean sun’s entrance into a sign shall be a mean 
intercalary month. This is the definition of a mean added month. The learned 
Acaryas should leave [using] the mean added month, and should go by apparent 
reckoning, by which the added month would be apparent (true). 


(Translation by Sewell-Dikshit) 


The use of true motions of the sun and moon is stressed here, but I can not 
find these verses in the published text of the Siddhantagekhara. 
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The first explicit reference to ksayamasa is found in Bhaskara’s Siddhan- 
tasiromani, Grahaganitadhyaya, Madhyamadhikara, Adhimasavamanirnaya- 
dhyaya.” First he gives the definition [SiSi1939, p. 69]: 


wer gereisferagd Tl & I 

asankrantimaso’dhimasah sphutah syat 

dvisankrantimasah ksayakhyah kadacit | 

ksayah karttikaditraye nanyatah syat 

tada varsamadhye’dhimasadvayam ca || 6 || 

The (lunar) month which has no sankranti would be the true additional month. 
Sometimes there is a month having two sankrantis, which is called ‘omitted’ 
(ksaya). Ksaya would occur in the three months beginning with Karttika, and 
not otherwise. Then there are two adhimasas within a year. 


In his auto-commentary Bhaskara further explains: 


afer aRardshagireriee aisfoare efa weal | ca aa aes agra 
watt A ATA AS: | Ae: SSTTTSAAT APT: | tet Wa Ae glee 
ord aft areas STH | ST aaa: | Hada aera wafe | er 
waft dar aifdaeas Us | aal aaa WAraaara watshaaratsweray 
FAA ASAT: SAT 


aaa: | USAT wale aeateareaere Mea: wad 
Tatty 23 | 29 | 40 qarraintent sigetediter weer cent 
go | 2 | 90 Umea eter out wef | aah 
Teas: order urate fet 2 | 30 UR wee | 
HAAS STU SATA. PAT. | Ud WAAR UATeTaT 28 1 20 | 8d UT 
aqafssiedeenteaischer | a deatsedtsdarat ser aA at 
yatt Tene art weaget soot | st sh -- wa aifdaiere 
fa | od Pho ararelsagirasteetaseore aaa fees: | Ae: 
Gries aegieasated | teat esas SIT | 

yasmin §asimase’rkasankrantir nasti so’dhimasa iti prasiddham | tatha yatra mase 
sankrantidvayam bhavati sa ksayamaso jneyah | yatah sankrantyupalaksita masah | 
ata ekasmin mase sankrantidvaye jate sati masayugulam jatam | sa ksayamasah | 
kadacit kalantare bhavati | yada bhavati tada kartikaditraya eva | tada ksayamasat 
purvamasatrayantara eko ’dhimaso ’gratas ca masatrayantarito ’nyas casankran- 
timasah syat | 

atropapattih | candramdsapramanam ekonatrimgat sdvanadinany ekatrimgad 
ghatikah paticagat palani 29 | 31 | 50 tatharkamasas trimgaddinani sadvimsatir 


7 There are many different editions of the Grahaganitadhyaya. I have used the 
Anandasgrama edition (No. 110 in two parts) edited by Vinayaka Ganega Apate, 1939 
[SiSi1939]. 
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ghatikah saptadaga palani 30 | 26 | 17 etavadbhir divasai ravir madhyamagatya 
rasim gacchati | yadarkagatir ekasastih kalas tada sardhaikonatrimsata dinaih 
29 | 30 rasim gacchati | atas candramasad alpo ’rkamasas tada syat | evam rav- 
imasasya paramalpata 29 | 20 | 48 sa caikasastir gatir vrécikaditraye ’rkasya | sa 
idrgo ‘lpo ’rkamaso yada candramasasyanalpasyantahpati bhavati tadaikasmin mase 
ravisankramanadvayam upapadyate | ata uktam—ksayah kartikaditraya iti | purvam 
kila bhadrapado ’sankrantir jatas tato ’rkagater adhikatvan margasirso dvisankran- 
tth | tatah punar gater alpatvdc caitro ’py asankrantir bhavati | tato varsamadhye 
‘dhimasadvayam ity upapannam | 

It is clear that if there is no sun’s sankranti in a certain lunar month the month 
is adhimasa. Likewise if there are two sankrantis in a month, the month is to be 
known as ksayamasa. This is because the [lunar] month is defined by sankranti. 
Therefore, if two sankrantis are born in a month, two months are born. This is 
ksayamasa. Sometimes it occurs [after a large] interval of time. When it occurs, 
it is only in the three months beginning with Karttika. In that time, in the three 
months before the ksayamasa one adhimasa [would occur] and after it too, at the 
interval of three months, there would be another month having no sankranti. 


Here is the reasoning. The length of a [mean] lunar month is 29 civil days, 31 
ghatikas, 50 palas (29;31,50). Likewise a [mean] solar month is 30 [civil] days 26 
ghatikas, 17 palas (30;26,17). The sun traverses one sign [rai] with mean motion 
in this amount of days. When the motion of the sun is 61 kalds (i.e. minutes), then 
it traverses one sign in 29 and half days (29; 30). Therefore in this case the solar 
month is shorter than the lunar month. Likewise the shortest of the solar month is 
29;20,48 (days). This 61 (kala) motion (per day) of the sun is when it is in the three 
signs beginning with Vrgcika (Scorpion). If such a short solar month falls within a 
long lunar month, then two solar sarkrantis occur in one [lunar] month. Therefore 
it is said that ‘Ksaya would be in the three months beginning with K@rttika’. First 
(purvam), perhaps® Bhadrapada without sarikranti is born and, after that, due to 
the swiftness of the solar motion, the Margasgtrsa month will have two sankrantis. 
Then again due to the slowness of the solar motion, Caitra month too, will have 
no sankranti. Therefore, it is proper that there are two adhimasas within a year. 


Then Bhaskara gives examples: 


Tetsenfet<S (308) Hd sepa 

feet (999%) Sfaererarsraraga: (9248) | 

TATA: (9302) TIT Wraeitsea 

pares (989) TH: FaPIRtHAY (92) Al 0 Il 

gato ’bdhyadrinandair (974) mite sakakale 

tithtgair (1115) bhavisyaty athangaksastiryaih (1256) | 

gajadryagnibhibhih (1378) tatha prayaso’yam 

kuvedendu (141) varsaih kvacid gokubhigs (19) ca || 7 || 

When the time of Saka measured by 974 [years] had expired [there occurred a 
ksayamasa], and it will occur in [Saka] 1115, 1256, and 1378. Thus this is mostly 
in [every] 141 years and sometimes in [every] 19 years. 
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8 Bhaskara uses ‘perhaps’ (kila) here. It seems that he wanted to say that it is not only 
Bhadrapada. In fact, in the example of Fig. 2 above, the first adhimasa occurred in Agvina. 


The word kila is also found in the beginning of his commentary on the next verse. 
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Basic constants: Bhaskara’s astronomical constants are those of the Brahma- 
paksa. The basic numbers in a Kalpa, listed in chapter 2, Madhyamadhikara 
[SiSi1939] are given in Table 2. From the values presented there, it can be 
seen that the mean length of a synodic month and a solar month are: 


D 
— wv 29:31 
7 9; 31, 50, 


P 30:26, 17 


Ss 


respectively. 


Table 2: Astronomical parameters given by Bhaskara. 


Parameter Notation Number Ref. 
Solar years Ro =Y 4,320,000,000 | ch. 2.1 
Rotations of the moon Rm 57,753,300,000 | ch. 2.2 
Rotations of the sky Rs 1,582,236,450,000| ch. 2.7 
Solar days Y x 360 1,555,200,000,000] ch. 2.8 
Solar months Ms; =Y x12 | 51,840,000,000 |ch. 2.11 


Lunar (synodic) months] M = Rm — Re| 53,433,300,000 |ch. 2.11 


Tithis T= M x 30 |1,602,999,000,000] ch. 2.8 
Civil days D= Rs; — Ro |1,577,916,450,000] ch. 2.9 
Adhimasas A=M-M, 1,593,300,000 |ch. 2.10 


Avamas (omitted days)| U=T-—D 25,082,550,000 |ch. 2.10 


The frequency of adhimasas is: 
Y — 48,200 14, 400 
A 15,933 5,311 ° 


Simpler ratios are derived by the convergence of the continued fraction: 
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14,400 5 1 
5,311 1 
1+ 


2+ 


T+ 
34+5 


2 3 8 19 122 141 


The various convergents of this continued fraction are: ¢, 1, 3,7) Ge» Ba0--- 


It is quite probable that Bhaskara got the interval of ‘19 years’ and ‘141 
years’. In this way although he does not explicitly mention it he obviously 
knew the interval of 122 years, which is the difference of Saka 1256 and 1378, 
found in verse 7 just quoted above. 

In his auto-commentary Bhaskara argues for the possibility of a ksayamasa 
using the concept of suddhi, which he introduced in the preceding section 
[SiSi1939, ch. 5.1-7]. As is shown in Figure 3° the suddhi is the remainder of 


an intercalary month (adhimdsagesa) expressed in tithis. 


Mina Mesa Vrsa 
330° 0° 30° 
| | 
Suddhi — 
Caitra S1 Vaisakha S1 


Figure 3: Occurence of suddhi. 


The average value of Suddhi per solar year is 


1602999000000 
4320000000 200 = 14:3,52, 30. 


° In this figure $1, stands for Suklapaksa pratipad, that is, the first tithi of the bright 


fortnight. 
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When exactly ysolar years have elapsed since the epoch, the integer number 
of the elapsed adhimasas ([A]) and the remainder (suddhi ) are related through 
the relation: 


11; 3, 52, 30 Suddhi 
a el 
30 30 
This is the value at the mesasankranti of the (y + 1)" year. This means that 
a similar amount of suddhi will repeat at intervals of 19, 122, and 141 solar 
years. 


Now let us learn from Bhaskara’s own words: 


ee afer sTevatsfeare: i ie 


wre | a a amfangyke: gde-q ov9 aearare gavata | fh 
Sern: sigafeatetter watt | satan aseneeit vate | 7a 


argh: @: & | Ro | facet faxtererqear 93 | vo | set Sth-wrTeIsa Hae-gae: 
aarlg Tera | weaataearateth SAT | 

yada kilaikaviméatih Suddhis tada bhadrapado’dhimasah | tasmin jate kartikaditraye 
ksayamasah sambhavyate | sa ca tathavidha §uddhih kuvedendu 141 varsantare kale 
punar bhavati | kimtu satribhagabhth sadbhir ghatikabhir adhika bhavati | kada- 
cid ekonaviméatya varsais tadrst bhavati | tatra tribhagonabhis caturdagaghatika- 
bhir adhika bhavati | kuvedenduvarsebhyas tathaikonavimsativarsebhyo ‘dvidhabda 
dviramaih kharamais ca bhakta’ ity adina labdhesvadhimasesu Sesatithisu sunyam 
prathamasthane satryamsa sadghatikah syuh 6 | 20 | dvitiye vitryamsas caturdasa 
13 | 40 | ata uktam-prayago’yam kuvedenduvarsath kvacid gokubhig ceti | praga- 
gratas cety arthad uktam syat | 


When, perhaps, the Suddhi is 21, then Bhadrapada [would be] the adhimasa. When 
it (adhimasa) is born, then ksayamasa is made possible in the three months begin- 
ning with Karttika. Such kind of guddhi vould occur again after the interval of 141 
years. But it is longer by 64 5 ghatikas.'° Sometime after the interval of 19 years 
there would be a similar [guddhi]. In that case it is longer by 13;40 ghatikas.' At 
the interval of 141 years and 19 years, by [the rule] beginning with ‘the years are 
divided in two ways, by 32 and by 30’,!? when the adhimasas are obtained the 
remaining tithis are zero and [the remaining] ghatikas are 6;20 in the first case and 
13;40 in the second case. Therefore it was said that ‘mostly in every 141 years and 
sometimes 19 years’. As a matter of fact, ‘before and after [19 years]’ was intended. 


With these two very succinct verses Bhaskara gives definition of the ksayamasa, 
the frequency of the phenomena, and the immediate past year in which the 


10 11;3,52,30 x 141 = 52 months +6; 22 ghatikas. 

11 11;3,52,30 x 19 © 7 months +13; 40 ghatikas. 

ta [SiSi1939, ch. 5. 6] which gives an alternative method of computing adhimasa and its 

_ Suddhi 
30° 


remainder. Adhimaasas ([A]) and suddhi in y years = lly+ 4 + % =[A]4 
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ksayamasa occured and the future years when it would occur. In order to 
check the validity of Bhaskara’s words I listed the occurrence of ksayamasa 
(table 3) as they are found in the chronological table in [SD1896, p. 30]. A 
similar table is found in [Chal1998, p. 38]. 


This table agrees perfectly with the results of my pancanga program which 
is based on the Suryasiddhanta.'? Even though the table begins with the 
year Saka 326, when Indian astronomy was still in the primitive stage of 
development, there is no evidence that ksayamasa was in use at that time. 


Those three years underlined in this table are mentioned by Bhaskara, but 
he skipped the four cases between Saka 1115 and 1256, namely, 1180, 1199, 
1218, 1237. Further, in Saka 1378, which is mentioned by Bhaskara, there was 
no ksayamasa, according to [SD1896] and my program. 


Such a difference may be due to the fact that Bhaskara’s parameters for 
the sun and moon are slightly different from those of the Suryasiddhanta. 
Although Bhaskara says that the possibility of the occurrence of ksayamasa 
is ‘mostly’ (prayagas) at the interval of 19 years and 141 years, we know from 
Table 3 that 38 years, 46 years, 65 years, 76 years, and 122 years are also 
possible [SD1896, p. 29]. 


Bhaskara says that the possible omitted months are Karttika, Margasirsa, 
and Pausa, but actually in later years Magha is also possible as is shown in 
nos. 21 and 27 in Table 3. 


Ganeéga’s commentary: In the Siromaniprakasa, which is a commentary 
on the Siddhantasiromani, Ganega (1600-1650) from Nandipura of Konkan 
(present village called Nandgaon) [Dik1981, p. 128], quotes three verses from 
the work of Ganega Daivajiia (b. 1507), the author of the Grahalaghava, which 
gives a list of Saka years when ksayamasa occurred or would occur. They are: 


1462, 1481, 1603, 1744, 1763, 1885, 1904, 2026, 2045, 2129, 2148, 2167, 2186, 2232, 
2251, 2373, 2392,!4 2514, 2533, 2655, 2674, 2796, 2815. 


Those years which are underlined are given by Ganega Daivajiia separately in 
the second half of the verses and Ganega comments that they are according 
to the Aryapaksa (Aryabhata’s school). 


Since Sewell-Dikshit’s table is available only down to 1900 CE, I used my 
pancanga program and confirmed that in those years excluding the under- 
lined years there occurs ksayamasa. They are 2026 (Pausa), 2045 (Magha), 
2148 (Pausa), 2167 (Pausa), 2232 (Pausa), 2373 (Pausa), 2514 (Pausa), 2533 


13° This program was written by Dr. Makoto Fushimi and myself. It is 
open to the public and one can run it on my webpage: http://www.cc.kyoto- 
su.ac.jp/~yanom/pancanga/index.html. 


i According to my program, this year contains an adhimasa but no ksayamasa. 
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Table 3: Occurrence of ksayamasas. 


Sl. No.| Year of occurrence|Name of the month] Interval 
Saka CE (in years) 

1 326 404 Margasirsa 

2 345 423 Pausa 19 
3 410 488 Pausa 65 
4 448 526 Pausa 38 
5 467 545 Pausa 19 
6 486 564 Pausa 19 
7 532 610 Margasirsa 46 
8 551 629 Pausa 19 
9 692 770 Pausa 141 
10 | 814 892 Margasirsa 122 
11 833 911 Pausa 19 
12 974 1052 Pausa 141 
13 41115 1193 Pausa 141 
14 41180 1258 Pausa 65 
15/1199 1277 Pausa 19 
16 41218 1295 Pausa 19 
17/1237 1315 Margasirsa 19 
18 |1256 1334 Pausa 19 
19 |1302 1380 Margasirsa 46 
20 {1321 1399 Pausa 19 
21 1397 1475 Magha 76 
22 11443 1521 Margasirsa 46 
23 11462 1540 Pausa 19 
24 |1603 1681 Pausa 141 
25 11744 1822 Pausa 141 
26 1885 1963 Pausa 141 
27 |1904 1982 Magha 19 


(Magha), 2655 (Pausa), 2674 (Magha), 2796 (Magha), 2815 (Magha). From 
this we can guess that the occurrence of ksayamasa in Magha is more frequent 


than in Pausa in later years. 
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As is shown in Table 3, the most recent past occurrence of the ksayamasa for 
us was Saka year 1904, namely, 1982-83 CE. The year is not found in Ganega 
Daivajiia’s first list but he mentions it as a possible one according to the Arya- 
paksa. Such non-agreement among the paksas (schools) should have caused 
some problems among the paricariga makers. According to [Chal998, p. 39], 
there are three different schools concerning how to deal with the ksayamasa 
and how to perform religious observances in two intercalary months and one 
omitted month. As I hear from a Japanese anthropologist, there was a big 
quarrel in West Bengal as to whether they should put two adhimasas and 
omit one month or put only one adhimasa in 1982-3 CE. 


According to Ganega Daivajfia’s list and also according to my program, the 
next occurrence of ksayamasa will be in Saka 2026 (= 2104 cr). 


3 Concluding remarks 


Now let us think about the time when the theoretical problem of ksayamasa 
was first put into practice. Since the year Saka 974 (1052 CE) was theoreti- 
cally obtained by Bhaskara, he might have thought that the rare phenomenon 
was put in practice in this year. This is the time of Sripati, the author of 
the Siddhantasekhara, who lived only about a half century before Bhaskara. 
As I mentioned above, Sripati might have known the possible occurrence of 
ksayamasa, but he did not give any explicit exposition of it. Neither did al- 
Biriini (b. 976 - d. 1048 CE), a Persian contemporary of Sripati, mention this 
custom although he was very well versed in Indian astronomy and calendar 
making. Thus I think that it was shortly after Sripati and al-Biriini that 
ksayamasa was put in practice and that Bhaskara was the first astronomer 
who clearly discussed this topic in Sanskrit. 


The Report of the Calendar Reform Committee [RCRC1955, p. 246] admits 
that the occurrence of a ksaya month was first known in India around 1100 CE 
without any textual evidence. 


15 Therefore we need not worry about a similar kind of problems while we are alive. 
It would be interesting to note that according to the traditional calendar in Japan and 
China we shall have a similar problem in 2033 CE. Some Japanese calendar makers are 
very much concerned about this problem, which is now called the ‘2033 problem’ in 
Japan. You can search web pages of the internet with the key word ‘Japan’s year 2033 
problem’. 
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Appendix 
Reference to ksayamasa in a ritual text 


I was first interested in this problem when I was asked by Prof. Yasuke Ikari, 
then professor of Kyoto University, about the reference to the ksayamasa in 
the Garudapurana.'© In chapter 13 of the Saroddhara which is a collection of 
the essential part of this Purana, the following verses are found: 


Uh UF Fal A: Sores ge | 

Aeris stest HATS (E AMT 900 Il 
caer Ae arat St ale earat carer: | 
ara veil ar va reais FEll 909 II 
fread wat gat facts agers: | 
Aaa FaAaat ASAT ABP 902 II 
asd oT pet aeStaeot ST 
aaa aah ses a Wey TIT! 903 Il 
HIS Ta _ ate Setar: | 
dar Tateet aS fowat WaT AAPSATI 908 Il 
R Sratny SRT A +I 
WeasaIcay ASH Us ATTSASHT Tl 90% II 
eka eva yada masah sankrantidvayasamyutah | 
masadvayagatam sraddham malamase hi gasyate || 100 || 
ekasmin masi masau dvau yadi syatam tayor dvayoh | 
tav eva paksau ta eva tithayas trimgad eva hi || 101 || 
tithyardhe prathame ptirvo dvitiye’rdhe taduttarah | 
masav iti budhaig cintyau malamasasya madhyagau || 102 || 
asankrante ca kartavyam sapindikaranam khaga | 
tathaiva masikam Sraddham varsikam prathamam tatha || 103 || 
samvatsaras ca madhye tu yadi syad adhimasakah | 
tada@ trayodase masi kriya pretasya varstki || 104 || 
pindavarjyam asankrante sankrante pindasamyutam | 
pratisamvatsaram sraddham evam masadvaye’pi ca || 105 || 

[GaPul974, XIII, vv. 100-105] 

When only one month is connected with two sankrantis, the sraddha which is 
prescribed in the two months is to be recommended in the malamasa. 
When there are two [solar] months in one [lunar] month, [then] there are only two 


half months [namely] 30 tithis in these two [solar months]. 


The wise should consider that in the first half of a tithi there is the first [month] 
and in the second half of it there is the next [month]. [Thus] two months should 
be considered as contained in the malamasa. 


16 After I wrote a paper on it in 1989 in Japanese, I almost forgot it. Since I devised a 
pancanga program in 1991 I got interesed in the relation of theory and practice, but it 
was only recently that I began working again on the problem of ksayamasa. 
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Oh bird (Garuda)! the sapinda (with rice-ball) ritual should be performed when 
there is no sankranti. So too the monthly and first annual sraddha rituals are to 
be performed. 

If there is a year having adhimasa in the middle, the annual observance for the 
dead person should be performed in the thirteenth month. 


When there is no sankranti, pinda (rice-ball) is avoided. If there is sarikranti, pinda 
is to be provided. Thus annual graddha should be performed in two months. 


Usually malamasa stands for an intercalary month, but in this context it 
seems to stand for ksayamasa, because it is used together with ‘two sankran- 
tis’. In verses 103-105, with the word asankrante, the sacrificial ritual in the 
intercalary month is explained. Although the text is not very clear and verses 
103 and 105 are contradictory,!” this part of the Garudapurana seems to be- 
long to the time after the practice of omitting months started, namely, after 
Saka 974. I would like to collect more ritual texts which deal with this topic. 


Recently I met Mr. Hariprasad in a meeting called ‘National Conference on 
Panchang Ganitham’ which was organized by Hindu Dharma Acharya Sabha 
in December 2010, at Tirumala. Mr. Hariprasad belongs to a paricariga maker’s 
family. He gave me a copy of a text entitled Ksayamasakartavyanirnaya, i.e., 
‘Exposition of the observance in ksayamasa’, written by his father Pidaparty 
Krishnamurty Sastri from Rajamahendravaram, Andhra Pradesh. The date 
is given as the full-moon day of Saka 1883, Wednesday, which corresponds to 
March 21, 1962 CE. The text contains rich information concerning the history 
of the Indian calendar. Especially I am interested in the quotations from the 
Kalamadhava, ascribed to Madhava (fl. ca.1360/1380). 


Mr. Sastri should have been very conscious about the ksayamasa which 
was expected to occur next year. (See No. 27 of Table 2). I was impressed to 
know that the topic of ksayamasa continued to be one of the important ones 
among the pancanga makers. I wish I could learn more from these traditional 
scholars. 


17 These verses were not properly understood by the modern translators. 


PART V 


THE SIDDHANTASIROMANI: 
GOLADHYAYA 


fae area aera: fet warertar 

wea saTeT BAKiARG oiearorearaat | 

era FAAS BIA ATT Ae 

a at a utc teas erased FF II 

siddhim sadhyam upaiti yatsmaranatah ksipram prasadat tatha 
yasyas citrapada svalankrtir alam lalityalilavatz | 

nrtyantt mukharangageva krtinam syad bharati bharati 

tam tam ca pranipatya golam amalam balavabodham bruve || 


Having paid obseisance to him (Ganega), by whose grace whatever is [desired] to be 
accomplished gets immediately accomplished, and likewise to her (Sarasvati), by 
whose grace the speech of the [creative] writers dances on the stage of the tongue, 
filled with alluring words (citrapada) various poetic embellishments (svalankrti) as 
well as playful elegance (lalityalilavati )—like a well-adorned (svalarnkrti) dancer, 
dancing with grace and elegance (lalityalilavatt) with beautiful feet-work (citra- 
pada)—I state the spherics (gola) which is flawless (amala) and easily comprehen- 
sible [even] to uninitiated (bala). 


: 
—_ a <A vA x J = oe 
—S SOE 
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The Vasanabhasyas of Bhaskaracarya 


M. D. Srinivas* 


1 Introduction 


Apart from composing the celebrated textbooks of Indian mathematics and 
astronomy, viz. Lilavati, Byjaganita and Siddhantasiromani, Bhaskaracarya 
also wrote the Vasanabhasyas, commentaries which have acquired the status 
of canonical expository texts as they present detailed explanations and jus- 
tifications for the results and processes outlined in these basic textbooks of 
mathematics and astronomy. From the various citations in the Vasanavart- 
tika (c. 1621) of Nrsimha Daivajfiat on the Vasanabhasya on the Siddhan- 
tasiromani, it appears that Bhaskaracarya first composed the commentary, 
Vivarana, [SiDh1981a] on the Sigyadhivrddhida of Lallacarya. Apart from pre- 
senting vivaranas or explanations, this commentary also presents detailed 
upapattis (justifications, demonstrations or proofs). On the other hand, the 


*Email: mdsrinivas5|0@gmail.com 

" See [SiSi1981]. Nrsimha (b. 1586) was the grandson of Divakara of Golagrama, a pupil of 
Ganega Daivajiia, the famous author of the works Grahalaghava and the Tithicintamani 
and the Buddhivilasint commentary on the Lildvati. He received instruction from his 
uncles Visnu and Mallari (author of Grahalaghavatika). He wrote a commentary on the 
Suryasiddhanta in 1611 and also a commentary on the Tithicintamani [CESS, Series A, 
vol. 3, (1976), pp. 204-206]. Nrsimha’s Vasanavarttika, written in Varanasi in 1621, is an 
extensive commentary on the Vasanabhasya and serves to elucidate and clarify many of 
the issues discussed therein. As we shall see later, while discussing the planetary model 
of Bhaskara, there are indeed instances where Nrsimha has not correctly grasped the 
import of Bhaskara’s statements. 
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Vasana commentaries of Bhaskaracarya on the Lilavati and Bijaganita largely 
confine themselves to presenting the solutions of the examples (uddegakas) 
presented in these texts. Of course, through such examples, we get to know 
the method of setting out the calculation (nyasa) and the systematic way in 
which the calculation has to be carried out. 


While commenting on the problems in the geometry section (kse- 
travyavahara) of the Lilavati, the Vasand makes extensive use of diagrams 
in order to explain the problem as well as the method of solution. There are 
also several instances where the Lilavati-vasana presents important explana- 
tions and insights. For example, the vasana on verse 164 of Lilavati [Lila1937, 
p. 152] indicates how one can demonstrate the fact that a given a set of sides 
do not form a closed figure if any of the sides is less than or equal to the 
sum of the rest. The vasana on verse 168 of the Lilavatt, which deals with the 
calculation of the base intercepts (abadha) of a triangle in which the foot of 
the altitude (lamba) falls outside the base, explains that here the computation 
leads to a negative value [Lila1937, p. 155): 


PUPTATSSATET FATA | 


rnagata "badha digvaiparityena | 


The intercept is negative, as it is oriented in the opposite direction. 


The vasana on verse 175 of Lilavati, explains how to demonstrate, in the 
case of a given trapezium, that its area is correctly given by verse 173 as the 
product of half the altitude with the sum of the base and the face (lambena 
kumukaikhyakhandam); and not by the formula [(s — a)(s — b)(s — c)(s — d)]? 
involving s, the semi-perimeter (sarvador-yutidalam), mentioned as a rough 
value in verse 169 [Lilal1937, pp. 156, 162 and 165]. 


The Bijaganita-vasana is much more extensive and is literally filled with 
symbolic expressions which are employed in the representation and solution 
of equations. This commentary also offers several insightful explanations and 
discussions. For instance, the vasana on the very first example on the addi- 
tion of positive and negative quantities, mentions that the unknown quantities 
(avyakta) are represented by their first letters and those that are negative have 
a dot placed above them. The verse 5 of Bijaganita defines a quantity divided 
by zero as khahara and, in his vasana dealing with the example of division 
of three by zero, Bhaskara remarks that this infinite quantity (ananto ragth) 
is called khahara. In the section on the elimination of the middle term, in a 
quadratic equation involving a single variable (ekavarna-madhyamaharana), 
Bhaskara presents the problem of calculating the hypotenuse of a right an- 
gled triangle when the sides are given, and also asks for the demonstration 
(upapatti) of the well-known rule (the bhuja-koti-karna-nyaya or the so called 
Pythagoras theorem) employed in such a calculation. The v@sand then outlines 
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two such demonstrations. Similarly, in the last section on equations containing 
product of unknowns (bhavita), while discussing the solution of the equation 
cy = 4x + 3y + 2, the vasana@ again presents two demonstrations [BiGa2009, 
pp. 8, 11, 67, 68 and 104-106). Here, Bhaskara also refers to the tradition of 
upapatti in Indian mathematics [B1Ga2009, pp. 105-106]: 


srearaate: | ar a fea Aaa VATA! Tear ASP TATA VST | aa ATA |... 
ay Ueda! art aaqeratal ... Ate far gata: afsearss 
Freearl o ears Soares a eae doe Sa aferrar seal 

asyopapattih | sa ca dvidha sarvatra syat | eka ksetragatanya rasigateti | tatra 
ksetragatocyate | ...atha rasigatopapattirucyate | sapi ksetramilantarbhuta | ...iyam 
eva kriya pirvacaryaih samksiptapathena nibaddha | ye ksetragatam upapattim na 
budhyanti tesam iyam rasigata darganiya | 

The demonstration of this: It is twofold in every case. One geometrical (ksetragata), 
and the other algebraic (based on quantities, ragigata). There, the geometrical one 
is stated. ..Then the algebraic demonstration is stated. That (demonstration) is 
also geometry-based. ...This procedure (of wpapatti) has been earlier presented in 
a concise instructional form by ancient teachers. For those who cannot compre- 
hend the geometric demonstration, to them, this algebraic demonstration is to be 
presented. 


It is in his fairly detailed auto-commentary on Siddhantastromani, known as 
the Mitaksara or the Vasanabhasya, that Bhaskara presents detailed explana- 
tions as well as upapattis for most of the results and procedures outlined in the 
text. After the invocatory verse addressed to the Sun, Bhaskara states that 
the overall purpose of his commentary is to explain, to the uninitiated, the 
deeper aspects of the various topics discussed in the text so that, by practising 
the discipline of providing proper explanations, they are able to understand 
the true nature of the science. He also notes that the explanations cannot be 
really understood without knowledge of the spherics (gola) [SiSi1981, p. 3]: 


ay Prada Tae Taras RRSAP MSE AAIIT TST | 
fafa Varah: ee wate sast aeayaresrare: I 


IRAs A rad | 


atha nijakrtasastre tatprasadat padarthan 
Sigujanaghrnaya’ham vyatijayamyatra gudhan | 
vimalitamanasam sadvasanabhyasayogairhrdi bhavati 
yathaisam tattvabhutarthabodhah || 


vasanavagatirgolanabhijnasya na jayate | 

Then, with His (Strya’s) blessings, and out of compassion for the novices, I will 
hereby explain all that is subtle or hidden in the treatise composed by me, so 
that, by practising the discipline of providing proper explanations, their minds 
are cleansed (of doubts and misconceptions) and enabled to comprehend the true 
nature of things. 
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One who is not familiar with spherics (golanabhijna) will not be able to comprehend 
these explanations. 


The Mitaksara or the Vasanabhasya on Siddhantasiromani is indeed a seminal 
work, which also serves as a basic sourcebook for understanding the method- 
ology of the science of astronomy in the Indian tradition. In this article, we 
shall highlight this aspect of the Vasanabhasya by focussing on some of the 
topics dealt with in the second part, Goladhyaya (the section on spherics), 
of Siddhantasiromani. The Goladhyaya itself is meant to clarify the methods 
outlined in the first part of the book, Grahaganita (the section on computation 
of the longitudes and latitudes of the planets). As we shall see, the Vasanab- 
hasya on Goladhyaya is full of interesting demonstrations and discussions 
which serve to illustrate the methodological approach of Indian astronomers 
in the twelfth century. 


2 Bhaskara on upapatti 


2.1 The raison d’étre of upapatti in the Indian tradition 


We have already noted how, in the Biyjaganita-vasana, Bhaskara has referred 
to the tradition of upapatti and also presented a couple of examples of such 
upapattis. In the beginning of the Goladhyaya of Siddhantasiromani, Bhaskara 
presents what may be regarded as the raison d’étre of upapatti in the Indian 
tradition of mathematics and astronomy [SiSi1981, p. 326]: 


wife wreaarg Ate worst Fstsrat + waa | 
Wes UT Het HAHA Ware Sead 
TRATSSTII TAT TI TTT ATA: IN 


madhyadyam dyusadam yadatra ganitam tasyopapattim vina 
praudhim praudhasabhasu naiti ganako nihsamgayo na svayam | 
gole sa vimala karamalakavat pratyaksato drgyate 
tasmadasmyupapattibodhavidhaye golaprabandhodyatah || 


Without the knowledge of upapattis, by merely mastering the calculations (ganita) 
described here, from the madhyamadhikara (the first chapter of Siddhantasiromant) 
onwards of the (motion of the) heavenly bodies, a mathematician will not be re- 
spected in the scholarly assemblies; without the upapattis he himself will not be 
free of doubt (nihsamgaya). The upapatti is clearly perceivable in the (armillary) 
sphere like a berry in the hand; hence, I am embarking on the section on spherics 
in order to offer a systematic instruction of the upapattis. 
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We find almost the same characterization of upapatti being repeated by Ganesa 
Daivajfia in the introduction to his commentary Buddhivilasini (c. 1545) on 
Lilavati [Lila1937, p. 1]: 


ah asada sefecahacds arate fear tt 
Pica or act at eprerHaea weet Afey TAL | 


vyakte va’vyaktasamjne yaduditamakhilam nopapattim vina tat 
nirbhranto va rte tam suganakasadasi praudhatam naiti cayam | 
pratyaksam dréyate sa karatalakalitadarsavat suprasanna 
tasmadagryopapattim nigaditumakhilam utsahe buddhivrddhyai || 


Whatever has been stated in the section referred to as computations with known 
quantities (vyakta-ganita) or [in the section on] computations with unknown quan- 
tities (avyakta-ganita), it will not be free of misconceptions (nirbhranta) unless it 
is accompanied by demonstration (upapatti); without that (upapatti), it will not 
find acceptance in the assembly of scholarly mathematicians. That [upapatti] is 
directly perceivable as a mirror held in hand. Hence, I am eager to present the 
foremost upapatti in entirety for the sake of enhancement of the intellect. 


Thus, according to Bhaskara and Gane§a, the purpose of upapatti in the Indian 
tradition is mainly: 


(i) To remove confusion and doubts regarding the validity and interpreta- 
tion of mathematical results and procedures. 


(ii) To obtain assent in the community of mathematicians. 


This is very different from the ideal of “proof” in the Greco-European tradition 
in mathematics and mathematical astronomy, which is to irrefutably establish 
the absolute truth of a proposition.” 


The Vasanabhasya presents detailed upapattis for all the results and pro- 
cesses discussed in the Siddhantasiromani. Thus, the Vasanabhasya also in- 
cludes a large number of upapattis of purely mathematical results, such as 
the formulae for the surface area and the volume of a sphere ([SiSi1981, 
pp. 360-364], see also [Hay1997b, pp. 194-238] and [RM2010, pp. 201-286; 
esp. 231-235]), or the properties of various spherical triangles which are rou- 
tinely met with in spherical astronomy.* The majority of the upapattis found 


? For a discussion on the nature of proofs in Indian mathematics, see [Sri2005, pp. 209- 
250]. 

3 See for example the Vasanabhasya derivation [SiSi1981, p. 192] of the relation between 
the chayakarna (the hypotenuse of the shadow, related to the zenith distance) and the 
digjya, agra and palabha, which are dependent on the declination, azimuth and the lat- 
itude of the place, as discussed in the chapter by Prof. M. S. Sriram published in this 
volume. 
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in the Vasanabhasya, however, pertain to results and procedures that are 
associated with the analysis of planetary motion. Some of the interesting upa- 
pattis, which have been discussed recently, are those regarding the occurrence 
of the omitted lunar months (ksayamasas),*+ and the computation of the true 
velocity (sphutagati) of a planet.° 


2.2 Upapatti for the revolution numbers (bhaganas) of 
planets 


Right at the beginning of the Grahaganitadhyaya of Siddhantasiromani, the 
Vasanabhasya addresses the somewhat subtle issue of providing upapatti or 
justification for the various parameters and the computational procedures 
which are employed in mathematical astronomy for discussing planetary mo- 
tion. The Bhaganadhyaya of Madhyamadhikara starts with the number of 
revolutions (bhaganas) in a kalpa (1,000 mahayugas or 4.32 x 10° years) com- 
pleted by different planets (grahas), their apsides (uccas) and nodes (pdatas). 
In his Vasana, Bhaskara presents a detailed analysis of the nature of upapatti 
in mathematical astronomy [SiSi1981, p. 30]: 


TAT: | GT T ATS AAI Berea stg sed AR! 
Terre: SRATY TK Ueda: Wa wet gedit we 
FATT ATTY ASAT BIO STE SAU STAT HAT HTT 
ay aad ata SoA: WaT) Soar at Paes eroret 
Wea: | Tale Tl Sars FSIoNTa aad Sed | AT Ta TST PTT TAT 
ed VI FST! STG I Te: Wes ST S| TOT Aa TS 
PAA Aas Bera wT: Gd! FIAT FT Thera: | Hat ATTA: 


fat PRTG aa 

ae ett var atsit cAISeTRATTA| aaa wey sae: 
Parratssrpea Sa 

ae fsd maga worsened! ay aqoufdeead ate gae- 
RAIN APA! TAY Seaysor sears! sckaTsaSrstsa 
STARE | STIRS APTI HATA | 

atropapattih | sa tu tattadbhasakusalena tattatksetrasamsthanajnena srutagolenaiva 
Srotum Sakyate nanyena | grahamandasighroccapatah svasvamargesu gacchanta eta- 


* Michio Yano, ‘Bhaskara II and Ksayamasa’, published in this volume. 
5 See ‘Grahaganitadhyaya of Bhaskaracarya’ by M. S. Sriram in this volume. 
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vantah paryayan kalpe kurvantityatragama eva pramanam | sa cagamo mahata 
kalena lekhakadhydpakadhyetrdosairbahudha jatastada katamasya pramanyam | 
atha yadyevamucyate ganitaskandha upapattimanevagamah pramanam | upapattya 
ye sidhyanti bhaganaste grahyah | tadapi na | yato’tiprajiena purusenopapattirjna- 
tumeva Sakyate | na taya tesam bhagananamiyatta kartum Sakyate | purusayusal- 
patvat | upapattau tu grahah pratyaham yantrena vedhyah | bhaganantam yavat | 
evam Sanaisvarasya tavadvarsanam trimgata bhaganah puryate | mandoccanam tu 
varsasatairanekaih | ato ndyamarthah purusasadhya iti | 

ata evatiprajna ganakah sdampratopalabdhyanusarinam  praudhaganakasvikr- 
tam kamapyagamamangikrtya grahaganita atmano ganitagolayorniratisayam 
kaugsalam dargayitum tatha’nyairbhrantijnanenanyathoditanarthaméca nirakartu- 
manyan granthan racayanti | grahaganita itikartavyatayamasmabhih kausalam 
darganiyam bhavatuagamo yo’pi ko’pyagayastesam | yatha’tra granthe brahmagup- 
tasvikrtagamo ‘ngikrta iti | 

tarhi tisthatu tavadupapattya bhagananamiyattasadhanam | atha yadyupapattirucy- 
ate tarhi itaretarasrayadosasankaya vaktumasakya | tathapi samksiptamupapattim 
vaksyamah | itaretarasrayadoso’tra dosabhasah | upapattibhedanam yaugapadyena 
vaktumagakyatuat | 


Here, the upapatti (for the revolution numbers of the planets etc.): That can only 
be heard (received) by one who has a mastery over those languages, and knows 
the locations of the various figures, and has learnt the spherics; not by anyone else. 
Here, only a reliable textual tradition (agama) is a source of validation (pramana) 
for the claim that the planets (grahas), their slow and fast apsides (mandoccas, 
Sighroccas) and their nodes (patas), while moving in their own orbits, execute a 
given number of revolutions in a kalpa. 


That textual tradition has become multi-fold, due to the passage of time and due 
to the errors of the writers, teachers and the students. Then which textual tradi- 
tion is to be accepted as a source of validation? Then, if (in answer to the above), 
the following be stated: In the computational branch (ganitaskandha) [of astral 
sciences] only a traditional text which is supported by justification (upapatti) is a 
valid source of knowledge (upapattiman eva agamah pramdadnam); and only those 
revolutions which are supported by justification have to be adopted. Even that is 
not the case. Because, even a person with extraordinary intellect can hardly know 
the justification. With that, it is not possible to exactly determine these revolu- 
tions (bhaganas); because of the limited span of the life of humans. In providing 
justification (upapatti), the planet has to be observed daily through instruments; 
(that must be done) till the revolution is completed. In this way, in the case of 
Saturn, the revolution is completed in thirty years; in the case of the slow apsides 
(mandoccas), in several hundreds of years. Hence, [it may be said that] this issue 
is beyond human capacities. 


It is only because of the above (limitations) that the highly proficient astronomers, 
having adopted a traditional text, whatever it may be so far as it gives results 
which are currently in agreement with observations and is also accepted by (other) 
competent astronomers, and go ahead and compose other (newer) treatises on the 
computation of planetary motions, in order to display their unsurpassed skills in 
computation and spherics, and to refute the erroneous statements of others which 
are caused by their confusion. Their desire is that ‘we should display our skills in 
the procedures of computing planetary motions, whatever may be the traditional 
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text that has been adopted’. Just as in this treatise, the tradition adopted by 
Brahmagupta is accepted. 


Be that as it may, as regards the determination of the precise number of revolutions 
(bhaganas) through upapatti. Now, if the upapatti is to be stated, it may still not 
be possible, because, it is probably vitiated by the error of mutual dependency 
(itaretarasrayadosa). Even then, we shall go ahead and present the upapattis briefly. 
Actually, here, the error of mutual dependency is only apparent; since it is not 
possible to state the different kinds of upapattis together at once. 


While the results and computations in mathematics can be justified or 
validated, at least in principle, without taking recourse to any tradition or 
text (agama), the parameters and the theoretical models in mathematical 
astronomy are founded on an observational and theoretical tradition which is 
passed on from generation to generation via reliable texts. Thus, Bhaskara also 
starts with the statement that only a reliable textual tradition (agama) is a 
source of validation (pramana) for the revolution numbers of planets. However, 
the texts may become corrupted or incomprehensible over time, and so only 
a textual tradition which is also supported by justification can be accepted 
as a valid source (upapattiman eva agamah pramanam). Here again, the issue 
arises that if the upapatti or justification is via one’s own observation, then 
it is not feasible, since some of the apsides (mandoccas) take several hundred 
years to complete a revolution. Hence, Bhaskara concludes that, under the 
circumstances, what a highly proficient astronomer does is to adopt a reputed 
text, which is also accepted by other experts, and also ‘gives results which are 
currently in agreement with observations’ (sa@mpratopalabdhyanusarv). Then, 
he might also come up with a new treatise to clarify various misconceptions 
and add refinements wherever possible. Bhaskara declares that he has, in this 
way, adopted the tradition accepted by Brahmagupta (as expounded in his 
Brahmasphutasiddhanta). 


Even after adopting a reliable and reputed text which gives results in con- 
formity with observations, Bhaskara is clear that it is still important to pro- 
vide justifications, wherever possible, for the results and procedures used in 
mathematical astronomy. Hence, he proceeds with presenting such upapattis 
for the various revolution numbers presented in the text for the planets etc. 
[SiSi1981, pp. 30-33].6 


In this context, Bhaskara also takes note of the objection as to whether 
these upapattis could be vitiated by the fallacy of circularity or mutual de- 
pendence (itaretaragrayadosa). He dispels this objection by stating that this 
possibility of circularity is only apparent, and that actually there is no such 
circularity. Nrsimha in his Vasanavarttika elucidates this point by noting that 


® The upapattis for the revolution numbers of the Sun, Moon and the lunar apogee are 
discussed in ‘Grahaganitadhyaya of Bhaskaracarya’ by M. S. Sriram in this volume. 
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the doubt regarding mutual dependency arises because, in some of the upap- 
attis, the mean planet (madhyagraha) is sought to be inferred from the true 
planet (spasta). The fallacy of mutual dependency would have been applica- 
ble if it were the case that the computed true planet was used as an input to 
infer the mean planet. But in these upapattis, one is using the true planet, as 
observed by instruments, as an input to infer the mean planet. Therefore, the 
fallacy is only apparent and not really applicable to the present case.” 


2.3 The status of planetary models in Indian 
astronomy 


After explaining the various upapattis given by Bhaskara for the revolution 
numbers of planets, their apsides etc., Nrsimha Daivajna goes on to present a 
long discourse [SiSi1981, pp. 41-48] on different models of planetary motion, 
focussing in particular on three models which he refers to as ‘the model of the 
Yavanas’ (yavanamatam), ‘the model of (Vrddha) Aryabhata’, and ‘our model’ 
(asmanmatam), the last one being (his formulation) of the planetary theory as 
expounded in Brahmasphutasiddhanta and Siddhantasiromani. While Nrsimha 
gives various arguments to show why the model of the Yavanas and that 
of Aryabhata should be rejected, he still concludes that all the models are 
justified (matatrayamapi yuktiyuktam) as long as they are consistent with the 
observed motion [SiSi1981, p. 48]: 


7 cam fascovad® we werfeser wferoofdarensnreet 
WAST Sead) Mesos Ses AIHA Td: Wea eR TROT 
Teva wag) cash + asf ae: wedt serra 
Tarai: steeefarrctara;r. aft yesgkewsada faaecet 
eal | 

nanu vastuni vikalpasambhavat katham parasparaviruddhasya gatikaranapratipa- 
dakagastrasya pramanyam | ucyate | grahagatipratipadakam Sastram tavatpramanam 
gateh pratyaksopalabdhatvat | tatkaranam purusabuddhiprabhavatvada [tatvikam 
bhavatu] tatha’pi na ko’pi dosah phalato dosabhavat | tattvajnanopayoginyah jives- 
varadivibhagakalpanaya api purusabuddhiprabhavatvena vikalpasya drstatvat | 
Since it is impossible for the object (or reality) to have options [to be other than 
what it is], how is it that mutually conflicting theories of the cause of [planetary] 
motion can be said to be valid? We shall explain. A theory of planetary motion 


” ‘ganitakarmanda siddhaspastadyadi madhyajhanam tadetaretarasrayadosah syat | atra 
yantravedhopalabdhaspastanmadhyajnanenanyonyasraya ityabhiprayenoktam dosabhasa 
iti’ | [SiSi1981, p. 36] 
8 The published edition reads ‘vastunirvikalpasambhavat’, which does not seem to make 
sense here. 
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is valid to the extent that it is consistent with the motion as observed. The cause 
of such [motion], being a product of human intellect, [may be unreal] but still it 
cannot be faulted since there are no errors in the results; because, we can see that 
there are alternate versions even in the conceptions of Jiva, [sévara, etc., which are 
useful in understanding the ultimate true reality, since they are products of human 
intellect. 


Nrsimha concludes with the following statement of Caturveda Prthu- 
dakasvamin (c. 850), presumably from his famous commentary on Brahmas- 
phutasiddhanta, that the situation in astronomy is no different from other 
disciplines, such as grammar and medicine, that ‘unreal’ or ‘fictitious’ (asat- 
yartpa) theoretical frameworks or other aids are employed in order to explain 
the real or the observed phenomena: 


aa We Tessas: — TAT FeTAIT: 

Tet Seer ye watered Tar a Pree sree: erat 
UWeadaed ade Baa: Hoos eatrooieeotetenttars gare 
Weged sft Acar sear 
tatha caha brahmaguptabhasyakaragcaturvedacaryah —  yatha vaiyyakaranah 
prakrtipratyayagamalopavikarairasatyarupath satyam Ssabdasaddhutvam  prati- 
padyante | yatha ca bhisagvara utpalanaladibhth siravedhadin pratipadyante 
tathaiva  samvatsarah phalavalambamandasighrapratimandaladibhirgrahagati- 


tattvam bhumanaditattvanca pratipadyanta iti matva santostavyamiti | 


It has been said by Caturvedacarya (Prthtidakasvamin), the commentator of Brah- 
magupta: Just as the grammarians employ fictitious entities such as prakrti, 
pratyaya, agama, lopa and vikara, to arrive at the validity of the utterances as 
observed in reality, and just as the proficient doctors employ lotus stalk etc., to 
practise venesection etc., we have to realise and feel contented that it is only in 
the same manner that the astronomers employ result-dependent (phalavalamba) 
[notions such as the] manda and Sighra eccentrics (pratimandala), etc., to arrive at 
the true nature of the motion of planets, and the size etc., of the earth. 


Similar views have been expressed, in fact much earlier, by the savants of the 
Aryabhata-school also. While explaining the model of planetary motion as 
indicated in the Kalakriyapada (Verse 17) of Aryabhatiya, Bhaskara I (c. 629) 
states in his Aryabhatiyabhasya [AB1976, p. 217]: 


Se ARSeSHo SIA SATS] Soarat Aa Praaiihat 
fad! hae ¢ steers sora:| aeafed wal vier Aa war Wert 
SHO: Med | Us T UATASTaATS: Sea Se ser | Tar fe PTs 
geaertentey tudiarearard atta: Poufey qeari aaaratse: ysbear 
Taal feta: WHER aT: sear Wis 

carat mates Sea eerseer aise Berth 
Spottt Wasi | TA SISSY VeaSesIey FT STAT | 


uccanicamadhyamaparidhirityevamadisphutagatisadhanopaya [bhutanarica]  up- 
ayanam naiva niyamoktirva vidyate | kevalam tu upeyasadhaka upayah | 
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tasmadiyam sarva prakriya asatya yaya grahanam sphutagatih sadhyate | evam ca 
palanaladisu vedhadinyabhyasyante napitah pitharadisu mundanadini yajnasas- 
travidah Suskestya yajnadini sabdikah prakrtipratyayavikaragamavarnalopavy- 
atyayadibhih sabdan pratijanate | evamatrapi madhyamamandoccasighroccatat- 
paridhijyakasthabhujakotikarnadivyavaharena samvatsara grahanam sphutagatim 
pratijanate | tasmadupayesvasatyesu satyapratipadanaparesu na codyamasti | 
There are no constraints or limitations imposed on the means such as the ucca, 
nica, madhyama, paridhi and so on which are essentially aids to the calculation of 
the true motion of the planets. They are only the means (upaya) for arriving at the 
desired objectives (results). Hence this entire procedure is fictitious, by means of 
which the true motion of planets is arrived at. Also, in the same way, the seekers 
of ultimate reality arrive at the truth by taking recourse to false means. Similarly, 
the doctors practise surgery etc., by employing lotus stalks; the barbers (practise) 
shaving with leafy surfaces etc.; the experts in the science of sacrifice (practise) sac- 
rifices etc., with dry bricks; the linguists employ notions such as prakrti, pratyaya, 
vikara, agama, varna, lopa, vyatyaya, etc., to comprehend (well-formed) utter- 
ances. In the same way, here also the astronomers comprehend the true motion 
of planets by employing notions such as madhyama, mandocca, sighrocca, sighra- 
paridhi, jya, kastha, bhuja, koti, karna, etc. Hence, there is indeed nothing unusual 
that fictitious means are employed to arrive at the true state of affairs (in all these 
disciplines). 


The above statements clearly elucidate the pragmatic and open-ended ap- 
proach to scientific theorisation that is characteristic of the scientific tradition 
in India, which is strikingly different from the quest for absolutely true univer- 
sal laws which has dominated the Greco-European scientific tradition.® In this 
context, the Indian texts often refer to the famous dictum of Bharthari, which 
is also cited by Nilakantha Somayaji in his Aryabhatzyabhasya, [AB1931, p. 31] 
that the theoretical framework and procedures taught in the gastras are only 
means (upaya) for accomplishing the given objectives, and there should be no 
other constraint imposed upon them [VaPal980, p. 78]: 


SIT Raat aresasaasd | 


upayananca niyamo navasyamavatisthate | 
There is no limitation that has to be imposed on the means (upa@yas) (the proce- 
dures taught in Sa@stras for accomplishing the objectives laid down). 


While explaining the above dictum, which was made in the context of the 
science of grammar (vyakaranasastra), the commentator Punyaraja observes 
that [VaPal980, p. 81]: 


BAe: UPI SATA Sears HAs FTA: | 


® For further discussion on the pragmatic approach to scientific theorization in Indian 
tradition see [Baj1988] and [Sri2015}. 
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kagcidacaryah paniniviracitena laksanasastrena §abdanadhigacchati kagcidanyeneti 
na niyama: | 


One preceptor (Acarya) understands utterances by means of the grammatical 
framework of Panini and another by means of another framework and thus there 
is no rule [that only a particular grammar is to be followed]. 


Thus, the Indian grammarians are not willing to commit to the uniqueness 
and universality of even Panini’s Astadhyayi, whose efficacy as a grammar has 
been universally acclaimed. 


3 The planetary model of Bhaskara’? 


3.1 Computation of the true planet 


The method of computing the true longitudes of planets is discussed in the 
Spastadhikara of Grahaganitadhyaya [SiSi1981, pp. 99-141].!! The actual pro- 
cess of computation of the true planet is discussed in verses 34—35. As in all 
the other texts, only the manda-correction is prescribed in the case of the 
Sun and the Moon; and a combination of the manda and Sighra corrections 
is prescribed for the five planets. While combining the manda and Stghra cor- 
rections, Bhaskara prescribes a two-step process (with variations in the case 
of Mars), which is to be iterated till final result remains unchanged (avigesa) 
[SiSi1981, p. 118}: 


10 For a detailed discussion of planetary models in Indian astronomy see [TaSa2011, pp. 
487-535]. 

11 Tn the first verse, Bhaskara emphasises that it is the true longitudes which are rele- 
vant in all practical applications, and hence the procedure for the computation of true 
longitudes (sphutakriya) should be so as to achieve consonance of the computations with 
observations (drganitaikyakrt). Verses 2-17 deal with the computation of Rsines (jya- 
nayana) and the computation of the arc (dhanus) from the Rsine. The verses 18-21 deal 
with the manda and stghra anomalies in different quadrants. Verse 22 lists the manda- 
epicycles for the Sun, Moon and the planets and the verses 23-25 list the s¢ghra-epicycles 
of the planets and some corrections to be made for the manda and étghra epicycles of 
Venus and Mars depending on their anomalies. 

In verses 26-29, 32-33, and the Vasanabhdasya thereon, Bhaskara explains the eccen- 
tric (pratimandala) and the epicycle (nicoccavrtta) models for arriving at the corrections 
(phala), the different expressions for the hypotenuse (karna) in both the models, as also 
the final expressions for the manda and stghra-corrections. As prescribed in the Brahmas- 
phutasiddhanta as well as in the texts of the Aryabhata school, the expressions for both 
the manda-correction and the Stghra-correction are identical (in terms of the correspond- 
ing anomalies and epicycles), except that in the case of the manda-correction, instead of 
the hypotenuse (karna) only the radius of the concentric appears in the denominator. 
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Vad Seba Aho HAL ASHI HATS. II 
frara Sear het a We: She: STAG FAT | 


syat samskrto mandaphalena madhyo mandasputo’smaccalakendrapiirvam || 
vidhaya Saighryena phalena caivam khetah sphutah syadasakrt phalabhyam | 
dalikrtabhyam prathamam phalabhyam tato’khilabhyamasakrt kujastu || 

sphutau ravindu mrdunaiva vedyau sighrakhyatungasya tayorabhavat | 

The mean planet corrected by manda-correction will be the manda-sphuta. From 
this (manda-sphuta), first the s¢ghra-anomaly is found and it (manda-sphuta) is 
corrected by the sighra-correction; the true planet is obtained by successive it- 
eration of both these corrections. In the case of Mars, initially half of these two 
corrections are applied and then the whole of them are applied iteratively. Since 
there is no sighrocca for the Sun and the Moon, it should be understood that in 
their case the true planet will result by the application of the manda-correction 
alone. 


In his vasana, Bhaskara explains the steps in the above process. He also refers 
to the explanation given in the Goladhyaya that the manda-correction is first 
carried out to know the position of the centre of the saghra-epicycle. For the 
special procedure that is employed in the case of Mars, Bhaskara states that 
the only justification is that it is in accordance with what is observed [SiSi1981, 
p. 118): 


are Tat FSA at Gepasat seep]: ward! & eitarenfeaiter sihast 
Heal Ae: VMAS dt Pehl AS Hel We: She: LAT | TA SHerrars freer 
ARORA aa ararat Hea: Sepa ASHE: A! Aa GAs! Ta 
oa Weqepe: Uepe: Ue: VAT TarerHeaaraare: | sreaTTa TTS | 


ieee waa Baraat et HT AS Ta | 
Gearara ret Fraverd areas fe darted ara |i 


aa aaa Hot + HeeteHROAas es HIT! Ta I eeHarat wert 
POAT SAMS Har FTG: TATTSHS IRA | 

adau grahasya mandaphalamaniya tena samskrto’sau mandasphutah syat | tam 
Sighroccadvigodhya sighrakendram krtva tatah sighraphalam tena samskrto man- 
dasphuto grahah sphutah syat | tasmat sphutanmandoccam vigodhya mandapha- 
lamaniya tena ganitagato madhyah samskrto mandasphutah syat | tena punas- 
calakendram tatagcalaphalam tena mandasphutah samskrtah sphutah syat | eva- 
masakrdyavadavigesah | asyopapattirgole | 


Sighranicoccavrttasya madhyasthitim 
jnatumadau krtam karma mandam tatah | 
khetabodhaya saighryam mithahsamérite 
mandasaighrye hi tenasakrt sadhite || 
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tatha mandakarmani karno na krtastatkaranamapi gole kathitam | yat tu ‘dalékrtab- 
hyam prathamam phalabhyam’ ityadi kujasya vigesastatropalabdhireva vasana | 
First obtain the manda-correction (manda-phala) of the planet and this (mean 
planet) corrected by that (correction) will be the manda-sphuta. Deduct that 
(manda-sphuta) from the s¢ghrocca to get the sighra-anomaly (stghra-kendra) and, 
using that, obtain the stghra-correction (stghra-phala). The manda-sphuta corrected 
by that (s¢ghra-phala) will be the (first approximation to the) true planet (sphuta). 
From that sphuta subtract the mandocca and obtain the manda-correction; the 
mean planet corrected by that will be the corrected manda-sphuta. From that the 
Sighra-anomaly is found, and from that the s¢ghra-correction and the (corrected) 
manda-sphuta when corrected by that (stghra-correction) will be the corrected true 
planet (samskrta-sphuta). This (entire process) is to be iterated till there is no dif- 
ference (between the successive results). The upapatti for this (is presented) in the 
Goladhyaya. 


In order to know the location of the centre of the stghra-epicycle, initially 
the manda-process is carried out. Then, to find the true planet the sighra- 
process (is carried out). Since the manda and Stghra-processes are mixed 
together (mithahsamérite), they are to be carried out iteratively. 


In the same way, the reason why the hypotenuse (karna) is not evaluated in the 
manda-process will be stated in the Goladhyaya. For the special procedure em- 
ployed in the case of Mars, as stated in the verse ‘initially half of these two correc- 
tions...’ (‘dalikrtabhyam prathamam phalabhyam...’), the only justification is that is 
what is in conformity with observations (upalabdhireva tatra vasana). 


3.2 Bhaskara follows Brahmagupta in the use of 
iterated manda-hypotenuse 


In the case of the manda-correction, Bhaskara follows the variable epicy- 
cle model employed by both Aryabhata (as explained by his commentator 
Bhaskara I) and Brahmagupta, according to which: The tabulated epicycle 
radii are only the mean values and the true epicycle radius increases and de- 
creases in proportion to the hypotenuse (karna), and the true epicycle radius 
and the hypotenuse are to be obtained by a process of iteration (asakrt-karma, 
avigesa-karma). We shall first briefly outline the manda-correction process and 
the notion of iterated manda-hypotenuse (avisista-manda-karna) as discussed 
by Bhaskara I and Brahmagupta.!? 


In Figure (1), O is the centre of the earth, Py) the mean planet and U the 
mandocca. OP) = R, is the radius of the concentric. P, is on the epicycle 
centred at Po, with radius equal to the mean or tabulated epicycle radius 
ro, such that PoP; is parallel to OU. P, is also on the eccentric circle with 


' For more details see [MaBk1960, pp. 111-119]. Also, [TaSa2011, pp. 494-497]. 
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P (true planet) 


! kaksyamandala 
(deferent circle) 


Figure 1: Manda-correction and the iterated-manda-hypotenuse. 


O’ as the centre, where O’ is along OU, such that OO’ = ro. Here, P, is 
not the manda-corrected planet or the manda-sphuta. OP, = Ko, is only the 
initial hypotenuse or the sakrt-karna. The manda-sphuta is at P (along PoP,), 
such that the true epicycle radius Py) P = r and the true manda-hypotenuse 


OP = K, are related by 
— (70 
r= ( ) K. (1) 


Let 09 be the longitude of the mean planet Po, 6, the longitude of the man- 
docca U, and 65 the longitude of the manda-sphuta P. From Figure (1), and 
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the above condition (1), we can easily see that the manda-correction for the 
longitude will be 


Rsin(9ms — 9) = (=) Rsin(0y — 04) = eS Rsin(0) — x). (2) 


Thus, the manda-correction (2) involves only the ratio of the mean epicycle 
radius ro and the concentric. It does not involve the initial hypotenuse Ko or 
even the true hypotenuse K. 


In order to determine both r and K, the following iterative process is 
employed. To start with, the initial hypotenuse (sakrt-karna), Ko, is computed 
in the usual way in terms of the anomaly, using the mean epicycle radius ro: 


NIK 


Ko = OP, = [{Rsin(0o — Ou) }? + {Rcos(Oo — Ou) + ro}?]? (3) 


Then the next approximation to the epicycle radius, r,, is found using 
r 
r= (QB) Ko. (4) 


From r; the corresponding hypotenuse Ky is computed using 
i! 
ky= [{Rsin(4 _ 6,,)}? ae {Rcos( _ 6.) +4 r}7] 2 (5) 


And, from Ko, the next approximation rz is computed using 


r 
r= (2) Ki. (6) 
And so on, till there is no appreciable difference between successive results 
(avigesa), which means that, for some m 
r 

Tm+1 = (2) Km \Tm- (7) 
Then, it can be seen right away that the iterated radius r,, and the associated 
hypotenuse K,,,, are such that 


ro 
rm (3) ic (8) 
In other words, they very nearly satisfy the relation (1) that characterises the 
true epicycle r and the corresponding true hypotenuse Kk. 


Bhaskara has discussed the rationale of the process of manda-correction 
later, in verses 36-37 of the Chedyakadhyaya of Goladhyaya, and his commen- 
tary thereon. In response to the doubt as to why the hypotenuse is not used in 
manda-correction, Bhaskara first refers to the view that it is not used because 
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the corresponding difference (between Ko and R) is rather small. He then 
goes on to discuss the view of Brahmagupta (closely following the verse 29, of 
Chapter XXI of the Brahmasphutasiddhanta, [BSS2003, p. 98]! trijyabhaktah 
karnah...), that even when we use the exact formula for the manda-correction 
in terms of the hypotenuse, since the true values of the epicycle radius and the 
hypotenuse are proportional (as in eq.(1)), the result would be the same (as 
in eq.(2)), where the hypotenuse gets replaced by the radius of the concentric. 
Bhaskara also notes that it would not be proper to doubt as to why such a 
procedure is adopted in the case of szghra correction as the rationale for the 
corrections is indeed peculiar [SiSi1981, p. 392]: 


Set AHA chet: fe A Het SATAAGIARATE - 
ah: Gal ated gaa HPA | 


a BOPP: Hasty Heepe: ware GRIIATSs II 

carded HOA TAT He: Halt Af AF HIST | 

aeIgaes FT aed Peart sat fara Hearsay II 

idanim mandakarmani karnah kim na krta ityasankyottaramaha — 
svalpantaratuanmrdukarmaniha karnah krto neti vadanti kecit | 
trijyoddhrtah karnagunah krte’pi karnasphutah syat paridhiryato’tra || 
tenadyatulyam phalameti tasmat karnah krto neti na kecidtcuh | 


nasankaniyam na cale kimittham yato vicitra phalavasanatra || 


Now he raises the question as to why in the manda-process the hypotenuse (karna) 
is not evaluated and answers it: 

Some say that here in the manda-process the hypotenuse is not evaluated because 
[employing it or not] makes little difference. Some [Brahmagupta and his followers] 
say that, since here the circumference of (the manda-epicycle) is made true through 
the hypotenuse by (an iterative process of) multiplication by the hypotenuse and 
division by the radius (of the concentric), the final correction (involving the true 
hypotenuse) will be the same as the first result (involving only the Radius), and 
therefore the hypotenuse is not evaluated (in the manda-process). It should not 
then be doubted as to why the same (iterative process) is not followed in the 
Sighra-process, because the rationale of these corrections is indeed peculiar. 


In his vasana, Bhaskara reiterates that Brahmagupta has given the correct 
explanation of the manda-correction process. He also presents a detailed ex- 
planation as to why the manda-hypotenuse does not appear in the final form 
of manda-correction. We have outlined the same argument, above, in mathe- 
matical terms via equations (1)—(8). Bhaskara also notes that it was Prthu- 
daka who raised the objection as to why a similar iterative procedure was 


13 The verse 29 of Chapter XXI, Golddhyaya, is: trijyabhaktah karnah paridhiguno 
bahukoti gunakarah. asakrn mande tatphalam adyasamam natra karno’smat. The first 
pada of this verse is actually cited in the Vasanabhasya of Bhaskara (see below). 

4 The published versions ([SiSi1981, p. 392], [SiSi1943, p. 189] read karne sputah, which 
does not seem to make sense here. 
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not adopted in the sighra-process, and even went to the extent of accusing 
Brahmagupta that he was trying to mislead others by advocating the iterative 
process for finding the true manda-epicycle and the hypotenuse. Bhaskara is 
totally dismissive of Prthudaka’s accusation and concludes that it is Brah- 
magupta’s explanation which is indeed appropriate and also appealing. 


Be BO THOM ad Teg SAA! TS SHAT Hol at Ha: Te ICI | 
AHO fe LICH FAT] Tercera aA HVS Ta: | 


TPTaST SRE sare: TA: HPT [BSS2003, p. 98] Sale| ASAT 
FM Bae TEA TL HAAS! TA Wet eSieg | at Araaepa: 
mead: a Beaker! statsat ered oor aatsqare| ate 
Beagdsa oR aetgd a sfal aa ue: aot yor: fea wel ws 
epeahta: at seat Fla ASI: 30 ASAT! TARASTAT FT HET ASAT Wes A 
BRIG: WeaatsA PRI pd Yao Hoard 
wee | se aad ute: att upedd af fh stead + pag 
UTIs AE TTA HARTA SH | Te es HATTA fe at HPAP 
ARIA oe: Hoare fafa! yRerser oe: sped earerar car fee 


FT Sale ARIA! stat Tania GTI 


tha karnena yatphalamaniyate tadeva samicinam | yanmandakarmani karno na 
krtastat svalpantaratvat | mandaphalani hi svalpani bhavanti | tadantaram catisval- 
pamiti kesamcit paksah | 


brahmagupto’tra karanamaha ‘trijyabhaktah paridhth karnaguna’ ityadi | man- 
dakarmani mandakarnatulyena vyasardhena yadurttamutpadyate tat kaksa- 
mandalam |tena graho gacchati | yo mandaparidhih pathapathitah sa trijyapar- 
inatah | ato’sau karnavyasardhe parinamyate | tato’nupatah | yadi trijyaurtte’yam 
paridhistada karnavrite ka iti atra paridheh karno gunastrijya harah | evam 
sphutaparidhistena dorjya gunya bhamsaih 860 bhajya | tatastrijyaya gunya 
karnena bhajya | evam sati trijyatulyayoh karnatulyayogca gunaharayostulyatvan- 
nase krte pirvaphalatulyameva phalamagacchatiti brahmaguptamatam | atha yadye- 
vam paridheh karnena sphutatvam tarhi kim sighrakarmani na krtamityagankya 
caturveda aha brahmaguptenanyesam prataranaparamidamuktamiti | tadasat | 
cale karmanittham kim na krtamiti nagankaniyam yatah phalavasana vicitra | 
$ukrasyanyatha paridheh sphutatvam bhaumasyanyatha tatha kim na budhadinamiti 
nasankyam | ato brahmoktiratra sundari | 

Some say: ‘Here, it is the correction, which is obtained using the hypotenuse, 
that is the appropriate one. The reason, why the hypotenuse is not employed in 
the manda-correction, is only because it makes little difference (either way). The 
manda corrections are indeed small. So the differences will be very minute’. 


In this context, Brahmagupta has stated the (correct) reason [in his verse] ‘The 
circumference (of the epicycle) multiplied by the hypotenuse and divided by the 
radius’ etc. (trijyabhaktah paridhih karnagunah). In the manda process, the circle 
that is produced with radius equal to manda-hypotenuse, that is the orbit circle. 
The planet moves on that. The stated (tabulated) circumference of the manda- 


' Here, the published versions ([SiSi1981, p. 392], [SiSi1943, p. 189] have the erroneous 
reading: parinamyate. 
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epicycle (manda-paridhi) is in the measure of the trijya (radius of the concentric). 
Hence it (the manda-paridht) is transformed to be in proportion with the radius of 
the hypotenuse circle (karnavyasardha). Thus, the rule of proportion: If so much 
is the manda-paridhi in the concentric circle then how much will it be in the 
circle with the hypotenuse as the radius (karnavrtta). Here, for the (tabulated) 
manda-paridhi the multiplier is the hypotenuse and the divisor is the radius of 
the concentric. This gives the true manda-paridhi which is to be multiplied by 
the Rsine of the anomaly (dorjya@) and divided by 360 degrees. Then it is to be 
multiplied by the radius of the concentric and divided by the hypotenuse. Since 
the multipliers and divisors, being equal to the radius of the concentric and the 
hypotenuse, mutually cancel each other, one arrives at the original expression for 
the correction. Such is the view of Brahmagupta. 


Here, raising the objection that if the true circumference of the epicycle is to be 
determined by the hypotenuse why the same is not done in the case of Stghra- 
process, Caturveda (Prthtudakacarya) said that the above (explanation) has been 
stated by Brahmagupta to mislead others. That is not true. We should not object as 
to why the same procedure is not followed in the sighra-process since the rationale 
of these corrections is indeed peculiar. [Similarly] we should not object as to why 
the epicycles are corrected one way in the case of Mars, in another way in the 
case of Venus, and not corrected at all in the case of Mercury, etc. Hence, in this 
context, what is said by Brahmagupta is indeed appealing (sundar7). 


3.3 Bhaskara’s approximation for the 
avisista-manda-karna 


In verse 4 of the chapter on lunar eclipses (Candragrahanadhikara) of Ganita- 
dhyaya, Bhaskara notes that the true distances of the Sun and Moon are dif- 
ferent from their mean distances. Their true distances in minutes (kalakarna, 
which have to be later converted to yojanas) are in fact variable and given by 
the iterated-manda-hypotenuse (avigista-manda-karna). Bhaskara also gives 
a single step approximation to this iterated-manda-hypotenuse, and claims 
that it can be directly verified by actual computation [SiSi1981, p. 231]: 


Feafasiatdad waren dar Besar fer fara | 
Beart: avec Vper ward fearsatakeersedisares 


se Sat + aaeaaahkfasrn: wear: F Feared Heaerens| ar 
Teer at soa ait aren wena! ser Fara aeaoraet aah | 
afe Berard ud aR avtaransd mH git! wd ured: wpecd 
fearT sree HO: HL | AT HoTHeh: Shel Fate 

UHH BSH HRT Bhedt HAT! Wad a seh apr: qT 
reared wrea ape: Husa aed ser fxs aviasaral Fal wats araar 
=e: od svar Sarer sare add aaah: et Ersaar fererrer srs orqara: | 
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teat Bea wad der Pew fatal stars She: Hr: GHKalt| st 
THAT Weare eT: | 


mandasrutirdraksrutivat prasadhya taya@ tribhajya dviguna vihina | 
trijyakrtih Sesahrta sphuta syalliptasrutistigmarucervidhosca || 


tha spastikarane ye mandanicoccavrttaparidhibhagah pathitaste  trijyatulye 
kaksyavyasardhe | yada grahasya karna utpannastada karno vyasardham gra- 
hakaksayah | atha trairasikena tatparinataste karyah | yadi trijyavyasardhe ete 
mandaparidhibhagastada karnavyasardhe ka iti | evam paridheh sphutatvam vid- 
hayasakrt karnah karyah | sa kalakarnah sphuto bhavati | 
etadasakrtkarmopasamhrtya sakrtkarmanad karnasya sphutatvam krtam_— | 
prathamam yah karnah agatastameva trijyaruipam prakalpya sphutah karno’tra 
sadhyate | yada kila karnastrijyato nuno bhavati yavata nytnastat trijyaya 
samSodhya yadyadhiko vartate yavatadhikastat trijyaya vigodhya sesendnupatah | 
yadyanena trijya labhyate tada trijyaya kimiti | anenanupatena sphutah karnah 
sakrdbhavati | atra dhilikarmana pratyaksapratitih | 

The manda-hypotenuse should be obtained in the same way as the hypotenuse 
of the s¢ghra-process (draksrutivat) and that is to be subtracted from twice the 
radius. The square of the radius, divided by the remainder (of the above), will give 
the true hypotenuse in minutes in the case of the Sun and the Moon. 


Here, in the computation of true planets, the circumferences of the manda-epicycles 
(manda-paridhi) which are tabulated in degrees, they are in (relation to) the orbit 
circle (concentric) whose radius is equal to Rsine of three signs (trijya). When the 
planet has a (different) hypotenuse, then the hypotenuse is the radius of the orbit 
of the planet. Hence, the corresponding quantities have to be evaluated by the 
rule of three. If the given degrees of manda-paridhi are associated with the radius 
of the concentric, then what would it they be when the radius is given by the 
hypotenuse. In this way, having ensured the correctness of the epicycle radius, the 
iterated hypotenuse is to be computed. That hypotenuse in minutes (kalakarna) 
will be the correct one. 


Having concluded (the discussion of) the iterative process, the true hypotenuse 
is now worked out by a single-step process (sakrt-karma). Taking the hypotenuse 
obtained in the first step to be the radius, the true hypotenuse is now arrived at. If 
the hypotenuse (obtained in the first step) happens to be smaller than the radius, 
the amount, by which it is less, is added to the radius; if more, then the amount 
by which it is more is subtracted from the radius. And to the result, the following 
rule of proportions is applied: If from this the radius is obtained, then how much 
will be obtained from the radius? This rule of proportion gives rise to the true 
hypotenuse in a single step. Here, the direct confirmation (pratyaksapratiti) of this 
is by means of computation carried out on dust spread on the ground or a board 
(dhultkarma). 


Bhaskara’s approximation for the iterated or the asakrt-manda-karna is given 
by 
R?2 
Kx —_.. 9 
(2R — Ko) ©) 
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Here, Ko is the un-iterated or the initial manda-hypotenuse (sakrt-manda- 
karna) which is given by (see eq.(3)) 


Ko = [{Rsin(A = Give + {Rcos(69 = 64) + ro}? ] 3 ry 


in terms the mean epicycle radius ro and the manda-anomaly (6 — 6,). 
Bhaskara also gives an argument based on the rule of three (trairastka) for the 
above formula (9), and suggests that it can be confirmed by actual calculation. 


It has been noted by K. S. Shukla that Bhaskara’s formula (9) for the 
iterated-manda-hypotenuse is only an approximation (it essentially involves 
assuming QP ~ QP, in Figure (1)) [MaBk1960, p. 118]. Whatever be the level 
of accuracy of Bhaskara’s formula (9), he was truly a pioneer in his attempt 
to find an analytical expression, even an approximate one, for the iterated 
manda-hypotenuse. An exact analytical expression for this avigista-manda- 
karna was obtained a few centuries later by Sangamagrama Madhava (c.1340- 
1425), the legendary founder of the Kerala School, in the form [TaSa2011, 
pp. 496-497]: 


== (10) 


where, R, is the inverse hypotenuse or viparita-karna (OT in Figure (1)), 
which is given by 


R, = [R? — {ro sin(0 — 9.) }?]? — ro cos(8o — 9x). (11) 


Now, it can easily be seen that Bhaskara’s approximate formula (9) can be 
derived from the Madhava formula for the iterated-manda-hypotenuse given 
by (10) and (11) in the limit when "0 ig small.!6 Now, neglecting terms of or- 
der O ((8)"), the non-iterated-manda-hypotenuse (sakrt-manda-karna), Ko, 
given by (3) will reduce to 


KoxR [1 + ( ) cos(69 — 6.) : (12) 


a) 
R 
Again, neglecting terms of order O ( z)*), the viparita-karna, R,, given by 


(12) reduces to 


R, = R [1 = (3) cos(Oo — 6.) = 2R— Ko, (13) 


16 The author is indebted to Prof. M. S. Sriram for kindly communicating this argument 
to him. 
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so that the Madhava formula (10) for the iterated-manda-hypotenuse reduces 
to the approximate expression (9) proposed by Bhaskara. 


3.4 The geometrical model of planetary motion 
according to Bhaskara 


Bhaskara discusses the geometrical model of planetary motion in detail in 
the chapter on graphical representation (Chedyakadhydya) of the Goladhyaya. 
After explaining the graphical representation of Rsines, Bhaskara summarises 
the graphical representation of planetary motion in verse 7. He explains that, 
for an observer on the earth, the planetary motion is seen to be non-uniform 
since the earth is not at the centre of the orbit on which the planets move; and 
that it is this fact which is crucial for working out the graphical representation 
of planetary motions [SiSi1981, p. 386]: 


Sart Brat Hoaahae — 

WHT GE FISTING Fel Ta: VAT 

Ue Gd watt Gat AT Teh PTT | 

a ger a fe Mass AwGed wees 

ARATE Geet: fae Se AaltHe HUTS II 

Tedd ASRS AAT THe Tag: MARAT ASA TeaSeay Sct) TT 
ae HTT ae ae Tc Wel watt Tea eT Hel A a: SAK, PAS 
Fas: | Ta HRA SST AIST ASAI DE A UVa! Peas weal Tatas 
Te ager worsen walt Ad Sth AeA cea: fad ge Tela 
wee” sft 

Wate Bet VAIS TH AIT TTT ... 


idanim spastikarane phalasyotpattimaha — 


bhumermadhye khalu bhavalayasyapi madhyam yatah syat 
yasmin urtte bhramati khacaro nasya madhyam kumadhye | 
bhustho drasta na hi bhavalaye madhyatulyam prapasyet 
tasmat tajjraih kriyata iha taddohphalam madhyakhete || 


yadetat bhaparijare’svinyadinam bhanam valayam tadbhumeh samantat sarvatra 
tulye’ntare vartate | yatastasya madhyam kumadhye | atha yasmin vrtte graho 
bhramati tasya madhyam kumadhye na | tadbhumeh samantat samanantaram net- 
yarthah | ato bhustho drasta bhavalaye madhyamasthane graham na pasyati | kint- 
vanyatra pasyati | tayorbhavalaye yadantaram tadgrahasya phalamityarthaduktam 
bhavati | ata uktam ‘tasmat tajjnah kriyata iha taddohphalam madhyakheta’ iti | 


evamekenaiva slokena samksepacchedyakasarvasvamuktva... 


Now he explains the rationale for the corrections in the computation of true 
planets— 
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While the centre of the earth is indeed also the centre of the ring of stars 
(bhavalaya), the centre of the circle in which the moving celestial body (khacara, 
the Sun, Moon and the planets) moves is not located at the centre of the earth. 
Therefore, the observer on the earth does not see it (celestial body) to have the 
same (longitude) as the mean on the ring of stars. Hence, those who are knowl- 
edgeable of this apply appropriate corrections (taddohphala), here, to the mean 
planet (madhyakheta). 

On the celestial sphere (bhaparijara), the ring of stars (bhanam valayam) comprising 
of Agvini etc., lies everywhere uniformly at the same distance from the earth; 
because its centre is at the centre of the earth. Now, the circle in which the planet 
(graha) moves does not have its centre at the centre of the earth. It means that 
the circle (in which the planet moves) is not everywhere uniformly at the same 
distance from the earth. Hence, the observer on the earth does not see the planet 
as being located at the mean position on the ring of stars. On the other hand, he 
sees it as being elsewhere. It is thus implied that the difference between the two 
locations on the ring of stars is the correction for that planet. Therefore it is said 
that ‘Hence, those who are knowledgeable of this apply appropriate corrections to 
the mean planet’ (tasmat tajjnah kriyata iha taddohphalam madhyakhete). 

In this way, having succinctly stated in terms of just a single verse, the whole of 
graphical representation of planetary motion (chedyakasarvasva)... 


Thus Bhaskara is emphatic that a central feature of the geometrical picture 
of planetary motion is that the planets do not move in concentric circles 
which have their centre located at the centre of the earth. In verses 10-17 
Bhaskara describes the eccentric circle (pratimandala) model. In his vasana, 
while explaining the method of computing corrections (phalanayana) via the 
eccentric circle model, Bhaskara notes [SiSi1981, p. 389}:17 


SUT A VERA TL aa HATA UA Se aa Shel Tel 
PPCHUAARTS Her | 
karno nama grahakumadhyayorantarasttram | tat sutram kaksamandale yatra 


lagnam tatra sphuto grahah | sphutamadhyayorantaram phalam | 


The hypotenuse (karna) is the intervening line joining the planet and the centre of 
the earth. At the point where that line meets the concentric there is the true planet 
(sphutagraha). The [arc] between the true and mean planets [on the concentric] is 
the correction (phala). 


Here again, Bhaskara is clearly locating the actual planet (graha) on the 
eccentric. But he also uses the word sphutagraha to refer to the point where 
the line along the hypotenuse (karnasttra), joining the planet and the centre 
of the concentric, intersects the concentric. This is because the correction 


17 A very similar passage appears, during the discussion of the epicycle model, in the 
vasana on verses 28-29: bhugrahantaram karnah. dohkotivargaikyapadamiti prasiddham. 
atrapi pragvat kaksavrtte karnasutrasakte sphutagrahah. sphutamadhyayorantaram pha- 
lamityadi. [SiSi1981, p. 390]. A similar passage appears earlier in the Spastadhikara of 
Grahaganitadhyaya also [SiSi1981, p. 113]. 
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(phala), which is the difference between two longitudes (that of the true and 
the mean) is always calculated as the arc of a circle. And, here the correction 
will be the arc on the concentric between the mean planet (which is located 
on the concentric) and the point where the hypotenuse joining the planet 
and the centre of the earth intersects the concentric. This use of the word 
sphutagraha for the point on the concentric by Bhaskara (and perhaps in some 
of the works of earlier astronomers also) seems to have caused some confusion, 
among the traditional as well as modern commentators, in comprehending the 
geometrical model of planetary motion as presented by Bhaskara. 


Amplifying his view that the actual planet is on the eccentric, Bhaskara 
states in verse 22 that the planet appears smaller while at the apogee (ucca) 
as it is farther; and it appears larger while at perigee (nica) as it is closer 
[SiSi1981, p. 389]: 


SIRI AR: aes ara: ifsc w=: | 
HASH: FYSA Ay AAAI ARTAT II 


uccasthito vyomacarah sudure nicasthitah syannikate dharitryah | 


ato’nubimbah prthulagca bhati bhanostathasannasuduravarti || 


When the celestial body is at the apogee it is farther from the earth and when it is 
at the perigee it is closer to the earth. So, correspondingly its orb (bimba) appears 
minute and large, respectively. Similarly it appears (comparatively) minute (in 
form and brightness) when closer to the Sun, and large when farther away from 
the Sun. 


Bhaskara discusses the epicycle (nétcoccavrtta) model in verses 23-29 and the 
equivalence of the eccentric and the epicycle models in verses 31-33. Finally, 
the geometrical model of planetary motion is presented succinctly in verses 34— 
35 [SiSi1981, p. 391]: The centre of the manda-epicycle moves on the concentric 
deferent circle (kaksyaurtta); on the manda-epicycle (at the location of manda- 
sphuta) is located the centre of the stghra-epicycle; the true planet is located 
on this szghra-epicycle. 


Sart Feahrateat ped ARATE — 


FETA CASAS TAA ATA FET Te: | 
aadt seas cer erred Be: Ga: Il 
aietrarrares wea arqaret ad at Ars aa: | 
wesure erat fre: sere areal fe cara aa I 
Ararsgwatararad oRorardife Saererr | 
idanim mandasighrakarmadvayena sphutatve karanamaha — 


madhyagatya svakaksakhyaurtte vrajen- 
mandanicoccavrttasya madhyam yatah | 
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tadurtau sighranicoccamadhyam tatha 
Sighranicoccavrtte sphutah khecarah || 


Sighranicoccavurttasya madhyasthitim 
jnatumadau krtam karma mandam tatah | 
khetabodhaya gaighryam mithah samSrite 
mandasaighrye hi tenasakrt sadhite || 


nicoccaurttabhangiparyalocanayaivam parinamatiti spastartham | 


Now he states why the manda and the sighra processes are both needed to deter- 
mine the true planet: 


The centre of the manda-epicycle moves on its concentric with the same rate 
of motion as the mean planet. On that circle (manda-epicycle) is the centre 
of the stghra-epicycle and similarly the true planet is on the s¢ghra-epicycle. 
In order to know the location of the centre of the sighra-epicycle, initially 
the manda-process is carried out. Then, to find the true planet, the sighra- 
process (is carried out). Since the manda and sighra-processes are coupled 
together (mithah samérite), they are to be carried out iteratively. 


An analysis of the epicycle model shows that this is how the things are settled, 
and hence the import (of the above verses) is transparent. 


Bhaskara does not provide any further explanation in his vasana. Here, the 
commentator Nrsimha seems to have misinterpreted ‘on that circle’ (tadur- 
tau), in verse 32, as ‘on the concentric’ (kaksaurtte).'> Thus, according to 
him the centre of the szghra-epicycle is located in the geocentric concentric 
at the same longitude as the manda-sphuta or the manda-corrected mean 
planet. However, even according to Nrsimha, the saghra-corrected true planet 
is located on the szghra-epicycle and not on the concentric. Earlier, while com- 
menting on Bhaskara’s upapattis for the revolution numbers (bhaganas) of the 
planets, Nrsimha had elaborated his view that the two epicycles manda and 
Sighra have their centres on the same geocentric concentric. In that discus- 
sion, Nrsimha had even placed the true Sun and the Moon on the concentric, 
contrary to what Bhaskara has clearly stated in the chapter on lunar eclipses, 
that the hypotenuse is the radius of the planetary orbit (karno vyasardham 
grahakaksyayah, cited earlier) and that the true distance of the Sun and the 
Moon are given by their iterated-manda-hypotenuse. Further, Nrsimha had 
also remarked that, according to the Yavanas, the centre of the s¢ghra-epicycle 
is located on the manda-eccentric and not the geocentric concentric [SiSi1981, 
p. 45]. 


age Aes FETT wala! aateeegel AhSCTST 
crete wart ve: aoleser marafdh ced wae deat eet 


18 Nrsimha Daivajiia’s Vasandvarttika [SiSi1981, p. 391]: atra tadurtavityatra kaksyaurtta 
ityarthah (the published version has tadurttavityatra which is incorrect). 
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went?! wees frre? wae weer aaa 
aba wat | al arRA aH aerated FAH! FAR 
read sd ad sated dake ater wad) ws 
PACES Aa: | 
..kaksavrttaparidhau mandanicoccavurttamadhyam madhyagatya bhramati | tatroc- 
capradesadgraho mandakendragatya gacchati | yatrasau grahah karnastitrena kaksa- 
paridhau drgyate tatraiva ravicandrau spastau | bhaumadinam mandaspastasta- 
traiva Sighranicoccavrttamadhyam bhramati mandaspastagatya tatparidhau sighrak- 
endragatyaivoccapradegadgraho bhramati | nicoccavrttam namantyaphalajyakrtam 
urttam | yavanastu mandakarnavyasardhena krtam yatkaksavalayam tatparid- 
hau sighranicoccaurttamadhyam manyante | evam madhyamandaspastaspastanam 
bhedah | 


..on the circumference of the concentric, the centre of the manda-epicycle moves 
at the same rate as the mean (planet). In that epicycle, the planet moves from the 
apogee at the same rate as the manda-anomaly. Where this planet is seen on the 
concentric along the hypotenuse, it is there that the Sun and the Moon are true 
(spasta). However, for the planets Mars etc., that is the location of manda-spasta 
where the centre of the s¢ghra-epicycle is also located and it moves with the rate 
of manda-spasta; the planet moves on that (Sighra-epicycle) from the stghrocca at 
the same rate as the sighra-anomaly. The epicycle is a circle with the same radius 
as the maximum correction (antyaphala). According the Yavanas, the centre of the 
Sighra-epicycle lies on the circumference of that concentric circle which is drawn 
with the manda-hypotenuse as the radius. Thus is the difference between the mean, 
manda-spasta and spasta. 


The geometrical model of Bhaskara seems to have been similarly misinter- 
preted by Nrsimha’s junior contemporary Muniévara?! in his commentary 
Marici on Siddhantasiromani. Commenting on the above verses 34-35 of the 
Chedyakadhikara, Munisvara states [SiSi1943, p. 187 |: 


aq ofé areata Heeger sre Tgaafel Ahr aTS Ta - 
weal FeeeeI | 


19 The published version here reads bhaumadyastu which does not make sense. 


20 The published version here reads sighroccanicaurttamadhye. Since it does not make 
sense, we have preferred the variant reading stghroccanicavrttamadhyam, given in the 
same edition. For the same reason, we have also omitted the sentence break at the end 


of the next word bhramati. 


2! Munigvara or Visvartipa (b. 1603), the son of Ranganatha (author of 


Gudharthaprakagika commentary on the Stryasiddhanta) and nephew of Krsna Daivajiia 
(author of the Bzjapallava commentary on Bhaskara’s Bijaganita), hailed from a family 
of distinguished astronomers who traced their ancestry to Dadhigrama on Payosni in 
Maharashtra and later shifted to Varanasi. Apart from Marici (written prior to 1638), 
he wrote several other works including a commentary Nisrstarthadutt on Lilavati and 
an independent siddhanta work, Siddhantasarvabhauma (written in 1646) with an auto- 
commentary (see [CESS, Series A, vol. 4, (1981), pp. 436-441]}). 


22 The published version reads ‘tadurttaviti,’ which is incorrect. 
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nanu tarhi sighranicoccaurttam kasmadullekhyamata aha tadvurtaviti | mandakarna- 
sutrasaktakaksyavurttaparidhipradege mandasphutasthane | 


Then, from where (which centre) should the s¢ghra-epicycle be drawn? So he says 
‘on that circle’ (‘tadurtau’). On that point on the circumference of the concentric 
where it is in contact with the manda-hypotenuse, which is also the location of the 
manda-sphuta. 


One of the reasons, as to why both Nrsimha and Muntsvara, who were writing 
nearly five hundred years after the time of Bhaskara, chose to locate the 
centre of the sighra-epicycle to lie on the concentric, could be that Bhaskara, 
as noted earlier, himself employed the word sphutagraha variously for the 
intersection of the manda-hypotenuse and the concentric. It could also be the 
case that Nrsimha and Munisvara were perhaps following an earlier tradition 
of placing both the manda and Sighra epicycles on the concentric, which is 
exemplified for instance in the Vasanabhasya of Prthudakasvamin (c. 860) on 
the Brahmasphutasiddhanta of Brahmagupta. Though only portions of this 
commentary have been published, we do get an idea of Prthudaka’s view in a 
brief summary of the geometrical model of planetary motion that he presents 
in his commentary on chapter XXI (Goladhydya) of the work which has been 
published. Commenting on verse 29 of chapter XXI (which has been cited 
earlier, in connection with Brahmagupta’s explanation as to why the manda- 
hypotenuse does not play any role in the manda-correction), Prthidaka notes 
[BSS2003, p. 103]: 


aT Tor a: weer: eat vate Hearsd cat tretrasrgeaset Hea4r 
ay westad| 
bhaumadinam punarmandakarmana yah pradegah siddho bhavati kaksamandale 


tatra Sighranicoccavrttamadhyam krtva gesam pradargayet | 


In the case of (the planets) Mars etc., again the location on the concentric circle 
which is obtained by the process of manda-correction (and has the longitude of 
manda-sphuta), there the centre of s¢ghra-epicycle is to be located, and the rest is 
to be demonstrated. 


As was noted earlier, Prthudaka’s view that there is no necessity for intro- 
ducing the iterated-manda-karna, expressed while commenting on the same 
verse, has been summarily rejected by Bhaskara. 


Notwithstanding the views of Nrsimha and Munisvara or even the tradi- 
tion that seems to go back to Prthudaka, it is quite clear, from what we have 
discussed earlier, that Bhaskara locates the real planet (obtained after the 
correction) on the epicycle or the eccentric and not on the concentric. That 
is why he repeatedly emphasises that the hypotenuse is the intervening line 
joining the planet and the centre of the earth (‘karno nama grahakumadhyay- 
orantara sutram’). In the case of the Sun or the Moon, since there is only 
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the manda-correction, the manda-sphuta or the true Sun or Moon, is unam- 
biguously located by him on the manda-epicycle. In the same way, he also 
prescribes that the iterated-manda-hypotenuse should be taken as the true 
distance between the centre of the earth and the Sun or the Moon. Therefore, 
it is but natural that, in the case of the five planets Mars etc., also, Bhaskara 
would locate manda-sphuta on the epicycle. Clearly, the interpretation of the 
above passage of Siddhantasiromani, as given by Nrsimha and Munisvara, 
that the centre of the saghra-epicycle is at the manda-sphuta which is located 
on the concentric is wrong, even if they were following some tradition, going 
back to Prthudaka, on this issue. 


Thus, the geometrical model of planetary motion, according to Bhaskara, is 
that the Sun and the Moon move on the manda-epicycle, whose radius varies 
with the variable manda-hypotenuse. In the case of the five planets Mars etc., 
this is the circle on which the manda-sphuta is located. The planets themselves 
move in the saghra-epicycle, whose centre is located at the manda-sphuta. 


Figure 2: Geometrical model of planetary motion. 


This epicycle-epicycle model (or equivalently, eccentric-epicycle model as 
shown in Figure (2)) of planetary motion is what is later discussed in de- 
tail by the Kerala School astronomers Paramesvara and Nilakantha Somayaji 
[TaSa2011, pp. 505-523]. Of course, Nilakantha also proposed a major revi- 
sion of the traditional model by abandoning the view that the mean Mercury 
and mean Venus should be identified with the mean Sun. 
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4 Bhaskara on the precession of equinoxes 


While the retrograde motion of the equinoxes and solstices (ayanacalana) 
was known in the Indian astronomical tradition, at least from the time of 
Varahamihira (c. 550), there were different views as to whether the motion 
was in the nature of precession over the entire ecliptic, or of trepidation or 
oscillation over some arc of it [Pin1972]. In verses 17-19 of Golabandhad- 
hikara of the Goladhyaya, Bhaskara discusses the precession of the equinoxes. 
He mentions that according to the ancient tradition of Suryasiddhanta the 
equinoxes undergo 30,000 retrograde revolutions (vyasta bhaganah) in a kalpa 
of 4.32 x 10° years. He then points out this is the same phenomenon of preces- 
sion of equinoxes which has been discussed by Munjala and others, according 
to whom the equinoxes undergo 199,669 retrograde revolutions in a kalpa. He 
further notes that the amount of precession has to be added to the longitude 
of the planet’s longitude in order to compute its declination etc. [SiSi1981, 
p. 397|:7? 


fayacnirasaat: Bored: sierra: SAT | 

age: aR: Se ayaa HT II 

seeded Agth FST: A Ta | 

areas TTT: am TSS SST: | 

aera Ure fear Wesos: BT: | 

visuvatkrantivalayayoh sampatah krantipatah syat | 

tadbhaganah saurokta vyasta ayutatrayam kalpe || 

ayanacalanam yaduktam munjaladyaih sa evayam | 

tatpakse tadbhaganah kalpe go’ngarttunandagocandrah | 

tatsamjatam patam ksiptva khete’pamah sadhyah || 

The equinoxes (krantipata) are the [points of] intersection of the celestial equator 
and the ecliptic. Their retrograde revolutions are mentioned to be 30,000 in a kalpa 
in the Suryasiddhanta. This is the motion of the solstices (ayanacalana) stated by 
Muinjala and others. In their school, the revolutions of them (the equinoxes) in a 
kalpa are given as 1,99,669. Adding the amount of precession obtained this way to 
[the longitude of] the planet, the declination (apama) is to be found. 


In his vasana, Bhaskara begins by highlighting the fact that the precession of 
equinoxes is an observed phenomenon, though it was not accepted by Brah- 
magupta [BSS1902, p. 168].?4 and others as the effect (or the displacement of 
the equinox from the beginning of Mesa (Mesadi)) was indeed small at that 


23 Earlier, in the Grahaganitadhyaya, Bhaskara refers to the amount of precession in 
degrees (ayanaméa) in verse 2 of Patadhikara. In his vasand on this verse, Bhaskara also 
explains how the ayanaémsa may be determined [SiSi1981, p. 308]. The author is grateful 
to Prof. M. 8. Sriram for bringing this to his attention. 

24 In verse 54 of Chapter XI ( Tantrapariksadhyaya), Brahmagupta states that the two 
solstices are stationary (‘sthiram ayanadvayam’). 
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time. He also draws attention to the fact that the phenomenon was mentioned 
in the ancient tradition (agama) of the Stiryasiddhanta. As regards the jus- 
tification for conceiving such a movement, he draws a parallel with the way 
in which the movement of the apsides and the nodes are inferred from the 
observed motion of the lunar apogee and nodes. 


Bhaskara then raises the issue that, in the case of a phenomenon such as 
the precession of the equinoxes which becomes appreciable only over a long 
period of time, it is possible that different revolution numbers (bhaganas) 
could still lead to the same results which are in agreement with contemporary 
observations. One could therefore use any suitable rate of precession that is 
in accordance with observations. Emphasising the role of continuing tradition 
in astronomy Bhaskara states that when, over time, the precession effects 
become substantial, there would be future Brahmaguptas who would compose 
treatises after firmly establishing the rate of precession which is in accordance 
with observations. It is only thus, by being sustained by such great savants, 
that the science of astronomy continues to retain accuracy over very long 
periods. 


Finally, Bhaskara states that the number of revolutions of the equinoxes in 
a kalpa could be 30,000 as mentioned in the Suryasiddhanta, or they could be 
1,99,669 as stated by Munijala and others. At any given time, whatever be the 
actual displacement of the equinox as determined by proficient astronomers, 
that is what should be used in calculating the declination, etc. [SiSi1981, 
p. 398]: 


wraey Ot: Siero] Tet AT SOT] Hah fayaanieramaa| Ate 
waters dora: fq cena veaseeal tsaqaeaqsen: weer a ws 
fearere wide APT! ANd: JSC sida faysgd 
waa ae siace aie ab aead! weer aoe! 
srokararay seata | 

ad oe sappereraerts ake sf dal car waeceara daoees:| sarit 
ae STS: | att wT cee Teeter! Tae reeets ht 
URReerdkererrareasy osproRenead set dat! Gea! 3st 
Three STaaarT: WATE! ate astro: arama set 
agen ft 4 OSE Fat FeO ASTI weaaaesal ae 
7? | arse fastorraewaihey arte urea fea ast afaetet 
Ala oft areres| aa Aheoramt afer Sora eas Pea | 
ao fad) aged) hrieroseearah att areas aerorstra4r 


aed eared a ofastarl zed aeRR wheats BISPRerea der 
aA Wa: WATT Seni af crematrerrentot ae aeration | 
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Weal GAHed Het Hesre?> Alaa Tar Heard TAPTSTS AT SAT TANT: 
q sored 0? aque wate sree aheara| ad wart 
Wea Aeaaeda: SL sMradshe re aad + aie 

TAS PRs wT: Hedsgats aad wafeardk: | war 
FORA IAs ST Uarest safer ared: | dt TSS PASaaT 99988% Ted 
aT TAT st T WOT Fag! Far Asem: PQveaswed aera va saad 
saet:| ¢ fraret saad we wert sea: Grea | 

krantyartham patah krantipatah | pato nama sampatah | kayoh | visuvatkranti- 
valayayoh | nahi tayormesadaveva sampatah kintu tasyapi calanamasti | ye’yanacala- 
nabhagah prasiddhasta eva vilomagasya krantipatasya bhagah | mesadeh prsthatasta- 


vadbhagantare krantivrtte visuvadurttam lagnamityarthah | nahi krantipato nastiti 
vaktum Sakyate | pratyaksena tasyopalabdhatvat | upalabdhiprakaramagre vaksyati | 


tat katham brahmaguptadibhirnipunairapi nokta iti cet | tada svalpatuat tairnopalab- 
dhah | idanim bahutvat sampratikairupalabdhah | ata eva tasya gatirastityavagatam | 
yadyevamanupalabdho’pi saurasiddhantoktatuadagamapramanyena bhaganaparid- 
hyddivat katham tairnoktah | satyam | atra ganitaskandha upapattimanevagamah 
pramanam | tarhi mandocapatabhaganah agamapramanyenaiva katham tairukta iti 
na ca vaktavyam | yato grahanam mandaphalabhavasthanani pratyaksenaivopalab- 
hyante | tanyeva mandoccasthanani | yanyeva viksepabhavasthanani tanyeva pa- 
tasthanani | kintu tesam gatirasti nasti veti sandigdham | tatra mandoccapatanam 
gatirasti candramandoccapatavadityanumanena siddha | sa ca kiyatt | taducy- 
ate | yairbhaganairupalabdhisthanani tani ganitenagacchanti tadbhaganasambhava 
varsikt dainandint va gatirjneya | nanvevam yadyanyairapi bhaganaistanyeva 
sthananyagacchanti tada katarasya gateh pramanyam | satyam | tarhi sampratikopal- 
abdhyanusarint kapi gatirangikartavya | yada punarmahata kalena mahadantaram 
bhavisyati tada mahamatimanto brahmaguptadinam samanadharmanah ye utpat- 
syante te tadupalabdhyanusarinim gatimurarikrtya sastrani karisyanti | ata evayam 
ganitaskandho mahamatimadbhirdhrtah sannanadyante’pi kale khilatvam na yati | 
ato’sya krantipatasya bhaganah kalpe’yutatrayam tavat stryasiddhantoktah | tatha 
munjaladyairyadayanacalanamuktam sa evayam krantipatah | te go’ngarttunanda- 
gocandra 199669 utpadyante | atha ca ye va te va bhagana bhavantu | yada ye’msah 
nipunairupalabhyante tada sa eva krantipata ityarthah | tam vilomagam krantipatam 
grahe praksipya krantih sadhya | 

The points of intersection that are relevant for computing the declination are the 
equinoxes (krantipata). Pata refers to a meeting point. [Meeting point] of which 
entities? Of the celestial equator, and the ecliptic. It is not the case that they 
intersect only at the beginning of Mega, since that (point of intersection) also 
has a motion. The well known amount of ayanacalana in degrees, is actually the 
amount in degrees of (the displacement of) the equinoxes which have a retrograde 
motion. It only means that the celestial equator meets the ecliptic at a distance 
of so many degrees behind (to the west of) the beginning of Mega. It cannot be 
said that there is no equinox, since it cannot be directly observed. The method 


25 Here we have adopted the reading ‘mahadantaram’ from [SiSi1943, p. 210], which is 
better than the reading ‘mahantaram’ found in [SiSi1981, p. 398]. 

26 The published editions [SiSi1981, p. 398], [SiSi1943, p. 210] here read ‘samanadhar- 
mana evotpatsyante. te’. This seems to be a misreading as eva is not in the appropriate 
place. 
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of observation will be stated later. It may then be asked as to why that (motion 
of the equinox) has not been mentioned even by proficient astronomers such as 
Brahmagupta and others. Since it (the amount) was small at that time, it was 
not observed. Now, since it is considerable, it has been observed by the contem- 
porary astronomers. Hence, it has been understood that there is a movement of 
equinox. Even if it were not observed, by being mentioned in the Suryasiddhanta, 
it (the movement of equinoxes) has been validated by reliable tradition (agama). 
Still, why did they (Brahmagupta and others) not mention it, in the same man- 
ner as they mentioned the various revolution numbers and the circumferences of 
epicycles (which were also based on the authority of tradition)? True. Here, in the 
computational branch (ganitaskandha) [of astral sciences], only an authoritative 
tradition which is supported by justification is a valid source of knowledge (upa- 
patiman agama eva pramanam). But, then you should not say that how did they 
(Brahmagupta and others) present the motions of the apsides and nodes merely by 
the authority of tradition? After all, the locations where the planets do not have 
a manda-correction are obtained by observation itself. Those are the locations of 
the mandoccas. The places where there is no latitudinal deflection, those are the 
locations of the nodes. However, it is doubtful as to whether they (apsides and 
nodes) have any movement or not. There, it should be clear that the apsides and 
nodes have a movement; because, that is established by inference, following the 
fact that the lunar apogee and node [are seen to have such a movement]. 


Now we shall state how much is that [rate of motion of the equinoxes]. We should 
adopt only such annual or daily rates of motion, that result from the revolution 
numbers which lead, via computation, to the same locations that are in accordance 
with observations. If such is the case, then which rate of motion is to be taken as 
valid when different revolution numbers lead to the same observed results? True. 
Then we may accept any one of the rates which gives results in concordance with 
current observations. If, after a long period of time, there arises a large difference 
(between computation and observation), then the highly intelligent astronomers 
of the same class as Brahmagupta, who arise, they will firmly establish the rates 
which are in concordance with the observations and prepare treatises. It is only 
because of this that this mathematical branch [of astral sciences], being sustained 
by highly intelligent astronomers, does not become inaccurate, even over times 
which have no beginning or end (anadyante’pi kale). 

Now, the number of revolutions of the equinox have been said to be 30,000 in 
a kalpa in the Suryasiddhanta. On the other hand, the motion of the solstices 
(ayanacalana), stated by Mufjala and others, is also about [the motion of the] the 
same equinoxes. They (the revolution numbers given by Munjala and others) are 
1,99,669. Now, let the revolution numbers be either these (given by Mujfijala and 
others) or those (given by the Suryasiddhanta). Whatever be the number of degrees 
obtained by experts [for the displacement of the equinoxes] at a given time, that is 
then taken to be [the correct location of] the equinoxes. Adding [the displacement 
of] the equinoxes which have a retrograde motion, to the longitude of the planet, 
the declination is to be computed. 


While, in the above passages, Bhaskara presents both the tradition of Suryasid- 
dhanta and the view of Munjala on the rate of precession, he clearly adopted 
the rate given by Mufijala in his later manual Karanakutthala (c. 1183) 
[KaKul1991, p. 28]: 
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HIPAA: FTAA: FHT AAA: | 


athayanamsah karandabdalipta yukta bhavastadyutamadhyabhanoh | 


Then, the amount of precession (ayanaméa) is given by number of minutes equal 
to the years elapsed since the epoch of the manual (karanabda) together with 11 
degrees... 


From the above prescription, it follows that the annual rate of precession is 
given as 1’; and the amount of precession at the time of the epoch of the 
work, namely Sakabda 1105 (1183 cE), is given as 11°. The annual rate of 
precession corresponding to 1,99,669 revolutions in a kalpa of 4.32 x 10° years, 
corresponds to an annual rate of around 59”54’” and the amount of precession 
from the beginning of the kalpa works out to be around 10°54’35”. These have 
been approximated in the above prescription of Karanakutuhala, as has also 
been noted by Munigvara in his commentary Marici on Siddhantasiromani 
(see below). 


4.1 Bhaskara’s citations from the earlier works 
regarding the movement of equinoxes 


Bhaskara’s discussion of precession of the equinoxes has been critiqued by 
David Pingree who has especially questioned the veracity of Bhaskara’s ci- 
tations from Suryasiddhanta and Munjala. In his scholarly overview of ‘Pre- 
cession and Trepidation in Indian Astronomy Before A. D. 1200’, Pingree 
remarks [Pin1972, pp. 32-33]: 


Finally, Bhaskara ( A. D. 1150 has a very difficult passage (Siddhantasiromani, 
Goladhyaya 7, 17-18): 

“The intersection of the equinoctial and the declinational circles is ‘the node of 
declination’. Its retrograde revolutions are said by the Saura [Suryasiddhanta] to 
be 30,000 in a Kalpa. But the precessional motion proclaimed by Mufijala and so 
on is correct; in this school its revolutions in a Kalpa are 199,699.” 


Bhaskara’s reference here to the Stiryasiddhanta has caused much learned com- 
ment as it clearly conflicts with the verse from that work (3,9) cited as early 
as Govindasvamin; it also conflicts with the statement regarding Stirya’s theory 
of precession made by Visnucandra. The expression of 600 in Suryasiddhanta is 
‘trimgatkrtyo’ (thirty twenties); in some versions, the word for twenties, ‘krtyo’, is 
corrupt. Perhaps, Bhaskara’s statement reflects someone’s misunderstanding of the 
Stryasiddhanta, which was interpreted as saying that there are thirty trepidations 
in a Mahdayuga only, and therefore 30,000 in a Kalpa. 


Bhaskara’s statement regarding Munjala is not without difficulties either, though 
the number of revolutions in a Kalpa is closer to 200,000 than any other that is 
attested. Munjala, as was shown above, is known to have followed Govindasvamin’s 
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second theory. Unless he wrote a third work besides the Brhanmanasa and the 
Laghumanasa, Bhaskara’s reference must be wrong. 


It is not clear why Pingree characterises verses 17-18 of the Golabandhad- 
hikara of the Goladhyaya cited above as ‘a very difficult passage’. There is 
indeed no difficulty in comprehending what Bhaskara has stated, either in 
these verses or his commentary thereon, as far as mathematical astronomy 
is concerned. Clearly his view is that there is a precession of equinoxes, that 
different rates of precession have been mentioned in earlier texts, and that a 
proficient astronomer should choose the rate that is in accordance with con- 
temporary observations. He himself has preferred to adopt the rate mentioned 
by Munjala. 

Pingree’s criticism is perhaps only addressed to the veracity of the citations 
made by Bhaskara from the Suryasiddhanta and from Muiijala.?” Now, the 
currently available version of Suryasiddhanta (which has been dated to 8th 
century CE by Pingree) has the following verse [SuSi1891, p. 98]: 


repeat Bt AAT ash wre Uae | 
trimsatkrtyo yuge bhanam cakram prak parilambate | 


Ina (maha) yuga the ecliptic extends six hundred (thirty-twenties) times eastwards. 


All the commentators have interpreted the above passage as implying that 
the equinox has an oscillatory motion (trepidation) moving 27° either side 
of the Mesadi, 600 times in a mahayuga of 43,20,000. This means that 108° 
are covered in a period of 7,200 years, thereby implying an annual rate of 
movement of 54”. 


From the fact that Bhaskara, in his Vasanabhasya, refers to the notion of 
movement of equinoxes given in Suryasiddhanta as a tradition (a@gama) that 
was known to Brahmagupta and others, it should be clear that he is referring 
to an ancient version of Suryasiddhanta. That such versions existed is clear 
from the summary available in Paricasiddhantika of Varahamihira (c. 550), and 
Bhaskara could be referring to one such version.?® However, if the number of 


27 The same issue was discussed, almost two hundred years earlier, in a pioneering study 
of Indian astronomy by Henry Thomas Colebrooke [Col1816]. Colebrooke also talks of 
the ‘difficulties’ presented by the passage of Bhaskara to the historian of astronomy. 
Colebrooke, however, concludes that Bhaskara was following an authentic tradition of 
Mujajala, based on the reference to Munjala found in the commentary Marici of Munigvara 
(see below). 

28 In his commentary on Brahmasphutasiddhanta, Sudhakara Dvivedi cites a verse of 
Visnucandra (c. 550 CE), author of a Vasisthasiddhanta, which mentions that the number 
of revolutions of the solstices in a (maha) yuga are 1,89,411 and that ‘this was formerly the 
opinion of Brahma, Surya, etc.’, ‘brahmarkadi matam pura’ [BSS1902, p. 168]. This verse 
of Visnucandra (which has also been cited by Colebrooke [Col1816, pp. 214-215], and 
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revolutions of the equinox in a kalpa are 30,000 (ayutatraya), as mentioned in 
the above verse of Siddhantasiromani, then the rate of motion of the equinox 
will turn out to be 9” per annum, which is too small. To be fair, we should also 
note that Bhaskara is not advocating this rate precession as the accurate one, 
he is mainly citing this as an ancient authority (agama) for the movement of 
equinoxes. In this context, it may also be noted that Nrsimha Daivajna in his 
Vasanavaritika has suggested that the word ‘ayutatraya’ (30,000) is perhaps 
an erroneous reading of the original, which should have been ‘niyutatraya’ 
(300,000) [SiSi1981, p. 399].?° If that reading were to be accepted, then the 
annual rate of precession will work out to be a more reasonable figure of 40’. 


As regards Bhaskara’s citation from Mufijala, it may be noted that the 
motion of equinoxes is mentioned right at the beginning of his work Laghuma- 
nasa. In the section Dhruvakanirupanadhikara which gives the initial values 
and other parameters useful for making actual computations, and is usually 
tagged on with verse 2 of the text in various commentaries, Mufjala gives 
6°50’ as the amount of displacement of the equinoxes from the Mesadi for 
Sakabda 854 (932 CE), and 1’ per year as the rate of motion of the equinox, 
without mentioning whether the movement is in the nature of precession or 


trepidation:°? 


HITT ASM: THM HA HALD A: | 

Weed aeatedt eererfayaare: Bart Il 

ayanacalanassadamsah paticasalliptikastathaikaikah | 

pratyabdam tatsahito raviruttaravisuvadadih syat || 

The amount of displacement of the solstices (ayanacalana) is 6°50’ and it increases 


by 1’ each year. The (longitude of the) Sun increased by that amount will give the 
(longitude) measured from the vernal equinox (uttara-visuvat). 


In fact, the relevant verses of Munjala on the precession of equinoxes, which 
perhaps constituted the source for Bhaskara also, have been cited by Munis- 
vara, who attributes the verses to Munjala without however naming the work 
from which they have been cited. In his commentary Marici on the above 
verses of the Golabandhadhikara of Goladhyaya, Munisvara first cites three 


Pingree [Pin1972, p. 32] clearly shows that there was an earlier version of Suryasiddhanta, 


which talked of precession and not the trepidation of the equinoxes. 


29 ‘ayutatrayam kalpa ityatra niyutasabdasyalaksasankhyavacakatvena niyutatrayam kalpa 


iti va pathah sadhiyan’ Such a variant reading has also been suggested by Munisvara 
as a possibility: ‘ayutetyatra niyutetipathastena niyutasabdasya laksasankhyavacakatvad- 
vyastah pascima bhagana laksatrayam’ [SiSi1943, p. 214]. 

3° [LaMa1944, pp. 4-5]. Also, [LaMa1952, p. 3]. Also, [LaMa1990, p. 62]. N. K. Majumdar 
suggests that these verses could be from Brhanmanasa, as they have been cited separately 
from the text by the commentator PraSastidhara. In any case, these verses are an essential 
part of Laghumanasa, and their role is the same as that of the verses of the Dagagitika 
in Aryabhatiya. 
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and a half verses of Mufijala on the precession of equinoxes,?! and goes on to 
cite another half verse a little later in his commentary [SiSi1943, pp. 216-217]: 


gfe qaigan: | Taare wees aale: ... Weraretarerae 49/4¥/2/29/921 HT 
TaSsas: ATHAES fear ie caeeeeeen PTOTRTAAAA... RAST HAUT 
CHM ha Wars delat asthea ‘Tae: aAoTehesa om ay’ 
saat Par 

munjaladimate ‘tadbhaganah’ krantipatabhagana vyastah brahmadine | 
ekatrimsadadhikagatatrayonam laksadvayam | 

‘tadbhaganah kalpe syurgorasarasagonikacandramitah ||’ 


iti tadvacanaduktah | etadanurodhena prativarsam tadgatih ...pratyaksasamvadasan- 
nam 59/54/2/31/12 | ata eva”caryaih karanakutihala etadbhaganebhyas- 
tatkale’yanagraham bhaganadyamenamaniya...svalpantarena ekadagamésa- 
nangikrtya prativarsam tadgatikalam cangikrtya ‘ayanamsah karanaderlipta 
yukta bhava’ ityayanamsasadhanam nibaddham | 

According to Munjala and others, ‘its revolutions’ [namely], the number of retro- 
grade revolutions of the equinoxes in a kalpa (a day of the Brahma), which are 
1,99,669 (2,00,000-331). 

‘Its number of revolutions in a kalpa are determined to be 1,99,669’ (tadbhaganah 
kalpe syurgorasarasago ‘nikacandramitah), 


as have been stated in his (Mujfijala’s) words. Following this, every year 
its motion will be ..as obtained also by tallying with observations, nearly 
5975402031) 12) | Tt is only because of this that, the Acarya has made 
use of these revolution numbers in Karanakutihala to find, in his time, the extent 
of displacement of the equinox (ayanagraha), in revolutions, etc., ..and adopted a 
value very close to the result, namely 11°; he has also adopted the rate of annual 
motion of that (the equinoxes) to be 1’, and has prescribed the following rule for 
determining the amount of precession of equinoxes (ayanaméa): ‘The amount of 
precession is given by number of minutes equal to the years elapsed since the epoch 
of the karana added to 11 degrees’. 


Surprisingly, Pingree does not make any reference to the above verses of 
Muijala cited by Munisvara, even though he has taken note of certain other 
references made by Munisvara (to the Suryasiddhanta and to the views of 
Aryabhata II) during the course of the commentary on the same verses of 
Bhaskara [Pin1972, pp. 34-35]. Later scholars have suggested that these verses 
of Munjala, as cited by Munigsvara, are from his other work Brhanmanasa. 
(See [SiSi1981, p. 399] and [LaMa1990, p. 5 ]). This work of Mufijala has been 
mentioned by various commentators of Laghumanasa and also by al Biruni 


31 (murijaladyatracaryaih.  “yaduttaratoyamyadisam yamyatastadanu saumyadigb- 


hagam....nirdisto’yanasandhiscalanam tatraiva sambhavati” iti anenayanacalanam 
kalpadau ...’ [SiSi1943, p. 216]. 
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[AIB1910, vol. I, p. 157], but so far no manuscripts have been found. How- 
ever, Pingree’s claim that, as regards Munjala, ‘Bhaskara’s reference must be 
wrong’, seems totally unjustified’ 


5 Bhaskara on the problem of the latitude of interior 
planets 


The planetary models of classical Indian astronomy (like their counterparts 
in other traditions), were clearly off the mark in prescribing that the manda- 
correction or the equation of centre for the interior planets, Mercury and 
Venus, should be applied to the mean Sun. However, at least from the time 
of Aryabhata, the Indian astronomers (unlike their counterparts in Greco- 
European and Islamic traditions prior to Kepler) were able to compute the 
latitudinal motions of these planets fairly correctly by making use of the no- 
tion of their stghroccas, which were essentially the mean heliocentric planets. 
The standard procedure for computing the latitude of a planet involves the 
Rsine of the latitudinal anomaly (ksepakendra), which is actually the differ- 
ence between the mean longitude of the planet (corrected by the equation of 
centre) and the node. For the exterior planets, the latitudinal anomaly was 
correctly prescribed as the sum of the manda-sphuta and the computed node 
(pata), where the sum was taken since the motion of nodes is retrograde. 
However, in the case of the interior planets, a fairly accurate formulation was 
arrived at by the prescription that their latitudinal anomaly should be taken 
as the sum of the s¢ghrocca (as that was actually the mean heliocentric planet) 
and the node. 


This, however, led to the paradox that there were two different rules for 
computing the latitudes of planets: They were to be computed from the 
manda-sphuta for the exterior planets, and from the szghrocca for the interior 
ones. While trying to explain the latitudinal motion in the Golabandhadhikara 
of Goladhyaya, Bhaskara is acutely aware of this duality. However, the solu- 
tion he proposes is somewhat naive, namely that the revolution numbers of 
the nodes of Mercury and Venus which have been tabulated (in Siddhantasiro- 
mani as well as other texts) are actually true revolution numbers of the nodes 
diminished by those of their s¢ghra-anomaly (which is sighrocca minus the 
manda-sphuta). In this way, Bhaskara is able to trivially solve the problem of 
duality and claim that the procedure for computing the latitudes of Mercury 
and Venus also, in actuality, involves only their manda-sphutas, as in the case 
of the exterior planets. 
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After discussing the general procedure for computing the latitudes of plan- 
ets in verses 20-22 of Golabandhadhikara, Bhaskara addresses the exceptional 
case of Mercury and Venus in verse 23 [SiSi1981, pp. 402-403]: 


Sarit aawateersare — 


qa area: ofsar separ: a aioe yar aa: Sy: | 
wet: qaryeaaehagel wet car: vse frst 


ay wana: erarsoreaght as Hear at fasta sia: a siraeewat ws 
A ae ee ee 


Ta FT TARAS Besa: Brass ara frets sa Tae 
Tee wate sarees SRT AT Rt ach MaMa sla MaseareTeTaaT- 
asa Het | 


Te | sara | Asa aSHAT: UPTO: UfSared SAAS OT: AKA: Tage TOT 
ater) TAT ST ATT RASTA USA: | SAAS TT OTT: UT: LAST TAT 
Ue: Hr! VaArahage aad eras TAL Sad eohHLOTs We: ATI 
ARAM AAA Ho SAA ATATAIPT Vaasa SIT | 


idanim jnasukrayorvigesamaha— 


ye catra patabhaganahpathita jnabhrgvoh te 
Sighrakendrabhaganairadhika yatah syuh | 

svalpah sukharthamuditascalakendrayuktau 
patau tayoh pathitacakrabhavau vidheyau || 


..nanu jnasukrayoh sighroccapatayutim kendram krtva yo viksepa anitah sa sighroc- 
casthana eva bhavitumarhati na grahasthane | yato graho’nyatra vartate | ata 
idamanupapannamiva pratibhati | 


tatha ca brahmasiddhantabhasye ‘jnasukrayoh sighroccasthane yavan viksepastava- 
neva yatra tatrasthasyapi grahasya bhavati | atropalabdhireva vasana nanyatkaranam 
vaktum Sakyata’ iti caturvedenapyadhyavasayo tra krtah | 


satyam | atrocyate | ye’tra jrnasukrayoh patabhaganah pathitaste sighrakendrabha- 
ganairyutah santastadbhagana bhavanti | tatha ca madhaviye siddhantacudamanau 
pathitah | ato’lpabhaganabhavah patah svasighrakendrena yutah karyah | sighroc- 
cadgrahe §odhite sighrakendram | tasmin sapate ksepakendrakaranartham grahah 
ksepyah | atastulyagsodhyaksepayornase krte sighroccapatayoga evavasisyata ityupa- 
pannam | 


Now he discusses the peculiarity of Mercury and Venus— 


The revolution numbers of the nodes of Mercury and Venus are [actually] more 
than the ones that have been tabulated here by [an amount equal to] the revolution 
numbers of the s¢ghra-anomaly. Since these [tabulated values] have been stated to 
be small for convenience, the tabulated revolution numbers of the nodes of these 
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(planets, Mercury and Venus) should be augmented by the revolution numbers of 
the s¢ghra-anomaly. 


..Is it not true that the latitude, which is obtained considering the sum of the 
Sghrocca and the node as the latitudinal anomaly, can only be the latitude at the 
location of the Sghrocca, and not at the location of the planet, because, the planet 
is somewhere else. So, this procedure seems clearly unjustified. 


As has been stated in the commentary on Brahmasphutasiddhanta: ‘In the case of 
Mercury and Venus, whatever is the latitude at the location of stghrocca, the same 
will be the latitude of the planet, irrespective of whatever be the location of the 
latter. Here, the only justification is that this is in accordance with observations; 
and it is not possible to state any other reason. Such was the conclusion reached 
by even Caturveda (Prthudakasvamin) in this issue. 


True. In this matter the following is stated [by way of explanation]: The revolution 
numbers of the nodes of Mercury and Venus, which have been tabulated here, 
when augmented by the revolution numbers of the sighra-anomaly will become the 
[true] revolution numbers of them (nodes). That is how they have been tabulated 
in the Siddhantacudamani of Madhava. Thus, the [longitude of the] node computed 
from the small number of revolutions [as tabulated] should be augmented by the 
Sighra-anomaly of the planet. The sighra-anomaly is obtained by subtracting the 
planet (manda-sphuta) from the sighrocca. Having added that to the node, in order 
to obtain the latitudinal anomaly, the planet (manda-sphuta) has to be added. If 
the equal quantities which have been subtracted and added are cancelled, what 
will finally remain is the sum of s¢ghrocca and the node, and thus (the rule for 
computing the latitude of Mercury and Venus has been) demonstrated. 


As noted earlier, after citing Caturveda Prthidakasvamin that there is no 
way of justifying the use of s¢ghroccas in the computation of the latitudes 
of Mercury and Venus except by the fact that the results tally with observa- 
tions, Bhaskara tries to provide a rather lame explanation: That the tabulated 
revolution numbers of the nodes of the interior planets are wrong, and the 
correction for it exactly compensates the error involved in using the sighroccas 
in the computation of latitudes. 


Now, the standard procedure for computing the latitudes involves the lat- 
itudinal anomaly which is given by the sum of the manda-sphuta (or the 
manda-corrected mean planet) and the node. In the case of Mercury and 
Venus, the latitudinal anomaly is specially prescribed to be the sum of their 
$tghrocca and the node. Now, according to Bhaskara, the tabulated revolution 
numbers of the nodes of these planets have to be augmented by the revolution 
numbers of their s¢ghra-anomalies to get the correct nodes. Hence, Bhaskara 
concludes that: 


The latitudinal anomaly for Mercury and Venus (as prescribed) 
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= sighrocca + node (as tabulated) 


Sighrocca + true node — sighra-anomaly 


= Sighrocca + true node — (s¢ghrocca — manda-sphuta) 


l 


manda-sphuta + true node, 


which is the same as what is also prescribed in the case of the exterior planets. 
In this way, Bhaskara tries to trivially resolve the paradox of the prevalence 
of two different rules for computing the latitudes of planets. 


5.1 Nilakantha’s solution of the problem 


While the above explanation offered by Bhaskara may sound hardly convinc- 
ing, that should not detract us from appreciating the fact that he did come up 
a very clear formulation of the problem. In fact Bhaskara’s incisive observa- 
tion that the latitude which is obtained by employing the s¢ghrocca, ‘can only 
be the latitude at the location of the s¢ghrocca, and not at the location of the 
planet’, seems to have clearly led Nilakantha Somayaji, a few centuries later, 
to come up with the truly revolutionary solution, where the revolution num- 
bers of the nodes of Mercury and Venus were not tampered with, but instead 
it was their s¢ghroccas which were identified with the mean planets themselves. 
We can clearly see the influence of Bhaskara in the way Nilakantha formulated 
the problem, while explaining the rationale of the revised planetary model in 
his Aryabhatiyabhasya [AB1957, pp. 8-9]: 


aaa faeto sw:l Bwdagead| vq wafer fagto: wwreenes 
afaqrefa| 7 GaReereaanfefa| GAA! A YARRA waeresa faa 
sr | aad guseriaa Ra: wad qafal..war aod, aa 
Teds Bae aakwaread, Aare fea! ad, wieakwat 
cea tae |... 


wage watt — cana + ay aaciiwad! aat seta war el 
hears UE TET URSA Tae + SeeRy UR: SMA 


Sighravasacca viksepa uktah | kathametadyujyate | nanu svabimbasya viksepah sv- 
abhramanavasadeva bhavitumarhati | na punaranyabhramanavasaditi | satyam na 
punaranyasya bhramanavasadanyasya viksepa upapadyate | tasmat budho ’stasityaiva 
dinaih svabhramanavrttam ptrayati |..etacca nopapadyate, yata ekenaiva sam- 
vatsarena tatparibhramanamupalabhyate, naivastasitya dinath | satyam, bhagola- 
paribhramanam tasyapyekenaivabdena |... 
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etaduktam bhavati- tayorbhramanavrttena na bhuh kabalikriyate | tato bahireva 
sada bhuh | bhagolaikapargva eva tadvurttasya parisamaptatvat tadbhaganena na 
dvadagaragisu carah syat | tayorapi vastutah adityamadhyama eva sighroccam | 
Sighrocca bhaganatvena pathitah eva svabhaganah | tathapyadityabhramanavasadeva 
dvadasaragisu carah syat | 


The latitudinal deflection is said to be due to that of the s¢ghrocca. How is this 
appropriate? It may be asked: Isn’t the latitudinal motion of a body dependent on 
the motion of that body only? And, not because of the motion of something else? 
True, the latitudinal motion of one body cannot be obtained as being due to the 
motion of another. Hence [we should conclude that] Mercury goes around its own 
orbit in 88 days...However, this also is not appropriate, since we see it (Mercury) 
going around [the Earth] in one year and not in 88 days. True, the period in which 
Mercury completes one full revolution around the sphere of stars is one year only 
[like the Sun]... 


This is what is stated (by us in explanation): Their (Mercury and Venus) orbits do 
not swallow up the earth. The Earth is always outside their orbit. Since their orbit 
is always confined to one side of the [geocentric] celestial sphere, in completing 
one revolution they do not go around the twelve signs (ragis). Actually, for them 
(Mercury and Venus) also the mean Sun is the sghrocca [as is the case for Mars, 
Jupiter and Saturn]. It is only their own revolutions which have been tabulated as 
the revolution numbers of the s¢ghroccas. Even so, it is only due to the revolution 
of the Sun [around the Earth], that they (Mercury and Venus) complete their 
movement around the twelve signs [and complete their revolution of the Earth]. 


6 Concluding Remarks 


The works of Bhaskaracarya viz., Lilavati, Bijaganita and Siddhantasiromani, 
very deservedly acquired the status of canonical textbooks. They were appre- 
ciated for their clarity, poetic elegance and beauty, and also for their com- 
prehensiveness in covering the entire gamut of mathematics and astronomy 
as developed in the Indian tradition in the siddhantic period. Hundreds of 
manuscripts of these works are still available in various collections. Scores of 
commentaries were written and a number of translations into various lan- 
guages were also carried out in the pre-modern era. 


The Vasanabhasyas of Bhaskara also became the exemplars for the pre- 
sentation of detailed explanations and justifications. The vast commentarial 
literature, which emerged in the post-Bhaskara period, is clearly inspired by 
the Vasanabhasya on the Siddhantasiromani. As we have tried to explain in 
this article, the Vasanabhasyas of Bhaskara also expound upon many of the 
basic issues which are crucial for understanding the methodology of math- 
ematics and astronomy in the Indian tradition. This tradition did continue 
also in the post-Bhaskara period, as can be seen in some of the seminal works 
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of the Kerala School, such as the Aryabhatiyabhasya of Nilakantha Somayaji 
and the Ganitayuktibhasa of Jyesthadeva. 


Our discussion also indicates how the works of Bhaskara did have a signifi- 
cant impact on later developments in mathematics and astronomy, an impact 
which was indeed pan-Indian in nature. Of course, it is well known that the 
influence of Bhaskara is clearly visible in most of the subsequent work on 
mathematics and astronomy carried out in north India. This can be seen as 
much in the mathematical works of Narayana Pandita or the commentaries of 
Ganesa Daivajna and Krsna Daivajna, as in the large corpus of works on math- 
ematical astronomy created by several families of astronomers hailing from 
places such as Dadhigrama, Nandigrama, Golagrama etc., in western India, 
and their descendents and disciples many of whom later settled in Varanasi. 
It is equally important to note that much of the work of the Kerala School of 
astronomy, which clearly drew inspiration from the tradition of Aryabhata, 
was also built on the edifice created by Bhaskara by means of his canonical 
text books on mathematics and astronomy. We have tried to highlight in this 
paper how some of the important achievements of the Kerala astronomers 
such as Madhava’s exact analytic expression for the iterated-manda-karna, 
Paramesvara’s geometrical model of planetary motion, and even Nilakantha’s 
revised planetary model can be traced to the clear and penetrating analysis 
of all these issues that we find in the Vasanabhasya of Bhaskaracarya on Sid- 
dhantasiromani. 
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The production of Sines: 
Bhaskaracarya’s Jyotpatti 


Clemency Montelle* 


1 Introduction 


Jyotpatti, literally ‘Production of Sines’, is the name given to one of the chap- 
ters of Bhaskara’s Siddhantagiromani (1150 CE). The chapter is twenty-five 
verses long and it deals exclusively with trigonometry.! In it, Bhaskara sets 
out various conventions and relations for producing Sine values for various 
arcs. While some of the formulae he presents had been long known and used 
(notably in verses 1-10), Bhaskara also produces a group of previously unat- 
tested rules culminating in the notable Sine and Cosine addition and subtrac- 
tion formula. As with the other chapters of the Siddhantasiromani, Bhaskara 
writes a commentary on this chapter. This includes descriptions on how to 
compute various Sine values, which formulae to use, and the advantages of 
some formulae over others. 


The contents of this chapter raise many interesting questions about the 
role and nature of trigonometry by Bhaskara’s time in the astral sciences 
in Sanskrit sources. The most notable is the fact that here trigonometry is 


*Email: clemency.montelle@canterbury.ac.nz 

' This chapter has been translated into English by [SL1861, pp. 263-268] and discussed 
in [Plo2009, pp. 204-205], [Van2009, pp. 105-107], [Gup1974], [Gup1976], and [Yan1977| 
Other studies on the Jyotpatti include the Marici commentary on this work by [Gup1980]. 
For broader studies on the history of trigonometry in this tradition, see for instance, 
[KhKh1970, Appendix VI, pp. 176-188] and [DA1983, pp. 39-108]. This study has used 
the edition in [SiSi1989, pp. 281-286] . 
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treated as an independent topic. Prior to this, precomputed trigonometric 
quantities were always found in the midst of astronomical content, commonly 
in chapters dedicated to the determination of true planetary positions and 
velocities. Indeed, it is true that some other earlier works in the Sanskrit astral 
sciences did include in separate places a justification of Sine values that had 
been given earlier in the text. Brahmagupta, for instance, includes four verses 
in chapter twenty-one of the Brahmasputasiddhanta (XXI, 19-23) that offer 
rules to produce the versified Sines given in chapter two (II, 2-5). However, 
the Jyotpatti goes beyond this. While Bhaskara provides the rules for Sines 
that appear earlier in the Siddhantasiromani, many rules he includes can be 
used to generate Sines that are not found anywhere else in his corpus. Thus, 
the significance of the Jyotpatti being its own separate chapter accentuates 
the gradual expansion of the purview of this topic at this time. 


In order to appreciate certain features of this development, I considered 
the collection of mathematical rules presented in the Jyotpatti and the ways 
in which the rules complement and contrast one another. Notably, from a 
strictly mathematical viewpoint, many of the rules Bhaskara presents in this 
chapter are equivalent or alternatives for the same expression. Why, then, 
does he present so many rules which overlap? What does this reveal about 
the purpose of this chapter? Is this a display of mathematical virtuosity above 
and beyond a practical guide to compute Sine tables? Exploring this issue 
allows us a glimpse into the scope of this chapter, including who the text was 
directed towards, the ways in which it was intended to be used, as well as 
shedding some light on the complex evolving role of trigonometry as a subject 
in the astral sciences. 


2 The Jyotpatti 


Jyotpatti is a compound of the Sanskrit words jya, here Sine, and utpatti, a fem- 
inine noun meaning production, origin, arising, birth. Utpatti in the context of 
the astral sciences is a technical term used to indicate that the subject matter 
concerns the ‘production’ of the mathematical items in question.” Bhaskara 
includes trigonometric material elsewhere in the Siddhantasiromani. Earlier in 
this work, he presents an enumeration of versified Sines (and Versines) in the 
chapter on true motions (spastadhikara (2-9)) in which 24 Sines are given with 


? For instance, the twelfth century commentator on Brahmagupta, Amaraja, invokes the 
term utpatti to describe those sections of his commentary which carry out numerical pro- 
cedures or the algorithms relating to the resulting numerical data. In particular, he uses 
this term to introduce the section where he describes the production of Brahmagupta’s 
Sines [KhKh1925, pp. 98-100]. 


The production of Sines: Bhaskaracarya’s Jyotpatti 293 


a Radius of 3438. In another work, the Karanakutuhala, Bhaskara provides a 
different versified table of Sines where R=120 with ten values (2, 6-8), again 
in the chapter which deals with the true positions of the planets. 


Table 1: The trigonometric rules in the order they appear in the Jyotpatti. 


Verse No.|Content of the verses Eq. no. 
1 Invocation 
2 Constructing the diagram 
3 Diagrammatic definition of the Sine 
4 Cosé = 1/ R2 — Sin? (i) 
5 Vers 6 = R— Cosé (ii) 
Vers 0 = R— Sind (iia) 
6 Sin30 = # = Cos60 (iii) 
Sin45 = \/ (iv) 
7 | Sin36 = \/ S2°—veR* (v) 
8 Sin36 = Cosb4 x S-R (vi) 
9 Sinlg = Y8R7—-R (vii) 
10 | Sin(2) = VS eter"? _ | /Hvas0 (viii) 
12 | Sin (S#2) = \/#RSine (ix) 
, 7 o— ( Sin@— Sing)?+( Cos¢— Cosé)? 
13 Sin ( 5°) av: 7 (x) 
4 | Sin (22) SaaS cea) (xi) 
15 | Sin(9— 0) = R—- 2Sm"e (xii) 
16-18a | Sin(0 + 1) = (1 — gkg) Sind + 3%, Cosd (xiii) 
for 90 Sines where R = 3438 and Sinl=60 
18b-20 | Sin(@ + 3; 45) = (1 — zz) Sind + 223 Cosd (xiv) 
for 24 Sines where R = 3438 and S$in3;45=225-2 
21-24 Sin(@ + ¢) _ Siné Cone Sing Cosé (xv) 
25 Closing verse 
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The trigonometric rules as they appear in the Jyotpatti go above and be- 
yond providing ways to generate these versified Sines Bhaskara provides. They 
can be summarized (using modern notation) in table 1. What is immediately 
noticeable about this group of rules is the variety. Not only are there rules to 
find the Sines of various fixed arcs (30, 45, 36, and so on) for an arbitrary Ra- 
dius, but also rules for half-arcs, rules involving the arc and its complement, 
rules for the sum or difference of an arbitrary arc and a fixed amount, and 
the Sine and Cosine sum-and-difference formula. 


Bhaskara states at the outset that this chapter is for those who wish to 
compute a Sine table with any number of data points and whatever Radius: 


SIRASTAT Fada F ASRS AALAST I 2 II 

istangulavyasadalena urttam karyam digankam bhalavankitarica | 
jyasamkhyayapta navater lava ye tadadyajivadhanuretadeva ||2\| 

A circle with radius [equal to] the desired digits [arigulas] and with directions and 
360 [equal] divisions marked on it is to be drawn. Whatever [results] from ninety 


degrees divided by the number of Sines [one wishes to generate], this is the arc of 
the first Sine. 


[SiSi1989, p. 281, Jyotpatti v. 2] 


Different graduations in arc require different formula and the group of rules 
one requires to compute each arc will depend on the number of data points 
one selects. This is confirmed by Bhaskara’s commentary, in which he gives 
instructions for the computation of several Sine tables each with a varying 
number of entries. For one who wishes to construct a Sine table with 6 entries, 
one requires the rules (i-iv), for the canonical trigonometrical table with 24 
entries, one requires rules (i-iv) and (viii). In order to produce 30 Sines, one 
requires (i-x), and so on. 


At the beginning of the treatise, Bhaskara instructs the reader to construct 
a circle and to depict the Sines with reference to this circle. He is explicit that 
the Sines are half of a piece of string with length equal to the cord of the 
appropriate arcs, and directly states that all the Sines can be found this way. 


Ot F saat FeTsTA| 
wt daar saad Freeh Taal 3 I 
.. cape tu datvobhayatro digankat | 
jneyam tadagradvayabaddharajjor ardham jyakardham nikhilani caivam || 3 || 


... Having produced [these arcs] on the arc on either side of a compass point, the 
Sine [jyakardham] is understood as half of the cord attached to the two tips of this 
[arc]. All [Sines are to be established] in this way. 


[SiSi1989, p. 281, Jyotpatti v. 3] 
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Whether or not this is intended to reflect an actual way of determining Sines, 
via measures of the lengths of pieces of strings, is arguable. Perhaps it is 
simply a reference to the diagram with which the mathematical rules can 
be understood. However this passage appears to be explicitly in contrast 
with the ‘arithmetical’ techniques the immediately follow which may argue 
for the former interpretation. Indeed, in the very next verse, Bhaskara states 
that the Sines can be found in another way (anyatha), namely using arith- 
metic (ganita). Furthermore, this procedure will produce more accurate results 
(parisphuta): 


ITA TT ass TE Saas ate VSpeIry Ig Il 


athanyatha va ganitena vacmi jyardhani tanyeva parisphutani... || 4 || 
Now, in another way, I declare by means of arithmetic these fully-accurate Sines. 
[SiSi1989, p. 281, Jyotpatti v. 4 (first half] 


The three details—‘another way’, ‘by arithmetic’ and ‘fully accurate’-—may 
be intended to stand in contrast to a less accurate geometric method. 


To appreciate how Bhaskara may imagine his text to be used, we consider 
an excerpt from his commentary. The first example he gives is how to compute 
a Sine table with 24 entries. He explains: 


...Whenever there are twenty-four Sines, in that case, half the Radius is the 8th 
Sine. The Cosine of that is the 16th. The Sine of 45 is the 12th. Now, from the 
8th by the rule of the degrees of half of that, the 4th. The Cosine of that is the 
20th. In the same way from the 4th, the 2nd and the 22nd. From the 2nd, the Ist 
and the 23rd. From the 20th, the 10th and the 14th. From the 10th, the 5th and 
the 19th. From the 22nd, the 11th and the 13th. From the 14th, the 7th and the 
17th. Now from the 12th, the 6th and the 18th. From the 6th the 3rd and the 21st. 
From the 18th, the 9th and the 15th. The Radius is the 24th. In this way indeed 
the accomplishment of the different Sines by the ancients is stated. 


[SiSi1989, (Bhaskara’s Com. p. 284, lines 2-9)] 


To compute these you need rules (i) to (viii). ‘Half the Radius is the 8th Sine’ 
refers to rule (iii); ‘The Sine of 45 is the 12th’ refers to rule (iv); the Cosines 
are to be found, presumably, using (i); and the phrase ‘by the rule of the 
degrees of half of that,’ he is alluding to rule (viii). Interestingly enough, one 
does not require the Sine of 36 (v)/(vi) nor 18 (vii) to compute this table, yet 
they are interspersed in this group. 


Another point of interest is the way in which Bhaskara refers to the Sines. 
Rather than referring to them by means of the measure of their arc (i.e., the 
Sine of 33, and so on) he references them using ordinal numbers (the only 
exception is the Sine of 45 degrees which he states is the 12th Sine). This is 


not Bhaskara’s innovation; Brahmagupta refers to Sines in exactly the same 
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way (Brahmasputasiddhanta XXI 19-23). This means to refer to the Sines 
emphasizes their relatedness as a collection of ordered data. It also has the 
consequence that applying the half angle formula and various symmetry con- 
siderations is obvious. For instance, any even numbered ordinal can produce 
new Sines by the half-angle formula. However, one must be sure of the con- 
text: the first Sine when one is computing 24 Sines, is not the same as the 
first Sine when computing, say, 10 Sines. 


Next, Bhaskara in his commentary poses a new problem: suppose one wants 
‘30 Sines’. 


wa hho Berea cat Beart carrz | 
yatra kila trimsajjyarddhani tatra trijyardham dasamam | 
Whenever there are thirty Sines, there, the tenth is half of the Radius. 
[SiSi1989, (Bhaskara’s Com. p. 284, line 23)| 


He runs through the same procedure, and shows how the traditional methods 
will give you the Sines for (not in order of how they are produced) 3rd, 5th, 
6th, 9th, 10th, 12th, 15th, 18th, 20th, 21st, 24th, 25th, 27th. 


Notably, the method for computing the the 12th (i-e., the Sine of 36) is 
given as per (v), but the method for computing the 6th (i-e., the Sine of 18) 
is used from applying the half-angle formula to the 12th and not (vii). Once 
he has run through these, Bhaskara notes: 


Cartas WHIT Reel ART 

etanyevanena prakarena siddhyanti nanyani | 

Only these [Sines] are obtained by means of this method, others are not. 
[SiSi1989, (Bhaskara’s Com. p. 284, line 29)| 


For the remaining Sines, he calls upon the rule (x): 


a (‘ _ 2) _ (Sind — Sind)? + (Cosd — Cosé)? 
2) 2 


using the 5th and the 9th to find the 2nd, and from the 2nd the 28th. Then, 
from the traditional half-angle formula, one can find the 14th and the Ist, and 
he notes “the other 14 are established in the same way”. 


In this way, the exposition in the commentary reveals the progressive ad- 
dition of rules to find Sine tables with an increasing number of data points. 
His last example works through a Sine table with 90 data points and makes 
extensive use of the Sine-Cosine addition and subtraction formula (xv), the 
very last rule on his list. 
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3 Why so many different formulae? 


Given the fact that the Jyotpatti is directed towards practitioners who want 
to construct their own Sine table of whatever size and with whatever Radius, 
the variety of rules to compute the Sines of many different arcs is appropriate. 
However, a careful perusal of the collection of rules reveals that for some arcs, 
there are often several formulae that can be invoked. This can be seen trivially 
in the alternatives given for, say, the Sine of 36: 


5R? —V5R4 5878 
Sin36 3 Cos5 10000 R 
where a is an approximation to 4/ 5—v5 Less trivially, once one has the 


Sine of any value in the quadrant (when R = 3438), and then the rule for 
Sin(@ + 1) (rule xiii) will easily provide the rest if single degrees (or multiples 
thereof) are required. Or, for instance, once one has the Sine of any multiple 
of 3;45 degrees (which is the division if you require a Sine table with the 
canonical 24 values), then all one requires is rule (xiv), Sin(@ + 3; 45), to 
generate the others. In addition, there are direct equivalents of some rules by 
savvy substitutions. For instance, rule (ix) can be produced from substituting 
6 = 90 into rule (x), or rule (xi) from rule (x), and so on. In a related way, 
rules (xiii) and (xiv) can be produced from rule (xv). 


How are we to interpret this collection of rules, therefore? Why does 
Bhaskara include them all, given that many of them are essentially math- 
ematically equivalent, when a smaller group would suffice for the objective of 
compiling a Sine table with some number of entries and an arbitrary Radius? 


I offer several plausible (and complementary) reasons for this. The first 
is essentially archival. Bhaskara is summarizing some of the rules his prede- 
cessors used (verses 4-10: rules (i) to (viii)). He credits these rules to them, 
naming them as purvaih (ganakath), literally ‘earlier (mathematicians)’. He is 
not however explicit as to exactly who he means; Varahamihira, Brahmagupta, 
and Lalla are no doubt meant to be included in this group. 


The remaining rules he claims as his own, and, in addition, he declares 
them to be superior: 


_maeasy fare 


..pravaksye ’tha visistam asmat 
Now, I will state (the acquisition method) better than this. 
[SiSi1989, p. 281, Jyotpatti v. 11 (excerpt)] 
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The second way in which to comprehend the integrity of this collection is 
based on the specific arithmetical operations invoked in the rules. At several 
points in both the commentary and the verses, Bhaskara makes the several 
telling claims.* At one point in the commentary he notes one feature of a rule 
is that fact that it avoids using the Versine : 


Set PAT HASTATAAIT HOTS | 
idanim vinapy utkramajyayabhinavaprakarenaha | 
Now, he (i.e., Bhaskara) expounds [the Sines] with a new approach without even 


[using] the Versine. 
[SiSi1989, (Bhaskara’s Com. p. 284, line 10)] 


At another point in a verse, he claims (before he articulates rules (xii-xvi)) 
that the rules that follow avoid taking the square-root: 


Tease Hemet FTTH 9 II 
...vaksye’tha mulagrahanam vinapi || 14 || 
Now, I will state [the Sines] without even taking a square root. 
[SiSi1989, p. 282, Jyotpatti v. 14 (excerpt)] 


He reiterates this again in his commentary: 


aT Fomenisaar ay shalfesrieasaaAe | 

atha mulagrahanakriyaya vinapi dohkotibhagantarajyanayanam aha | 

Now, he says the computation of the Sine of the difference of the degrees of the 
arc and the complement without even computing a square root. 


[SiSi1989, (Bhaskara’s Com. p. 284, line 21)| 


Indeed, the last group of Sine rules ((xii)—(xv)) do not require square roots. 
In summary, it appears that Bhaskara is offering alternative rules because 
they replace one arithmetic operation with a different, less computationally 
complex one. More generally, Bhaskara provides equivalent rules which avoid 
certain procedures, such as computing a square root or a Versine, probably 
because these latter operations are computationally more involved. In this 
way, he demonstrates a consideration of the practical demands of computation; 
his alternatives appear to reduce the computational burden of his reader, and 
possibly also to improve the accuracy of the results.4 


3 Bhaskara adopts a notable commentarial technique—that is, he refers to himself in the 
commentary using the third person, rather than the first person as one might expect. So 
all references to “he” in the commentary almost always refer to himself. This practice is 
typical in the Indian tradition. 

* Offering alternative methods that avoid square roots appear in other contexts as well. 
See, for instance, sections 6.2 and 6.3 of [GaYu2008, vol. 1, pp. 180-192] in which a 
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Indeed, another form of implicit equivalence are the two formula Bhaskara 
gives almost at the end ((xiii) and (xiv)): 


: 1 ; 10 
Sin(0 =F 1) = (1 = eS) Sind + 573 Cos, 
. 7 Aetna 
Sin(@ + 3; 45) = (1- aay Sind + 1529 Cosé. 


These rules offer a single formula from which to generate a Sine table of 90 or 
24 entries, rather than having to invoke a number of rules depending on the 
arc. Here too Bhaskara is in part motivated by reducing the computational ef- 
fort on the part of the computer by providing highly accurate approximations 
to the appropriate expressions. It is likely that these two rules were generated 
from the more general addition and subtraction formula: 


_ Sin? Cos¢ + Sind Cosd 
- R 


Sin(@ + ¢) 


by substituting ¢ = 1 and 3;45 respectively. Substituting in carefully selected 
Sines for a known arc can generate these rules. In the former case, one can 
note that by the above formula: 


1 inl 
Since) =Sina, OPE sal = ; 
where 
Sink 60 — 10 a Cosl | 1 
R +3438 573° ORE 6569" 
Similarily, 
Cos3; 45 Sin3; 45 
Sra O 24s = Sings pe 
in( ;45) in RP Os a= 
where 
Sin3;45 225-4 _ 100 gs Cos3; 45 ae 1 
R—-3438~=——s«1529 fe 467 


Thus, Bhaskara’s exposition of Sine rules embodies several desiderata. 
Firstly is indeed a display of technical brilliance. But just as important practi- 
cal considerations appear to have been a priority. These include the provision 
of a variety of rules so that the reader can construct their own Sine table with 
the Radius they desire as well as the number of data points. In addition to 
this, Bhaskara offers a range of mathematically equivalent rules so that the 
practitioner can avoid tricky arithmetical procedures. 


method to compute the circumference of a circle is offered which avoids the use of square 
roots. 
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4 Conclusion 


Bhaskara’s Jyotpatti offers a range of formula to compute Sine tables of vari- 
ous sizes and Radii. The term utpatti here emphasizes the practical orientation 
of this text: instructions for the construction of Sines via a diagram and al- 
gorithms to compute Sines tailored to certain parameters above and beyond 
those versified Sines given elsewhere by Bhaskara. Given the unique nature of 
the Jyotpatti it is no surprise that various recensions of the Siddhantasiromani 
have included this chapter in different places. Later commentators and scribes 
appear to have been unsure as to where to place this chapter in this work;° 
sometimes it appears at the end of the Siddhantasiromani, in some versions 
it is included early in the work, for instance. This is a significant point and 
offers insight into the ways in which this text was received and accounted for 
by later practitioners. Future studies which elaborate on this mobility, once 
a large selection of the various manuscripts have been consulted, will further 
enrich our appreciation and understanding of this critical and curious chapter. 
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5 [Pin1981, p. 29] notes it is ‘variously placed in various editions’. 
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An application of the addition and 
subtraction formula for the Sine in Indian 
astronomy 


Setsuro Ikeyama* 


1 Introduction 


It is well known that Bhaskara is the first Indian astronomer who mentioned 
clearly the addition and subtraction formula for the sine and the cosine. Bhas- 
kara himself did not give any rationale but several astronomers who followed 
him explained and utilized the formula. We recently found an astronomical 
application of the formula (hereafter ‘application formula’) by the famous 
Kerala astronomer-mathematician Madhava and its rationale by Nilakantha 
Somasutvan in Nilakantha’s works composed in the early sixteenth century. 
The application formula is for adding and subtracting two sines which are not 
in the same plane and are utilized for computing the declination of a planet 
when it deflects from the ecliptic. 


In this paper, we will introduce and discuss the application formula given 
by Madhava and its rationale given by Nilakantha. We quote the Sanskrit 
texts from the published editions; we apply a few corrections shown in square 
brackets and we silently amend some small and obvious mistakes such as 
erroneous sandhi. 


2 Bhaskara’s addition-subtraction formula for the Sine 


Bhaskara clearly stated the addition and subtraction formula for the sine 
in three verses of the section called ‘Generation of Sines (jyotpatti)’ in his 
Siddhantasiromani [SiSi1981, pp. 527-528). 


*Email: qwn11071@nifty.com 
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aoaReatetss Fe: alfesrared| 
po ee oe Se 29 Il 
Woraee Siar ware aR | 


TISAI BRP SF STATSASATII 22 II 

CARTS GAT TAPAKALATSAT | 23 | 

capayor istayor dorjye mithah kotijyakahate | 

trijyabhakte tayor aikyam syac capaikyasya dorjyaka || 21 || 
capantarasya jiva syat tayor antarasammita | 
anyajyasadhane samyag tyam jyabhavanodita || 22 || 
samasabhavana caika tathanyantarabhavana | 23ab| 


The Rsines (dorjya) of the two wished arcs multiplied mutually by their side 
Reosines (kotijyaka) and divided by the Rsine of three [zodiacal signs] (i.e., by 
the radius). The sum of those two must be the Rsine of the sum of the two arcs. 


The Rsine of the difference of the two arcs would be measured by the difference of 
those two. This generation method (bhavana) of Rsines has been correctly told for 
the computation of other Rsines. 


One is the generation method of the sum and the other is the generation method 
of the difference. 


At first, we will list Rsines and Rcosines and corresponding lines in Figure 3: 


SinZV = BV CosZV =OB 
SinV P = PU CosV P = OU 
Sin(ZV +VP)=B'P OV =OP=OD=R 


where SinZV and CosZV mean the Rsine and Reosine of arc ZV respectively. 
Let N be the foot of the perpendicular from U to B’P. 


In Figure 3, where ZV > VP, Bhaskara’s formula is: 


Sin(ZV + VP) = —ee | sca (1) 


Bhaskara also mentions the subtraction formula, which is valid for the case 
when P comes between Z and V. 


SinZV - CosVP SinVP- CosZV 


Sin(ZV —VP) = > = , (2) 
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3 Madhava’s expression of the addition-subtraction 
formula and its demonstration by Nilakantha 


Several Indian mathematicians/astronomers refer to and rationalize the addition- 
subtraction formula introduced by Bhaskara. Here we take up the discussion 
made among the “Madhava School”. 


Text and Translation 


The formula is versified by Madhava (fl. ca. 1380/1420), and is quoted by Nila- 
kantha (b. 1444, d. 1542) in his Tantrasangraha [TaSal1977, ch. 2.16, p. 125]: 


jive parasparanijetaramaurvikabhyam 
abhyasya vistrtidalena vibhajyamane | 
anyonyayogavirahanugune bhavetam 

yadva svalambakrtibhedapadikrte dve || 


And also in his bhasya (NAB) on the Aryabhatiya Ganitapada [AB1930, 
pt. 1, p. 58, lines 21-26]: 


Wast techie Ursa Tet aT TT! Tear — 


tadvisayam vasantatilakam sangamagramajamadhavanirmitam padyam ca srutam | 
yatha — 


jive parasparanijetaramaurvikabhyam 
abhyasya vistrtigunena! vibhajyamane | 
anyonyayogavirahanugune bhavetam 
yadva svalambakrtibhedapadikrte dve || 


A verse in the vasantatilaka meter with regard to it (i.e., the sum of the Rsines), 
which was made by Madhava born in Sangamagrama, is also heard. That is: 


' Read dalena for gunenaas in [TaSa1977, ch. 2.16] above and in the quotation by Sankara 
in his Kriyakramakarv [Lila1975]. 
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Two Rsines mutually multiplied by the other Rsines (i.e., Rcosines) and di- 
vided by radius will be fit for the mutual addition and subtraction. Or, the 
two which are the square roots of the differences of the squares of them- 
selves and of the perpendiculars (lamba) (will also be fit for the addition 
and subtraction). 


This verse included two different expressions of the addition formula. The 
first three lines mention the one we discuss in this paper.? The formula is as 
follows. When ZV > VP, 


SinZV-CosVP | SinVP- CosZV 


Sin(ZV + VP) = E 
in( ) 7 ee 


the same as Bhaskara’s one (equations (1) and (2)). 


Demonstration 


Nilakantha demonstrates Madhava’s formula in NAB Part I [AB1930, p. 59, 
line 4ff]. We explain its derivation using Figure 3. For a detailed discussion 
see [Gup1974, pp. 169-171]. 


In Figure 3, from the three similar triangles, OBV, OB”U, PNU, we obtain 
the following two proportions: 
OV: BV :: OU: B"U 
OV :OB:: PU: PN. 


And because B” B’ NU is a rectangle, it is obvious that B’U = B’N. 


Using these relations, we have 


BV -OU 
BIN= 
OV ’ 
PU-OB 
PN= 
OV 


Therefore, 


B'P = B'N+PN 
_ BV-OU , PU-OB (3) 
~ OV OV” 


? Another formula mentioned in the last line is discussed by Nilakantha in [AB1930]. See 
[Gup1974, pp. 164-177] and [Hay1997a, pp. 199-207]. 
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that is, 


SinZV - CosVP 2 SinVP- CosZV 


Sin(ZV + VP) = 
in( + ) R R 


4 Application of the formula by Madhava 


Nilakantha discusses Madhava’s application of the addition-subtraction for- 
mula in his bhasya on the Aryabhatiya Golapada [AB1957], We select the 
Sanskrit passages that show his line of argument, translate them into English, 
and give our mathematical comments with the help of Figures 1 and 2. 


Introduction of the application formula 


First Nilakantha cites Madhava’s verses which prescribe the application for- 
mula [AB1957, p. 108, lines 8-15): 


TTA apt a + SheaHsas LAI stat Va Aefser 
areas fastogat Vpersparad wWerarasrs: wateta: | 


SRS AR Ge WSs as ll 


apakramacapaviksepacapayor yogo viyogo va na sphutapakramacapam syat | ata eva 
golavida madhavena viksepavatam sphutapakramanayane ganitavisesah pradarsi- 
tah | 


paramapakramakotya viksepajyam nihatya tatkotya | 
istakrantim cobhe trijyapte yogavirahayogye stah || 

sadigoh samyutir anayoh viyutir vidigor apakramah spastah | 
spastapakramakotir dyujya viksepamandale vasatam || iti || 


The sum or difference of the arc of declination (apakrama) and the arc of lati- 
tude (viksepa) does not give the true declination. Therefore, Madhava, who knows 
spheres (gola), explained a special computation for deriving the true declinations 
(of the planets) which have latitudes: 


Multiply the Rsine of the latitude (PU) by the side of the maximum decli- 
nation and [the Rsine] of the given declination by its side (OU), and divide 
those two by the radius (R). [The results] will be fit for addition or subtrac- 
tion. 
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If the directions of these two are same, sum is [the Rsine of] the true decli- 
nation (C’P), when different, the difference. 

The side of the true declination is the radius of diurnal circle of those on the 
latitude circle.? 


For the purpose of simplifying the argument, Nilakantha assumes the situation 
where observers are at the terrestrial equator and the foot of the perpendic- 
ular from a planet P to the ecliptic plane lines in the plane containing the 
nonagesimal V (the middle point of the half of the ecliptic which is above the 
horizon at a given moment). Figure 1 shows that particular situation. Here 
points Z, V, P, and D lie on the circle called drkksepamandala in Sanskrit. 
The nonagesimal V and arc ZV are called drkksepalagna and drkksepa respec- 
tively. The drkksepamandala and the ecliptic are at right angles to each other 
at V. 


Ecliptic Ww 
Equator 


Figure 1: General view. 


3 This line has no connection with the main subject and we do not discuss it here. 
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C’P is the Rsine of the declination of a planet P and CV the Rsine of the 
declination of nonagesimal V; and PU in Figure 3 is the Rsine of the latitude 
of P. The purpose of the formula is to compute C’P using CV and PU. 


However, the addition formula for the sine cannot be applied directly here 
because C'V and PU are usually not on the same plane. Madhava’s application 
formula is essentially meant for handling this general situation. 


Let ¢ be the maximum declination of the sun and AV > PV. Then, Ma- 
dhava’s application formula can be expressed as: 


Sin AV - CosPV _, SinPV - Cose 


inA’P = LE 4 
Sin R R ) (4) 


that is, 


CV-OU . PU. Cose 
'P= = . 
. R R (5) 


The same two verses are cited also in Nilakantha’s Tantrasangraha, [TaSal977, 
ch. 6.4-5, p. 312]. Ramasubramanian and Sriram account for the formula using 
modern spherical trigonometry [TaSa2011, pp. 359-62]. 


Three calculations 


Now we proceed to explain Nilakantha’s demonstration of the application 
formula in three stages. 


Stage 1: Computing BV 


The first step of the demonstration is to compute BV, the Rsine of the 
drkksepa ZV (see Figure 1), when CV and OG are given, which are respec- 
tively the Rsine of the declination of nonagesimal AV and the Recosine of the 
amplitude of H, the point of intersection of the ecliptic and the horizon. Two 
different methods of computations are found. 


Method 1: Here [the Rsine of] a drkksepa (BV = SinZV) is obtained 
using the rule of three as follows [AB1957, p. 110, lines 18-19]: 


wemesaa aera arardge: Sut aad aeeTapAsTaT area fart 
sia eaeict ara | 

satribhagrahadyujyaya kotibhitaya vyasardhatulyah karno labhyate tadestapakra- 
majyaya kotya kiyan iti drkksepo labhyate | 
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When an hypotenuse equal to the radius (HO = R) is obtained from the R[co-]sine 
of the day [dyujya, the radius of the diurnal circle of the planet] as a side, increased 
by three zodiacal signs (GO = CosHE), then what is from the Rsine, as a side, of 
the given declination (CV = SinAV), given the [Rsine of] drkksepa? 


Method 2: Here [the Rsine of] a drkksepa (BV=SinZV) is obtained using 
the rule of three as follows [AB1957, p. 111, lines 19-21): 


aeeakard wild faftsred aq eatrasmearared ae ale alfeearerareet 
SCAT Hl: Ta TeTTHAeaTaT: rear: fart HoT sf agra wr | 
urdhvasvastikat prabhrti ksitijantam yad drkksepamandalavyasardham tad yadi 
kotisuvahoratrardhasya kotirupasya karnah tada grahapakramatulyayah kotyah kiyan 
karna iti drkksepo labhyate | 


If the radius of the drkksepamandala, which begins from the zenith and ends at 
the horizon, is the hypotenuse of half [of the diameter] of the diurnal [circle] of the 
side [kotisuahoratra, F D] assuming the form of a side, then what is the hypotenuse 
corresponding to the side equal to [the Rsine of] the declination of the planet (CV)? 
[The result] gives the [Rsine of the] drkksepa. 


These two computations eventually give the same result. Since, in Figures 1 
and 2, two right triangles HGO and OF'D are congruent and the BCV is 
similar to these two, we get two proportions 


GO: HO: CV: BV, FD:OD:: CV: BV. 


Accordingly we get; 


R R 
BV =CV + ag = CV Ep: (6) 
Note: The phrase “the diurnal [circle] of the side (kotisuahoratra)” appearing 
in the method 2 can be understood as follows: 


The radius of the diurnal circle of a planet with longitude X is equal to 
the Reosine of the latitude of the planet, Cosd), which is computed using the 
Rsine of the latitude Sind): 


Cosd, = VJ R?- Sin?5,, (7) 


where Sind, can be computed using a formula commonly used in Indian 
traditional astronomy: 


Sind, = Sind- a (8) 
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Z(B, B’,O) C 


Figure 2: Looking down from the zenith. 


From (7) and (8) it is noted that a ‘normal’ diurnal circle is computed using the 
Rsine of a longitude. Now, let us consider the diurnal circle of a point on the 
ecliptic the longitude of which equals the longitude of the planet increased by 
90 degrees (three zodiacal signs). Because the Rsine of this point, Sin(\+90°), 
is equal to the Reosine of the longitude of the planet, CosA, the radius of the 
diurnal circle of the point is computed as: 


Cosd+90° = RB = Sin? 54906 


= ,/ p2—( sin(r4 90°). 2Me ; 
=> 1n R 
Sine \” 
— 4] R2—( Cosd- 
i ( cosa. Ste) 


which shows that this radius of the diurnal circle is obtained from the Rcosine, 
or the side, of the longitude of the planet, Cos; hence it is named “diurnal 
circle of the side.” As far as this passage is concerned, the diurnal circle of the 
side of planet P is the diurnal circle of point H and its radius is GO(=F'D). 
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Stage 2: Applying the Sine addition formula 


Consider Figure 3. Here, both BV and PU the Rsine of the latitude of planet 
P lie on the plane of the drkksepamandala (circle ZV PD). Hence we can use 
the addition formula for sine to get B’P, the Rsine of the arc 7P. Nilakantha 
says [AB1957, p. 111, lines 23-24]: 


aa faetaatear eaetat eecet: | aetoatear w fata: | Gaedarr: Bevan ede: | 
tatra viksepakotya drkksepo hantavyah | drkksepakotya ca viksepah | punas tadyogah 
trijyaya hartavyah | 


In that case, [the Rsine of] the drkksepa (BV = SinZV) should be multiplied by the 
side of the latitude (OU=CosPV), and [the Rsine of] the latitude (PU = SinPV) 
by the side of the drkksepa. Then the sum of those two should be divided by the 
radius (R). 


That is, 


BV- PU-OB 
oo Es U-OB 0) 


which comes straight from the addition formula. 


Figure 3: Two quarter circles. 
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Stage 3: Computing C’P 


Then Nilakantha computes C’P from B’P using another proportion simi- 
lar to the proportion utilized for computing BV [AB1957, p. 111, line 24- 
p. 112, line 1): 


at wor acleasad art way! ale wae wala eaoqvsesrear 
arid sia veateereeager alec dar eaetapfadq 
Tass aersyaar fade Aa BperasHASAT| 

tena karnena tatkotyanayane trairasikam evam | yadi khamadhyat prabhrti drkksepa- 
mandalagataya vyasardhatulyaya jrvaya grahakotisvahoratratulya kotir labhyate 
tada drkksepa|viksepa]* capayogajyaya karnabhutaya kiyatiti | saiva sphutapakra- 
majya | 


The rule of three for deriving the side (C’P) from the hypotenuse mentioned above 
(B’P) is as follows: if a side equal to [half the diameter of] the diurnal [circle] of 
the side of the planet (B’P) is obtained from the Rsine on the drkksepamandala 
beginning with the mid-heaven, which is equal to the radius (OD=R), then what 
is from the hypotenuse (B’P) [equal to] the Rsine of the sum of the drkksepa (ZV) 
[and the latitude (PV)]? The [result] is the Rsine of the true declination (C’P). 


In Figure 1, because the two right triangles OF D and B’C’P are similar, 


OD:FD:: B'P:C'P, 
FD 


‘P= B'P. —. 1 
c = (10) 


Thus we get C’P, the Rsine of the true declination of the planet P. 


The result combining the three stages 


As the final step, Nilakantha combines the results obtained in the three stages 
described above as follows [AB1957, p. 112, lines 1-6]: 


aa Fa SOT CATR eRe arts | 

wa weer ea ree! alfred wpre:| fed ga: 
PHCTUPARVURT HCLATERTATY OHS: | STAT ALTE: | 

wa Wear cares acne: | Arad Apres: | thes Frettor 
Basa | 


* Insert viksepa. 
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tatra trayanam karmanam ekikaranam prathamacaramayor madhyamakarmany eva 
vilapanena |° 

tatra prathamatrairasike trijya gunakarah | kotisuahoratrardham bhagaharah | 
dvitiye punah sphutapakramakarnasya kotisuahoratrardham gunakarah | vyasardham 
bhagaharah | 

tatra prathamatrairasikasiddhasya drkksepasya viksepakotir gunakarah | vyasardham 
bhagaharah | phalam viksepena samyojyam | 


Then, the three computations are united by fusing the first (equation (6)) and the 
last (equation (10)) into the middle computation (equation (9)). 


In that case, in the first rule of three (equation (6)), [for CV] the radius (R) is 
the multiplier (gunakara) and the diurnal circle of the side (FD) is the divisor 
(bha@gaha@ra). And in the second [rule of three] (equation (10)), for the hypotenuse 
corresponding to the true declination (B’P), the diurnal circle of the side is the 
multiplier and the radius is the divisor. 
In that case, for [the Rsine of] the drkksepa (BV), the side of the latitude (OU) 
is the multiplier, the radius is the divisor. And the result should be added to [the 
result of another rule of three applied to the Rsine of] the latitude (PU). 


The three equations, (6), (9) and (10), are here called ‘the first’, ‘the middle 
computation’ and ‘the last’ respectively, and, at the same time, equations (6) 
and (10) are also called ‘the first rule of three’ and ‘the second (rule of three)’ 
respectively, because they signify computations based on the rule of three. 


Substituting equation (6) for BV in equation (9), and equation (9) for B’P 
in equation (10), we get 


oe (Seppo | Pron). 


R R R 
ee OF PO np Oe 

FD RR RR 

OU OB FD 
=COV s+ Ps —_ +, 11 
CV r+ U ROR (11) 


In order to show that (11) is the same as the formula given by Madhava (5), 
we need to show that the second term of the right side of equation (11) is the 
same as that of equation (5). 


OB FD _ PU. Cose 


P 
vee R R 


® The reading has been amended to vilaépanena for nilapanena. 
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Nilakantha proceeds to do this first by transforming OB as follows [AB1957, 
p. 112, lines 16-19]: 


aa ord apr reactor! aes wer at yr sia 
THAT WERIIIHASAERAS TF Uae SATA et Hey WTR! AT 
TRAHAN e dea | 


tatra vyasardhe bhagahare drkksepakotir gunakarah | kotisvahoratre bhagahare 
ko gunakara iti drkksepakotya grahakotyapakramasvahoratrasya ca ghatad vya- 
sardhena® hrtam phalam gunakarah | tac ca paramapakramakotitulyam | 


In that case, [considering that], ‘because the side of the drkksepa (OB) is the 
multiplier (for the Rsine of the latitude (PU)) when the radius is the divisor, what 
is the multiplier if the diurnal circle of the side (FD) is the divisor,’ [we find that] 
the multiplier is the product of the side of the drkksepa and [the radius of] the 
diurnal circle corresponding to the declination of the side of the planet (grahakoty- 
apakramasvahoratra, FD), divided by the radius. This is equal to the side of the 
maximum declination ( Cose). 


Nilakantha seems to find “the multiplier” for the Rsine of the latitude (PU) 
when the diurnal circle of the side (FD) is assumed to be the divisor. Using 
the relation, 

OB _ multiplier 

R FD °’ 
he should reach the conclusion that 


OB-FD 


Itiplier = 
multiplier R 


(12) 


Then Nilakantha states clearly that the multiplier equals to the side of 
the maximum declination, Cose. He demonstrates it in the following part by 
showing that the square of “the multiplier” equals to FD? — CV? [AB1957, 
p. 112, line 20-p. 113, line 5]: 


Ta STS ATER Tatar Ys Tar: Alfesporae:| ANCATERTAT APTS 
THT UT FST TET wd ars! aravacka eagict yor car 
alerts a asta! Gs sama wa eaete aita:| wafeasears va 
AeA | Tt IRs Wasa CHAT ST | Ta SHAT Tae TOT: | 
Sera RTares APE: | AIAaA TAA AIHA! TAT HiferaeRaAT 
AER ATTA FST TIAA AIHA Cal Tee SHAT 
alfertertaanig frareante ystad at dae alfe:| Gear Ca TERT SPT 

tatra vyasardhasya bhdgaharatve drkksepo bhuja tayoh kotir gunakarah | 
kotisuahoratrasya bhagahdratve apakrama eva bhuja | tadbhujanayana evam 
trairasikam | vyasardhakarnasya drkksepo bhuja tada kotisuvahoratrakarnasya ka 


© The term ‘dyuvydsardhena’ has been amended to ‘vyasardhena’. 


314 Setsuro Ikeyama 


bhujeti | purvam apakramad eva drkksepa anitah | etadviparitam eva tatkarma | 
tatra trairasikatraye prathamatrairasikena drkksepa antyate | tatrapakramasya vya- 
sardham gunakarah | kotisuahoratrardham bhagaharah | tadvyatyayena drkksepad 
apakramanayane | tasmat kotisvahoratrasya bhagaharatve tadvydsardhavrttagata 
bhuja drkksepasthaniya apakrama eva | tasmad apakramavargam kotisvahoratra- 
vargad visodhyapi mulikrtam yat saiveha kotih | tasya eva gunakaratvam api | 


In that case, when the radius (OV) is the divisor, [the Rsine of] the drkksepa (BV) 
is the arm, and the side corresponding to these two (OB) is the multiplier. When 
[the radius of] the diurnal circle of the side (FD) is the divisor, [the Rsine of] the 
declination (CV) is the arm. 


The rule of three for deriving such arms is as follows: when [the Rsine of] the drk- 
ksepa (BV) is the arm corresponding to the radius as an hypotenuse, then what 
is the arm corresponding to [the radius of] the diurnal circle of the side as an 
hypotenuse? 


[The Rsine of] the drkksepa (BV) was previously derived only from [the Rsine 
of] the declination (CV); that computation [mentioned here] is opposite to it. In 
the previous case, [the Rsine of] the drkksepa is computed using the first among 
the three rules of three. There, for [the Rsine of] the declination the radius is the 
multiplier and the diurnal circle of the side is the divisor. When computing [the 
Rsine of] the declination from [the Rsine of] the drkksepa, the inverse [procedure 
is applied]. 

Therefore when the diurnal circle of the side (FD) is the divisor, the arm on the 
circle whose radius is it (£.D)—which should be substituted for [the Rsine of] 
the drkksepa (BV) [when the radius (OV) is the divisor|—is [the Rsine of] the 
declination (CV). Then the square root of the square of [the radius of] the diurnal 
circle of the side (FD) diminished by the square of [the Rsine of] the declination 
(CV) is exactly the side. And it is also the multiplier. 


In Figure 3 the radius of the larger quarter circle is R, and that of the smaller 
one equals F'D. Because two right triangles BOV and LOV’ are similar, 


OV: BV :: OV’: LV’ 
OV :OB:: OV’: OL. 


Hence, 


_ BV-OV' _ BV-FD 


Ly = = 13 
OV R oa 
OB-OV'’ OB-FD 
OL= = : 14 
OV R ua 
Comparing equation (13) to equation (6), we find 
LV’ =CYy. (15) 


And also comparing equation (14) and equation (12), we find that OL is 
nothing but “the multiplier”. Therefore in the triangle in LOV’, 
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Ol =0V" =iLV", 
that is, multiplier? = FD? — CV?, or 


multiplier = / FD? — CV?. (16) 


Next, Nilakantha states that the square of FD is equal to R? — HG? 
[AB1957, p. 113, lines 6-7]. 


ARaeRaRsa Tit arandate verlerrHreRed: | 


kotisuahoratrardhasya vargo vyasardhavargad grahakotyapakramavargarahitah | 


The square of the radius of the diurnal circle of the side (FD) equals the square 
of the radius (R) diminished by the square of the declination for the side of the 
planet (HG). 


As demonstrated above, the two right triangles, HGO and OF'D, in Figures 
1 and 2 are congruent with each other. Therefore, 


D? = R? — OF? = R? — HG’. 


After this Nilakantha demonstrates that “the Multiplier” equals Cose 
[AB1957, p. 113, lines 8-11]: 


AATIHAP RT YSTIHTP RT TUT UATHAGT Cl WA HASaTG TAT 
TH! TA SRT Aaa CT TH! Tee aAlfeearet- 
WAHT Tes Alea | 


kotyapakramavargasya bhujapakramavargasya ca yogah paramapakramavarga eva 
paramapakramajyavrttagatatvat tayoh | tasmat vyasardhaparamapakramayor var- 
gaviglesamilam eva gunakarah | tasyaiva kotisuahoratrakarnasya grahapakrama- 
bhujayas ca kotitvat | 


The sum of the square of [the Rsine of] the declination for the side of the planet 
(HG) and the square of [the Rsine of] the declination as an arm (CV) equals the 
square of [the Rsine of] the maximum declination ( Sine), for both of them are 
on the circle of the Rsine of the maximum declination. Therefore, the square root 
of the difference between the squares of the radius (R) and of [the Rsine of] the 
maximum declination is the multiplier, for it is exactly the side corresponding to 
[the radius of] the diurnal circle of the side (FD) as the hypotenuse and to [the 
Rsine of] the planet’s declination (CV) as the arm. 


Nilakantha mentions here that 


HG? + CV? = Sine. (17) 
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As a reason for this, Nilakantha just says, “both of them are on the circle of 
the Rsine of the maximum declination.” This means that they can be assumed 
to be on a circle of radius Sine so that they might have an arm-side-hypotenuse 
relation (of a right-angled triangle) with the radius Sine, though he does not 
give any demonstration. 


This can be demonstrated easily within the framework of traditional Indian 
astronomy. Let be the longitude of V and 6) be its declination. For CV, the 
Rsine of the declination of V (Sind)), and HG, the Rsine of the declination 
of the point H whose longitude equals A + 90° ( Sind(,+90°)), we have two 
relations: 


CV = Sind, = = Su 
. Sin(A + 90°) - Sine CosA - Sine 
HG = Sind(,+90°) = ( R ) = R , 
Therefore, 
Cos? Sin’e  Sin?A- Sin?e 
2 2 
HG? +CV* = 7D + RP 
(Cos?\ + Sin?A)- Sin’e RR? Sin?e 2 
= = = Sin“e. 
R? R? 
Now, substituting (??) for FD? in (16), 
multiplier = \/R2 — (HG? + CV?), (18) 


and substituting (17) for HG? + CV? in (18), he finally obtains 


multiplier = VR? — Sin?e = Cose, (19) 


as required. 


Finally completing the demonstration, Nilakantha observes [AB1957, p. 113, 
lines 11-17]: 


wear fasusat waresater Rea alfeeaekrar ear yafeadraaterh 
alert yor Fswa eet aT aA) aed Hie OH exet 
SSA TAL! THAT TRATES APT: | SAT SHA 


TA HHler faaasat Peet acaleat seeniet att sare steal 
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tasmad viksepajyam paramapakramakotya nihatya kotisuahoratrena hrtva punar 
dvitiyatrairasike kotisvahoratrena gunanam trijyaya haranam ca karyam | tas- 
mad kotisvahoratrena gunanam haranam cobhayam api na kartavyam | tasmad 
paramapakramakotir gunakarah | vyasardham bhagaharah | ata uktam | 


paramapakramakotya viksepajyam nihatya tatkotya istakrantim cobhe tri- 
jyapte iti | 


Therefore the Rsine of the latitude is multiplied by the side of the maximum 
declination and divided by [the radius of] the diurnal [circle] of the side, and then 
at the second rule of three a multiplication with [the radius of] the diurnal circle 
of the side and a division with the radius (R) should be applied. Accordingly, the 
multiplication and division by [the radius of] the diurnal [circle] should not be 
done. Therefore, the side of the maximum declination is the multiplier and the 
radius is the divisor [for the Rsine of the latitude]. Therefore [the following rule] is 
stated [by Madhava]: 


Multiply the Rsine of the latitude (PU) by the side of the maximum decli- 
nation and the Rsine of given the declination by its side (OU), and divide 
those two by the radius (R). 


Using equation (19), the second term of the right hand side of Nilakantha’s 
formula (11) can be rewritten as: 


PU. OB FD _ py. multiplier £D Coe 
R R FD R R 


which is the same as the second term of Madhava’s formula. 


Thus it is demonstrated that Madhava’s application formula (5) is equiva- 
lent to equation (11), and is an exact result. 


Deriving formula (11) in another way 


Subsequently, Nilakantha shows another way for deriving equation (11) [AB1957, 
p. 113, line 22—p. 114, line 7]: 
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tasmad evam eva drkksepamandalena ragikutadvayabaddhena margenapakrama- 
mandalad viksiptasya grahasya tadviksepasya tiryaktvad ghatikamandalapeksaya 
rjutvam aneyam | rjutvam ca kotisuahoratragunanatrijyaharanabhyam syat | 
punas tasyapakramasya kotisvahoratravrttagatatuat tadyogaviyogayoh ‘jvve paras- 
para’ ityadyuktakarmana kriyamanayoh svavrttakotyanayane svasvavargam kott- 
svahoratravargad visodhya Sesasya mulikaranam karyam | tayor itarasya kotya dvau 
bhujau gunayitua kotisuahoratrenaiva hrtva yogo viyogo va karyah | etad eva pratha- 
matah praptam karma | tatra viksepasya rjikaranayapakramayogaviyogayogyatvaya 
ca ye trairasike tayor ekikaranam eveha pradarsitam | 


Therefore when the planet (P) deflects from the declination circle, [the ecliptic] 
along the drkksepamandala, because its latitude has obliqueness (tiryaktva) with 
regard to the equator, its straightness (rjutva) should be computed in the same 
way. 

The straightness can be obtained [from the Rsine of the latitude (PU)] by means 
of multiplication by [the radius of] the diurnal [circle] of the side (F'D) and division 
by the radius (R). 

On the other hand, because [the Rsine of] the declination of the [planet] (CV) is 
on the diurnal circle of the side, [its straightness does not need to be computed]. 
When their sum and difference are computed using [the formula] mentioned [by 
Madhava] beginning with “two Rsines mutually (jive paraspara)”, for deriving sides 
on the circle of themselves [i.e., the diurnal circle of the side], having subtracted 
their squares separately from the square of [the radius of] the diurnal circle of the 
side, compute the square root of the remainder. Having multiplied two arms by 
the other sides of those two, divide them by [the radius of] the diurnal circle of the 
side, and add them up or take the difference. This is the computation obtained at 
the beginning. For that case, the calculation for uniting two rules of three—[one 
is] for making the latitude straight and [the other is] for making the declination 
appropriate for addition and subtraction—has been shown here. 


With the word ‘straightness’ (rjutva), Nilakantha seems to express the compo- 
nent of the Rsine of the latitude (PU) parallel * to the Rsine of the declination 
of V (i.e., CV), which is computed as follows: 

straightness(py = PU - ae (20) 
This is equivalent to the calculation for converting PU on the drkksepamandala 
(circle ZV PD) onto the diurnal circle of the side (circle Z'V'P’D’). The 
two quarter circles in Figure 3 represent two such circles. These two circles 
are actually in different planes but P’U’ represents straightness py). Further 
more, we have the relation, CV = LV’, as already shown in (15). LV’ and 
P'U' are the Rsines of the two arcs Z’V’ and V'P’, respectively, on the diurnal 
circle. On the other hand, their Rcosines can be computed as follows: 


” Sridhara too uses the word rjutva in this sense. See [Hay2013, pp. 245-332]. 
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OL = V FD? - Lv", 
OU’ = V FD? — P'U". 


By means of these relationships, the Rsine of the sum of Z’'V’ and V’P’, ice., 
L’P’, can be computed just as in the case of (3), 


L'P=L'N+N'P’ 
OU’ OL 


= LV’. oy os eae 
VED CFD 


Then, this L/P’ is reduced to the drkksepamandala. The result is B’P in 
Figure 3. Furthermore, C’P, the Rsine of the declination of the planet P, is 
computed from B’P by using equation (10). Combining these two equations, 
we obtain, 


FD 
OP=BP-— = iP a5 = 'p'. 


Thus, it turns out that L’P’ is equal to C’ P. Accordingly, we have the relation, 


OU' OL 
7 LS, / eee ‘771 ee 
C’P = LV Fp tTPY FD 
Then, applying to this relation equation (20) and the two proportional rela- 
tions, 
ou’ _oU 4 Ob _OB 
FD R FD R°’ 
which can be easily obtained from Figure (3), and substituting CV for LV’, 
we finally arrive at the equation, 
OU FD OB 
P= : - PU - ‘ 
C CV R U RR” 


which is identical with Nilakantha’s formula (11). 
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Astronomical instruments in 
Bhaskaracarya’s Siddhantasiromani 


Sreeramula Rajeswara Sarma* 


1 Introduction 


In his most comprehensive and critical history of Bharatiya Jyotisa, the great 
savant Sankara Balakrishna Dikshit remarks that Bhaskaracarya used his ex- 
ceptional talents in formulating rationales for the mathematical and astronom- 
ical procedures but not in advancing the techniques of observational astron- 
omy [Dik1981, pp. 114-123, esp. 120-121]. Indeed, even in Bhaskaracarya’s 
treatment of the conventional astronomical instruments, one misses the mag- 
isterial assurance with which he deals with other topics and notices instead 
ambivalence between what is practical and what is speculative. 


Bhaskaracarya devotes an exclusive chapter to the description of several 
astronomical instruments in his Siddhantasiromant, yet he dismisses them 
in favour of a straight piece of stick which he calls Dhi-yantra. Even so, he 
proudly declares that he has invented a new instrument called Phalaka-yantra 
which he introduces with a special mangalacarana in the middle of the chapter. 
He derides the dimensions prescribed in the earlier texts for the water clock 
(Ghatika-yantra) as illogical (yukti-sunya) and impractical (durghata), but 
does not hesitate to dwell on different types of perpetual motion machines 
(Svayamvaha-yantras), although he himself was doubtful about their relevance 
in observational astronomy. 


*Email: sr@sarma.de 
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This ambivalence, this oscillation between what is practical and what is 
speculative, characterizes the Yantradhyaya which Bhaskara included in the 
Goladhyaya of his Siddhantasiromani, following the footsteps of Brahmagupta. 
So we retrace five centuries backwards and begin the narration with Brah- 
magupta. 


1.1 Astronomical instruments prior to Bhaskara 


In the twenty-second chapter of the Brahmasphutasiddhanta, called appro- 
priately Yantradhyaya, Brahmagupta offers the first systematic and com- 
prehensive account of astronomical instruments (kdala-yantras) [Sar2008a, 
pp. 47-63]. The astronomical instruments described by him are Dhanus, Tu- 
ryagola, Cakra, Yasti, Sanku, Ghatika, Kapala, Kartart and Pitha. In addi- 
tion, he describes some varieties of automata and perpetual motion machines 
(Svayamvaha-yantra) [BSS1902].1 The armillary sphere (Gola), however, re- 
ceives an exclusive treatment in the twenty-first chapter entitled Goladhyaya. 


This procedure was emulated by subsequent writers like Lalla in the eighth 
century and Sridhara in the eleventh. In his Sisyadhiurddhida, Lalla devotes 
the fifteenth chapter Golabandhadhikara for the construction of the armillary 
sphere and the twenty-first chapter Yantradhyaya for the following instru- 
ments: some types of automata, Gola, Cakra, Dhanus, Kartari, Kapala, Pitha, 
Bhagana, Sanku, Ghati, Salaka, Sakata and Yasti. Of these Bhagana, Salaka 
and Sakata are new; these have not been described by Brahmagupta. 


In his Siddhantasekhara, Sripati discusses the instruments somewhat briefly 
as compared to Lalla. The construction of the armillary sphere is described in 
the fifteenth chapter entitled Goladhyaya (vv. 29-39). The nineteenth chapter 
entitled Yantradhyaya deals with the following nine instruments: Svayamvaha- 
gola-yantra, Cakra, Dhanus, Kartart, Kapala, Pitha, Sanku, Ghatt and Yasti. 


1.2 Instruments discussed by Bhaskara 


Closely following these three predecessors, Bhaskaracarya devotes, in the 
Goladhyaya of his Siddhantasiromani, an exclusive chapter entitled Golaband- 
hadhikara to the armillary sphere and a subsequent chapter called Yantrad- 


| Besides these, Brahmagupta also describes eight types of accessories (samsadhan); cf. 
[Sar2008e]. 


322 Sreeramula Rajeswara Sarma 


hyaya to ten different types of measuring instruments and three varieties of 
perpetual motion machines. The instruments discussed by him in the Yantrad- 
hyaya are as follows: Gola, Nadivalaya, Ghatika, Sanku, Cakra, Capa, Tu- 
rya, Phalaka, Yasti and Dhi. In addition, he discusses Nalaka-yantra in the 
Triprasnadhikara of the Grahaganita. 


Moreover, while discussing the Nadtvalaya-yantra, he cites one and half 
verses from his own description of a Sarvatobhadra-yantra (yatha maya 
sarvatobhadra-yantre pathitah).? It implies clearly that he invented the Sarva- 
tobhadra-yantra and described it. We do not know whether he composed an 
exclusive treatise on the Sarvatobhadra-yantra or whether he discussed the in- 
strument in some other text. Nevertheless, it is intriguing why Bhaskara, aside 
from this reference en passant, did not include in the present Yantradhyaya a 
full description of the construction and use of the Sarvatobhadra-yantra which 
is obviously his own invention like the Phalaka-yantra. 


Bhaskara discards some instruments discussed by his predecessors and adds 
some of his own. Those discarded are Kapala, Kartart, Pitha of Brahmagupta 
and Sakata and Salaka of Lalla. Those introduced newly by Bhaskara are 
Nadivalaya, Phalaka and Dhiyantra. 


Lancelot Wilkinson and his protégé Bapudeva Sastri prepared an excel- 
lent translation of the Goladhyaya, including the Yantradhyaya, with useful 
notes and diagrams [SL1861]; the late Professor R. N. Rai described the con- 
struction and use of these instruments competently in a special volume of the 
Indian Journal of History of Science; [Rail985, pp. 308-336] and Yukio Ohashi 
discussed the same very thoroughly in his doctoral thesis, a part of which is 
published in the Indian Journal of History of Science [Oha1994, pp. 155-314]. 


Therefore, we shall not go into the construction and use of these instruments 
in detail; our focus will be rather on Bhaskara’s attitude towards observational 
astronomy in general and towards certain instruments in particular. We shall 
also discuss the antecedents of the instruments described by Bhaskara and 
touch upon where it is necessary, the echoes of Bhaskara’s writings in other 
texts. 


? The verses on the Sarvatobhadra-yantra will be discussed below in 4.3. 


Astronomical instruments in Bhaskaracarya’s Siddhantasiromani 323 


2 Gola-yantra (Armillary sphere) 


2.1 Antecedents 


As stated above, Brahmagupta discusses the Gola-yantra exclusively in the 
twenty-first chapter of his Brahmasphutasiddhanta and the other instruments 
in the twenty-second chapter named Yantradhyaya. The reason for this sep- 
arate and exclusive treatment of the Gola-yantra is that this instrument is 
considered an essential part of the Gola (Spherics), which deals with a host 
of imaginary circles in the heavens such as the celestial equator, the ecliptic 
and so on, and teaches methods to determine the linear and angular distances 
between them. By arranging these imaginary circles as physical entities in the 
armillary sphere, the student can clearly grasp the purpose and function of 
these imaginary circles. Therefore, gola-bandha, i.e., putting together different 
rings to constitute the armillary sphere, is a primary task in understanding the 
Gola. It is for this reason that Bhaskara I, who is Brahmagupta’s contempo- 
rary, also discusses the construction of the armillary sphere quite elaborately 
at the beginning of his commentary on the Gola-pada of the Aryabhatiya 
[Lu2015, pp. 1-19]. 


The armillary sphere was discussed also by Greek astronomers, including 
Ptolemy who describes its construction in his Almagest [Pto1984, ch. 5.1, 
pp. 217-219]. His armillary sphere, which he calls astrolabon, consists of six 
rings. There is a fixed meridian ring inside which the ecliptic ring and the 
solstitial colure are fitted. Two latitude rings are attached, one outside the 
solstitial colure and the other inside it. Inside the inner ring is added an- 
other ring which is equipped with two sighting holes at diametrically opposite 
points. Armillary spheres made according to Ptolemy’s model with minor ad- 
ditions can be seen in nearly every museum in Europe. Arab astronomers fol- 
lowed Ptolemy’s model, but not a single specimen of Arabic armillary sphere 
(dhat al-halaqg) seems to have survived.? But the Gola-yantra described in 
Sanskrit texts is quite different from Ptolemy’s instrument. As Ohashi re- 
marks, the main purpose of the Gola-yantra is to ascertain the equatorial 
coordinates, while Ptolemy’s armillary seeks to determine ecliptic coordinates 
(cf. [Ohal994, p. 272]). Moreover, the Gola-yantra is much more elaborate 
than Ptolemy’s armillary sphere. For example, in the Gola-yantra envisaged 


3 In the early eighteenth century, Sawai Jai Singh caused Ptolemy’s description of as- 
tronomical instruments to be rendered in Sanskrit through Nasir al-Din al-Tiusi’s Ara- 
bic version of the Almagest and collected these and similar other descriptions in the 
Yantraprakara; later on he got the entire Almagest translated into Sanskrit. For the San- 
skrit rendering of Ptolemy’s description, see [Sar1986, pp. 16-18, 54-58]. 
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by Brahmagupta, there are as many as 51 movable rings besides several fixed 
Woo 4 
rings. 


In the Goladhyaya chapter Brahmagupta defines the various circles, their 
mutual relationships and so on, but does not dwell on the practical aspects 
of the construction of the Gola-yantra, [BSS1902, ch. 21.49-58] which is done 
by Lalla in his Sisyadhivrddhida. 


2.2 Lalla on the Gola-yantra 


Lalla arranges the various rings in three groups called kha-gola (sphere of 
the sky), bha-gola (sphere of the fixed stars) and graha-gola (sphere of the 
planets). Each group or assemblage of rings constitutes a separate shell or 
sphere and these are arranged one inside the other at three slightly different 
levels on the polar axis (Dhruva-yasti). The kha-gola represents horizontal 
system of coordinates. It consists of six rings which stand for the prime ver- 
tical (sama-mandala), the prime meridian (yamyottara-mandala), the horizon 
(ksitija-mandala), two ekona-circles (two great circles, one passing through the 
zenith, the south-east and the south-west points, and the other through the 
zenith, the south-west and the north-east points), and the six o’clock circle 
(unmandala). All these rings are marked with 360 degrees. 


The bha-gola (sphere of the fixed stars) represents the equatorial and eclip- 
tic coordinates. It consists of the equator (visuvadurtta, also called nadi-urtta) 
which is divided into 60 ghatikas, the solstitial colure, ecliptic (apamandala), 
six dyu-mandalas (diurnal circles), three each on either side of the equator, 
corresponding to the six pairs of signs [SiDh1981b, ch. 15.1-15] (cf. [Oha1994, 
pp. 268-269]}). 


The graha-gola is the sphere of the planets, where diverse rings are fixed 
for each planet. At the end of the chapter, Lalla enumerates all the movable 
circles in the armillary sphere, as has been done by Brahmagupta previously 
[SiDh1981b, ch. 15.31-32]. 


mandoccanicavrttani sapta panca sighraurttani | 
pratimandalanyapi tatha drgdrksepapavalayant || 


* calavrttany ekaparicagat [BSS1902, ch. 21.69]. 
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pratyekam inadinam candradinam vimandalani ca sat | 

paticasadekayukta calaurttanam bhavatyevam || 

There are seven epicycles, seven eccentrics, seven drri-mandalas (circles passing 
through the planet and zenith), seven drkksepa-mandalas (secondaries to the eclip- 
tic passing through the zenith) and seven apamandalas (ecliptics), one for each 
planet beginning with the sun. Then, there are five stghra epicycles and five stghra 
eccentrics, one for each of the five planets. There are also six vimandalas (planetary 
orbits), one for each planet beginning with the moon. Thus, [altogether] there are 
51 movable circles.° 


2.3 Bhaskara on the Gola-yantra 


Bhaskara made some changes to Lalla’s design, by introducing drg-gola, in 
addition to bha-gola and kha-gola. The bha-gola is the sphere of the fixed 
stars. Instead of having a separate bha-gola for each planet, only one bha-gola 
is used for all planets. It consists of the ecliptic, equinoctial, diurnal circles, 
etc., which are movable. It is fixed to the polar axis so that it may move freely 
by moving the axis. Beyond this sphere is fixed the kha-gola or the celestial 
sphere; it consists of the prime vertical, meridian, horizon etc., which remain 
fixed in a given latitude. Beyond these two is the drg-gola in which the circles 
forming both the spheres kha-gola and bha-gola are combined. 


At the beginning of the chapter entitled Golabandhadhikara, Bhaskara ex- 
plains the construction of the Gola-yantra in a nutshell [SiSi1981, Golaban- 
dhadhikara v. 2}: 


aerrena frre fatrer pared ate: | 


THREATS eT 

Teka: sat oT afar Seater Il 

krtvadau dhruvayastim istatarujam rjvim suvrttam tato 

yastimadhyagatam vidhaya sithilam prthvim aprthvim bahih | 
badhniyacchasisaumyasukratapanarejyarkibhanam drdhan 

golams tatparitah Slathau ca nalikasandhyau khadrggolakau || 

First, he should prepare a straight and well-rounded polar axis from [the timber 
of] any desired tree. He should then attach loosely a small [sphere to represent the] 
earth in the middle of the axis. Beyond it, he should affix firmly the spheres of 
the Moon, Mercury, Venus, the Sun, Mars, Jupiter, Saturn and of the fixed stars 
[successively one encompassing the other]. Around these, he should add two loose 
spheres of kha-gola and drg-gola, fastened by means of small tubes. 


® In the last line, Chatterjee’s edition reads ca urttanam; it should actually read calavrt- 
tanam. Her translation has been modified accordingly from ‘great circles (which are not 
fixed)’ to ‘movables circles’. 
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Having discussed the construction and use of the Gola-yantra in the Gola- 
bandhadhikara, Bhaskara teaches how to determine the ascendant (lagna) with 


the 


help of the Gola-yantra at the beginning of the Yantradhyaya [SiSi1981, 


Yantradhyaya vv. 3-5ab]. 


2.4 Extant specimens 


Since the time of Brahmagupta, if not earlier, teachers of astronomy must 
have taught their pupils how to prepare a Gola-yantra with strips of bamboo. 
None of these have survived. However, there are extant a few recent metal 
specimens. The full details of these instruments will appear in my Descriptive 
Catalogue of Indian Astronomical Instruments, which is under preparation. 
Here follows a brief overview: 


1 


In the Maharaja’s Sanskrit College at Mysore, there is a Gola-yantra 
designed by Mahavidvan Karur Seshachar according to the teachings of 
Bhaskaracarya.® This is a unique piece because here can be seen the entire 
range of rings envisaged by Bhaskaracarya. Its dimensions are not known. 


In the 1830s, Lancelot Wilkinson saw a Gola-yantra and several other in- 
struments on the top of the fort at Kota in Rajasthan. Wilkinson thought 
that these were set up at the time of Rao Umaid Singh, who ruled Kota 
from 1771 to 1819 [Wil1834, p. 515]. 


At present this Gola-yantra and the other instruments are displayed in the 
Palace Museum of Kota [see Figure 2]. Virendra Nath Sharma, who has 
studied these instruments, reports that the Gola-yantra consists of three 
spheres of rings, with diameters measuring 120, 111, 99.5 cm respectively 
[Sha2000, pp. 233-244]. 


In the Linden Museum at Stuttgart, Germany, there is an armillary sphere 
containing two sets of rings around a wooden axis. The outer ring measures 
57 cm, the inner ring 50 and the wooden axis 80 cm. It is said to be from 
the palace of the Maharaja of Gwalior. 


Another Gola-yantra is with the Royal Museum of Scotland at Edinburgh. 
Its inner diameter measures 85 cm. There are rings to represent the eclip- 
tic, equator, tropics, and meridian. Twelve great circles intersect the eclip- 
tic at right angles, passing through its zodiacal divisions. What distin- 
guishes this large specimen is the large number of star-pointers. Twenty 


° T am grateful to Dr. James McHugh, University of Southern California, for sending me 
a photograph of this globe. 
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Figure 1: Gola-yantra made according to the description of Bhaskaracarya 
Maharaja’s Sanskrit College, Mysore. (Photo courtesy of Dr. James McHugh). 
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named star-pointers are attached to the rings. Positions of several more 
stars are marked on the rings. Its provenance is not known. 


Jai Singh Observatory, Jaipur, holds a small armillary sphere with a di- 
ameter of 53 cm and consisting of eight rings. 


The Sanskrit Mahavidyalaya, M. S. University of Baroda at Vadodara 
owns a simple Gola-yantra consisting of seven rings. It was made at the 
beginning of the twentieth century along with a few other instruments for 
use in the classes of Jyotihgastra [Sar2009, pp. 14-16]. 
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Figure 2: Gola-yantra, Palace Museum, Kotah. (Photo courtesy of Dr. Alexan- 
der Walland, Ingelheim, Germany). 


3 Ghatika-yantra (Water clock) 


3.1 Antecedents of the Ghatika-yantra 


In his Science and Civilisation in China, Joseph Needham classifies the water 
clocks into three distinct types: inflow, outflow and the sinking bowl.’ The 
second and the third types were used in India, but not the inflow type. The 
outflow type was mentioned as early as in the Vedariga-jyotisa. [VJ1985, p. 37 
(Y-VJ 24; R-VJ 17)] and later on in the Arthagastra [ArSa2010, ch. 1.19.6]. 


Sometime about the fifth century CE, this outflow water clock was replaced 
by the sinking bowl type.® It consists of a hemispherical bowl made of copper 
with a small aperture at the bottom. When it is placed on the surface of water 
in a larger basin, water enters the bowl from below through the aperture, fills 


” [Nee1965, vol. 3, p. 315]. For explanatory drawings of these three types, see [Oha1994, 
p. 273, figure 52]. 

® However, the outflow water clock continued to be used in some automata, as shown 
below in section 6. 
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Figure 3: Gola-yantra, Royal Museum of Scotland, Edinburgh. (Photo by S. 
R. Sarma). 


it, and makes it sink. The weight of the bowl and the size of the aperture 
are so adjusted that the bowl sinks in 24 minutes. In Sanskrit, the bowl is 
called ghatika/ghatt, ‘a small pot’. The time unit measured by this device 
also came to be called ghatika/ghatt. The entire ensemble was called ghatika- 
yantra/ghati-yantra or simply ghatika/ghati [Sar2008c]. 


Although the instruments for measuring time had changed, the standard 
unit of time remained the same duration of 24 minutes which was known both 
by the older set of names nadika/nadi or nalika/nali as well by the new set 
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Figure 4: Detail of the Armillary Sphere in the figure above. (Photo by S. R. 
Sarma). Besides the divisions marked on the rings, two star pointers named 
U[ttara] Pha[lguni] and P/irva] Pha[lguni] can be seen here. 


ghatika/ghati. It is not unusual that in the same text names from both the 
sets are employed. 


The sinking bowl water clock was described for the first time by Arya- 
bhata in his Aryabhatasiddhanta in the early sixth century;® thereafter it was 
described in several astronomical and other texts. Interestingly enough, of 
all the traditional instruments, the water clock is the only one for which the 
astronomers strove to prescribe exact measurements, not only for the bowl but 
also for the aperture at the bottom of the bowl. For instance, Lalla describes 
it thus in his Sisyadhivrddhida [SiDh1981b, ch. 21.3435): 


Sa: Toma To: Ut Hondas Ter | 
RUG BAe dt THAT Il 
TATATTHATHAAHA SAGAS CH: | 
Tago fest Ags es sch ASAT I 


° This work is now lost, but the descriptions of various instruments survive in Ramakrsna 
Aradhya’s commentary on the Siryasiddhanta; cf. [Shu1967]. See also [Sar2004b]. 
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Figure 5: Sinking Bowl Type of Water Clock. 


dagabhih Sulbasya palaih patram kalagardhasannibham ghatitam | 
hastardhamukhavydsam samaghatavrttam dalocchrayam || 
satryamsamasakatrayakrtanalaya samavrttaya hemnah | 
caturangulaya viddham majjati vimale jale nadya || 


The hemispherical bowl made of ten palas of copper, which is half a cubit (i.e. 
twelve arigulas) in diameter at the mouth and half (i.e. six arigulas) as high, which 
is evenly circular, and which is bored by a uniformly circular needle (nala), made 
of three and one-third masas of gold and of four arigulas in length, sinks in clear 
water in one ghatika (nadi). 


Obviously a thin gold needle cannot bore an aperture into a copper bowl. 
What Lalla means is that the aperture should be such that a gold needle of 
given dimensions can just pass through it. That is to say, Lalla defines the 
very minute aperture in terms of the cross-section of gold wire weighing 35 
masas which is stretched to a length of 4 angulas. Goldsmiths can no doubt 
draw fine grades of gold wire, but it would be impossible to draw a wire mea- 
suring exactly eight angulas from a lump of gold weighing exactly 35 masas. 
It is doubtful if this prescription was ever followed in practice. 
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3.2 Bhaskara on the Ghatika-yantra 


Therefore Bhaskara disapproves of this specification and declares [SiSi1981, 
Yantradhyaya ch. 8, pp. 441-442]: 


FETS Mea Bea AA ASSIA IAT | 

DMaMASAMa Ath Wet Tar Il 

ghatadalartipa ghatita ghatika tamri tale [’/prthucchidra | 

dyuniganimajjanamitya bhaktam dyunigam ghatimanam || 

A copper bowl (taémri ghatika), formed like a hemisphere (ghata-dala-rupa), having 
a small (aprthu) aperture at the bottom. [The duration of] a day and night divided 


by the number of immersions [of this bowl] in a day and night is the measure of 
the water clock (ghati-manam). 


This statement is elaborated in his Vasanabhasya as follows [SiSi1981, 
Vasanabhasya ch. 8, p. 442]: 


ae Za: Qos oa secant Hae ged cahast cde Saeed eras 
atra dagabhih Sulbasya palair ityadi yad ghatilaksanam kaigcit krtam tad yuk- 
tiginyam durghatam cetyetad upeksitam | 

Here, we ignore the definition of the water clock given by certain [scholars like Lalla] 
as dagabhih Sulbasya palair etc., because it is illogical (yukti-sunya) and difficult to 
implement (durghata). 


From the practical point of view Bhaskara’s critique of Lalla’s specifications 
is quite justified. On the other hand, the alternative offered by Bhaskara 
is likewise impractical, when he suggests that a bowl with any duration of 
immersion will do. If, for example, the bowl sinks in 34 minutes, then it 
measures roughly 1.416 ghatikas. How can such a bowl be used to measure time 
in terms of ghatikas of 24 minutes without resorting to tedious computations? 
Therefore, the duration of the water clock has to be one ghatika or its multiples 
and not any arbitrary period. 


Bhaskara’s predecessors, therefore, wisely prescribe that the bowl should 
be such that it immerses 60 times in an ahoratra; in other words, it measures 
exactly one ghatika. Thus Aryabhata, besides prescribing exact dimensions 
for the bowl and its perforation, provides also a simple alternative when he 
adds that the bowl (irrespective of its dimensions) should sink sixty times in 
a day and night [Shu1967, p. 95): 


See ee 


RIE MIE DISIESSI“CE 1 GA HUGH II 


svestam vanyad ahoratre sastyambhasi nimajjati | 
tamrapatram adhagchidram ambuyantram kapalakam || 
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Alternatively (va), any hemispherical (kapala) copper vessel made according to 
one’s liking with an aperture in the bottom, which sinks in water sixty times in a 
day and night, is the [accurate] water clock (ambu-yantra) 


Brahmagupta does not prescribe any dimensions whatsoever, but says 
merely that bowl should sink sixty times in an ahordatra [BSS1902, ch. 22.1]: 


ales aoatala ae ust aesTyeas | 
Fel ATOMS Bet sar vats Il 


ghatika kalasardhakrti tamram patram tale’prthucchidram | 
madhye tajjalamajjanasastya dyunigam yatha bhavati || 


The Ghatika-yantra is a copper vessel of the shape of a hemisphere. At the center 
of the bottom is a small aperture so made that the bowl sinks sixty times in a day 
and night. 


The Stryasiddhanta also gives a similar definition [SuSi1959, ch. 13.23): 


ATT aes Sed HrSsHSTsy | 

WEAASERTS Vpe Ft HIT II 

tamrapatram adhagchidram nyastam kunde’malambhasi | 
sastirmajjatyahoratre sphutam yantram kapalakam || 


If a copper vessel having an aperture in the bottom, when placed in a basin of pure 
water, sinks sixty times in a day and night, then it is an accurate hemispherical 
instrument. 


By not insisting that the bowl should sink in one ghatika as his predecessors 
did, Bhaskara also underestimates the Indian artisan’s ability to fabricate 
bowls of exactly one ghatika duration. The few extant specimens with different 
sizes and shapes (see Figure 6 below) show that the artisans did not follow 
the measurements given by the astronomers. Nevertheless, they were able to 
make by empirical methods bowls that sank in a prescribed duration of time. 


There is yet another problem with Bhaskara’s statement. His wording 
(ghatadala-rupa ghatita ghatika tamri tale’prthucchidra) follows very closely 
that of Brahmagupta (ghatika kalagardhakrti tamram patram tale’prthucchi- 
dram). Since the manuscripts rarely mark the avaghraha symbols indicating 
the ‘a’ which is elided owing to sandhi, these have to be inserted according 
to the context by the modern editors or readers.!° In the present case, we 
have to assume that Brahmagupta and Bhaskara consider the aperture to be 
‘aprthu’, for the simple reason that a large aperture will make the bowl sink 
very quickly. For example, if it sinks in ten minutes, then the bowl has to be 
lifted, emptied and placed again on the surface of the water every ten minutes! 


1° [SL1861, p. 211] also read prthu and translate as ‘A ghati made of copper like the lower 
half of a water-pot, should have a large hole bored in its bottom’ 
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Figure 6: Water clock bowls from India (Kerala, Tamilnadu and Uttar 
Pradesh), Burma and Sri Lanka. The smaller one in the foreground is from 
Kerala and is made of a coconut shell. Pitt Rivers Museum of Ethnology, 
Oxford. (Photo by S. R. Sarma). 


There is no practical advantage in using a water clock of such short duration. 
Or, to use Bhaskara’s own language, it would be illogical (yukti-sunya) to 
measure time with a water clock of such short duration. The aperture has to 
be very small so that the bowl does not sink too quickly. It is for this reason 
that several texts lay emphasis on the smallness of the aperture by defining its 
size in terms of the cross-section of a hypothetical gold wire of certain weight 
and length, although it would be impossible to construct the bowl according 
to this prescription as we have shown above. Moreover, all the extant water 
clocks contain very small apertures.!! 


1! The sinking bowl type of water was used throughout India (and also in South Asia and 
South-East Asia) until the end of the nineteenth century for telling time. Baden Powell 
[Pow1872, p. 200] reports thus: ‘This article is in common use, and by it all police guards, 
&c, keep the time, striking their gong as each hour comes round. One would therefore 
expect scores of water clocks to be surviving in every part of India. But people usually 
recycle unused copper or brass vessels and therefore there are few specimens extant. The 
largest collection of seven bowls is preserved in the Pitt Rivers Museum of Ethnology 
at Oxford (see Figure 6). The bowl in the upper left was used in the guard-rooms at 
Mirzapur. 
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3.3 Munisvara on the aperture 


In his commentary Vasanavarttika on the Siddhantasiromani, Nrsimha is 
silent on the question whether the aperture should be prthu or aprthu, but 
another commentator Munigvara (b. 1603) forcefully argues in favour of the 
attribute prthu [SiSi1952, p. 367]: 


TOSTAPT TYR Fare aeH Hat! TdT STeyetarst Pfererakess ser Tst 
werraroteh ad wera a vate aa fed areata wraaa genet 
HOT AAAI AHRISW FT Beh | 

tale’dhobhage prthucchidra maharandhra ghatika karya | etena jalapurnapatre 
niksiptadhagchidre jalagamane jalantargatamaladikam vastu pratibandhakam na 
bhavati tatha chidram karyam iti sticitam | stksmacchidre maladikena tatprati- 
bandhasambhavad akarapragleso na yuktah | 


The bowl should be so made that it has a large aperture (prthucchidra = 
maharandhra) at the bottom. Through this statement it is indicated that the aper- 
ture should be made in such a manner that, when it is placed on the water of 
the basin and when water enters [the bowl], the aperture is not blocked by any 
dirt which might be in the water of the basin. Because of the possibility of the 
small aperture getting blocked by dirt and the like, inserting here the vowel a 
(akara-praglesa) [by reading aprthu] is not warranted. 


Obviously Munisvara did not come across any actual specimens in Varanasi 
in the seventeenth century or did not pay attention to them. As for his fear 
that a small aperture can be blocked by dirt in the water, the texts usually 
prescribe that the water in the basin should be pure. For example, in the 
verses just cited above, the Suryasiddhanta mentions amalambhasi and the 
Sisyadhivrddhida stipulates vimale jale. 


The rest of the instruments can be divided into two groups of linear and 
circular instruments. 


4 Linear instruments 


4.1 Sanku (Gnomon) 


Like the water clock, the instrument called Sariku (gnomon) was also in use in 
India for a long time. In its simplest form, the Sariku consists of a straight stick 
stuck into the earth vertically in order to determine the time of the day by 
the position of its shadow. The Siddhanta texts teach the employment of the 
gnomon for ascertaining the three elements, namely, the points of compass 
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(dik), the observer’s latitude (dega) and the time (kala) in the chapter on 
the Tripragna [Ohal994, pp. 168-196]. Bhaskara also discusses Sariku in the 
Triprasnadhikara quite extensively. In the Yantradhyaya, he merely adds that 
the gnomon should be made of ivory and that it should be turned on a lathe 
so that the circumference at the top and bottom remains the same [SiSi1981, 
Yantradhyaya v. 9]. 


4.2 Yasti (Staff) 


The next three instruments— Yasti (staff), Nalaka (tube) and Dhi (intellect )}— 
are variations of the gnomon. In the case of the Yasti, one draws a circle on 
a level ground, marks the cardinal points on it and employs the simple staff 
as the representation of the Radius of the celestial sphere to determine the 
position of heavenly bodies [SiSi1981, pp. 28-39]. The Yasti is also used in 
terrestrial surveys for determining the heights and distances of objects. 


4.38 Nalaka (Sighting tube) 


The Nalaka-yantra is almost the same as the Yasti with the difference that, 
while the Yasti is made of solid bamboo, the Nalaka is a hollow bamboo tube. 
This is not a measuring instrument per se, but a device for verifying the 
correctness of computation. In the Triprasnadhikara of his Sisyadhivrddhida, 
Lalla enjoins that the computed planetary positions be verified by means of 
a hollow tube (nalaka) mounted upon two bamboo poles erected cross-wise 
on the ground so that the lower end of the tube is at the observer’s eye- 
level and the observer can view the planet whose position has been previously 
determined by computation [SiDh1981b, ch. 4.47-48]. The same procedure is 
adopted by Sripati in his Siddhantagekhara [SiSe1932, ch. 4.8485]. 


Bhaskara also discusses the use of the Nalaka in the Triprasnadhikara 
(vv. 105-109) but introduces a new note. He states that after making the nec- 
essary preparations, the planet should be shown through the Nalaka-yantra 
to the benevolent king for his entertainment.!? ‘After making the necessary 


2 aetaetray & ae garaerars | 
yada fae wath LSAT GSAT TTT I 
dargayed divicaram ke vanehasi dyucaradarganayogye | 
pirvam eva viracayya yathoktam rafjanaya sujanasya nrpasya || 
[SiSi1981, Tripragnadhikara v. 109] 
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arrangements as told before, the planet should be shown to the benevolent 
king for his amusement, either [in the sky or its reflection] in water at the 
moment which is suitable for viewing the planet. This is the only occasion 
when Bhaskara makes a reference to a king, although several of his ancestors 
(and also descendants) enjoyed royal patronage. 


The sighting tube is akin to the telescope without lenses; even so, it can 
be used with advantage in viewing the objects in the sky. It appears to have 
been very popular in India. There exist several unpublished manuscripts ex- 
clusively devoted to the sighting tube such as Ramakrsna’s Nalikabandha- 
krama-paddhati (Maharaja Man Singh II Museum, Jaipur), Vamanaprasada’s 
Nalakayantrasadhana (Chandra Shumshere Collection, Bodleian Library, Ox- 
ford), Gopiraja’s Nalikaprabandha (Rajastan Oriental Research Institute, 
Jodhpur) and so on. 


In the Sanskrit Mahavidyalaya of the M. S. University of Baroda, there 
is a modern version of Nalaka-yantra which was produced at the beginning 
of the twentieth century for use in the Jyotisa classes. Unlike the Nalaka- 
yantra described in Sanskrit texts, this one is equipped to measure the altitude 
and azimuth of heavenly bodies like the theodolite. However, its stand and 
mounting are different from that of the theodolite. 


4.4 Dhia-yantra (Intelligence instrument) 


After describing several instruments, some briefly and some at length, Bhaskara 
dismisses all of them in favour of a straight piece of stick which he designates 
as the Dhi-yantra [SiSi1981, Yantradhyaya vv. 40-41]. 


Fefe ape a steel Wrerdse PIAL I 
Pere WS Wises UT esa RS PSST TT | 
ca eee I 


atha kimuprthutantrairdhimato bhuriyantrath 

svakarakalitayasterh dattamulagradrsteh | 

na tad aviditamanam vastu yad drgyamanam 

divi bhuvi ca jalastham procyate’tha sthalastham || 

vamésasya mulam pravilokya cagram tat svantaram tasya samucchrayam ca | 
yo vetti yastyaiva karasthayasau dhiyantravedi vada kim na vetti || 


What does a man of intelligence want with an array of instruments on which heavy 
tomes are written? For him who holds a staff (yasti) in his hand and casts his eye 
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Figure 7: Nalaka-yantra with a stand. On the base plate can be seen a spirit- 
level and circular frame for the compass, which is missing. (Photo by S. R. 
Sarma). 
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from its base to the top there is no object in sight of which he cannot find out the 
measurements in the sky as well as on the earth, be it in water or on dry ground. 


The knower of the Dhi-yantra is one who can determine the distance and height 
of a bamboo, after observing its root and crown by means of the staff in his hand. 
Tell me what else is there that he cannot measure! 


But the staff alone cannot provide linear or angular distances unless its 
projection is drawn on the level ground. Bhaskara goes on to state that by 
holding the staff in such a manner that it points to the pole star and by 
the projections of the two ends of the staff on the circle drawn on the level 
ground, one obtains the equinoctial midday shadow (palabha) and with it one 
computes several parameters. He also teaches how to use the stick for terres- 
trial measurements. But it cannot replace all the diverse kinds of instruments 
discussed by him and by other astronomers. As Ohashi remarks quite rightly 
Bhaskara clearly overrates this instrument.!? The astute Nrsimha Daivajiia is 
rather baffled by this instrument and remarks as follows in his Vasanavartika 
commentary [SiSi1981, p. 472]: 


Wat Taran ast duyersbead| aa axafecdaea sara caqer- 
err See eae lean c ees 
T fa PEA 


sarvatra yantranirmanam yantre vedhaprakaragcocyate | atra karakalitayastireva 
yantranirmanam | dattamilagradrstireva vedhaprakarah | dhimata eva karakali- 


In the case of every [other] instrument, the method of construction and the method 
of observation are stated. Here holding the staff in the hand is itself the method 
of construction. Looking at the base and the top of the staff is the method of 
observation. Only an intelligent person, and no other, can know the height and so 
on of a bamboo, by holding the staff in his hand. Thus it is evident that it is called 
‘Intelligence Instrument. ++ 


'3 [Oha1994, p. 236]: ‘As Bhaskara says, the staff gives enough information for Hindu as- 
tronomy, if one spares no pains to do complicated calculations. However, it does not mean 
that other convenient instruments are unnecessary. It seems that Bhaskara II overpraised 
the dhi-yantra’ 

14 According to Powell [Pow1872, p. 201] Buddhi-yantra, which is another name for Dhi- 
yantra, was displayed at the Lahore Exhibition of 1864. Powell describes it as ‘a large 
gnomon the shadow of which is observed when the sun is in the equinoctial’ But Bhaskara 
envisaged its use not just ‘when the sun is in the equatorial,’ but at all times when the 
sun is shining. 


340 Sreeramula Rajeswara Sarma 


5 Circular instruments 


5.1 Cakra, Capa and Turya 


The three instruments, Cakra (circle), Capa or Dhanus (semi-circle) and Tu- 
ryagola or Turya (quadrant), are closely related in shape and function. Cakra 
is a circular wooden plate with its circumference graduated into 360 degrees, 
Dhanus is its half, and Turya-gola the quarter. In all the three, a perforation is 
made at the centre into which a thin rod is inserted as the axis and a plumb- 
line is suspended from the centre. These instruments are so held towards the 
sun that the axis throws a shadow on the circumference. Then the arc inter- 
cepted between the nadir (indicated by the plumb-line) and the shadow is the 
zenith-distance. Brahmagupta prefers the semi-circular variety and explains 
all functions in connection with Dhanus and adds that the same can be done 
with Turyagola and Cakra.'° But his successors show a marked preference for 
the Cakra, presumably because it has the ideal shape. 


Bhaskara explains in detail how to prepare the circular disc: its rim is to 
be marked with 360 degrees and vertical and horizontal diameters are to be 
drawn on it; at the end of the horizontal diameter should be marked the 
horizon and at the end of the vertical diameter the zenith. A thin rod should 
be affixed at the centre of this disc as its axis. With this instrument one can 
measure the sun’s altitude (unnatamsa) and the zenith-distance (nataméa) 
[SiSi1981, Yantradhyaya vv. 10-12]. 


Bhaskara also explains how to measure the longitude of a planet at night 
(graha-vedha) [SiSi1981, Yantradhyaya vv. 13-15]. For this, the disc should 
be held in the plane of the ecliptic. This is done as follows: Keeping the eye 
at the lower part of the rim, one tilts the disc so that any two fixed stars 
with zero latitude are visible above the upper rim. Since the stars with zero 
latitude are situated on the ecliptic, the disc is now in a plane parallel to 
the ecliptic. In this connection Bhaskara mentions the stars paitryarksa = 
magha (a Leonis, Regulus), pusya (6 Cancri), antima = revati (¢ Piscium) 
and varuna = §atataraka (X Aquarii). If these are not visible on the sky at 
the given time, one should make use of stars with minimum latitude such as 
rohint (a Tauri). 


Holding the disc in this position firmly, one should mark the position of one 
of the two stars on the rim. Then the angular distance between the star and 
the desired planet should be measured on the rim. This distance, increased 


' [BSS1902, ch. 22: vv. 8-16 (Dhanus), v. 17 (Turyagola), v. 18 (Cakra)] . 
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or diminished by the longitude of the star (according as the planet is to the 
west or east of the star), gives the longitude of the planet (sphuta-graha). 


Having described the construction and use of the Cakra-yantra in detail, 
Bhaskara adds laconically that the Capa and Turyagola are a half and a quar- 
ter respectively of the Cakra and that all the tasks of Cakra can be performed 
with Capa and Turya-gola as well. However, the Turya-gola or the quadrant 
is a handier device and played an important role in India in the period after 
Bhaskara. 


5.2 Nadtvalaya 


A variant of the Cakra-yantra is the Nadivalaya which is an equatorial sun- 
dial. It was first described by Lalla under the name Bhagana. [SiDh1981b, 
ch. 21.27-30]. Bhaskara changed the name to Nadivalaya because the circular 
plate rests in a plane parallel to the celestial equator which is called nadivalaya 
in Sanskrit [SiSi1981, Yantradhyaya vv. 5cd-7]. The Nadivalaya-yantra con- 
sists of a circular plate with the rim on both the sides divided into sixty units 
to measure time in ghatikas. The rim is also marked with signs of the zodiac in 
unequal segments according to their oblique ascensions, i.e., their periods of 
rising at the place of observation (nijodaya). The signs are marked in reverse 
order, i.e. proceeding counter-clockwise. Each of the signs is divided into two 
horas of 15°, three dreskanas or decans of 10°, into navamésas or ninths of 
3°20’ each, into twelfths of 2°10’ each, and into trimsaméas or thirtieths of 1° 
each. This type of six-fold division is called sadvarga. The polar axis passes 
through the centre of the plate so that the plate rests in a plane parallel to the 
celestial equator. Bhaskara teaches how to determine the ascendant (lagna) 
and time in ghatikas with this device. 


Ramacandra Vajapeyin includes the Nadivalaya-yantra in his Yantraprakasga 
of 1428. However, his instrument consisting of two circular plates appears to 
be somewhat different [Ms-YaPr, ch. 6.31-36]. 


5.3 Sarvatobhadra-yantra 


While explaining how to mark the rim of the Nadivalaya in six different ways 
(sadvarga) in his Vasanabhasya, Bhaskara cites one and half verses in Bhu- 


342 Sreeramula Rajeswara Sarma 


jangaprayata metre from his description of the Sarvatobhadra-yantra.'® It 
appears from this citation that the Sarvatobhadra-yantra also consists of a 
circular plate with the rim marked in just the same way as the rim of the 
Nadivalaya-yantra is calibrated. Since it bears a different name, it ought to 
differ from the Nadivalaya in some manner, but it is not known in which 
manner. Nor is it known whether Bhaskara composed an independent manual 
on this instrument or whether he described this instrument in some unknown 
work. Unfortunately, this Sarvatobhadra-yantra is completely lost except for 
the citation mentioned above.!” 


5.4 Nadivalaya at Jai Singh’s observatory 


When Sawai Jai Singh set up observatories with new types of masonry in- 
struments in the early eighteenth century, he adopted Bhaskara’s Nadivalaya 
and caused it to be made in stone and plaster. But here the rim is marked 
only with degrees of arc and divisions of ghatikas, but not with zodiacal signs. 
Consequently, this instrument can be used just to measure time and not to 
determine the ascendant. This Nadivalaya is set up at Jaipur and Banaras. In 
the Jaipur Observatory, the dials representing the north and south faces (to 
measure time when the sun is in the northern hemisphere and the southern 
hemisphere respectively) are separate. At Banaras the two dials are engraved 
on the two sides of the same stone disc. Therefore, this specimen is closer to 
Bhaskara’s design (see Figure 8). 


16 [SiSi1981, Yantradhyaya vv. 5cd-7, Vasanabhasya, p. 441]. 

ae Nrsimha Daivajiia, at the commencement of his Vasandvarttika commentary on the 
Siddhantasiromani [SiSi1981, p. 5], refers to Bhaskara as vasisthatulya-brahmatulya- 
sarvatobhadradi-yantranam nirmata, implying that Bhaskara composed three texts on 
the instruments called Vasistha-tulya-yantra, Brahma-tulya-yantra and Sarvatobhadra- 
yantra, which is clearly a misreading. It should read _ vasisthatulya-brahmatulya- 
sarvatobhadrayantradinam karta; it would then mean that Bhaskara wrote Vasisthatulya, 
Brahmatulya and Sarvatobhadra-yantra and others. Of these Brahmatulya refers to the 
Karanakutuhala. In fact, in the very first verse of the Karanakutuhala, Bhaskara refers 
to this work as Brahmasiddhantatulya; cf. [KaKu1991]. The other texts have not come 
down to us, nor were they cited by any other scholars. 
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Figure 8: Nadivalaya-yantra, Jai Singh’s Observatory at Banaras; From Sir 
Joseph Dalton Hooker, [Hoo1854, p. 68]. 


6 Phalaka-yantra 


6.1 The Phalaka-yantra 


The Phalaka-yantra [SiSi1981, Yantradhyaya vv. 16-27] is Bhaskara’s own 
invention; he introduces it in these words [SiSil981, Yantradhyaya v. 16]: 


EPSOsa Upeaie Sh: Pat aie Fara: | 

TROT MT US VIS Wash HOSTS II 

drimandale’tra sphutakala uktah sukhena nanyairyatitam mayatah | 
sadgolayukterganitasya saram spastam pravaksye phalakakhyayantram || 

Because others have not attempted to ascertain the apparent time (sphuta-kala) 
easily from the vertical circle passing through the zenith and the planet (dri- 
mandala), I have done so. I shall now explain lucidly the instrument named 
Phalaka-yantra which represents the essence of all computations (ganitasya sara) 
pertaining to the true principles of Spherics (sadgola-yukti). 
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Because it is his own invention, he proudly presents the instrument along 
with a mangalacarana, laying emphasis on the similarity between his name 
and that of the sun (natva ... Sribhaskaram bhaskarah). This verse contains 
two levels of meaning, one applied to the sun god and the other to the instru- 


ment. 1/8 


6.2 Construction and use of the Phalaka-yantra 


The Phalaka-yantra consists of a rectangular board measuring 90 x 180 units 
on which 90 equidistant horizontal parallels are drawn. At the middle of the 
30th parallel is inserted a pin to which an index is pivoted. With the pin as 
the centre, a circle is drawn with a radius of 30 units and the circle is divided 
in 60 ghatikas and 360 degrees. The instrument is used first to measure the 
altitude of the sun by direct observation and then to ascertain graphically 
the corrections for ascensional difference in order to determine time. It is a 
forerunner of the sine quadrant which would be introduced into India in the 
next centuries along with the astrolabe from the Islamic world. About this 
instrument Rai remarks as follows: 


The Phalaka-yantra described by Bhaskara II, though similar to the Cakra-yantra 
of Lalla and Sripati, is a great improvement on them as he uses in its construction 
the principles of spherical trigonometry so that it gives time, by the observation of 
the altitude of the Sun, much more accurately than that given by the instruments 
of earlier authors, though, once its principles are understood, the determination of 
time is very easy [Rail985, pp. 328-332].1° 


6.3 Phalaka-yantra after Bhaskara 


In the subsequent centuries, the Phalaka-yantra is included in some texts 
dealing exclusively with instruments. Thus Ramacandra Vajapeyin includes it 
in his Yantraprakaga of 1428 and describes its construction and use as stated 
by Bhaskara [Ms-YaPr, ch. 6.1-8]. In 1791, Nandarama Miégra describes a 
Phalaka-yantra in his compendium Yantrasara. However, this Phalaka-yantra 


18 Bhaskara, [SiSi1981, Yantradhyaya v. 17]. However, unlike in the other charming verses 
of this nature composed by Bhaskara, here the glesa is somewhat belaboured. Nityananda, 
in his commentary Marici, p. 379, draws out a third level of meaning by interpreting all 
the attributes as applicable to the author Bhaskara. 


'9 See also [SL1861, pp. 214-218] and [Ohal994, pp. 286-290]. 
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resembles more closely Bhaskara’s Nadivalaya [Ms-YaSa, f. 2r—v]. Moreover, 
during the survey of extant Indian astronomical instruments, I came across 
reports about five actual specimens of the Phalaka-yantra. 


In the archives of the Museum of the History of Science at Oxford, there are 
photos of the front and back of an interesting astrolabe. An inscription on the 
front side of the suspension bracket informs that a certain Gangasahaya caused 
this astrolabe to be made by the artisan Ramapratapa at Tonk in Rajasthan 
in 1795. On the back of the kursz is an inscription which reads cakra-turiya- 
phalaka-yantranam ekatra samavesah, ‘{Here is] the assemblage at one place 
the Cakra-yantra, the Turtya-yantra and the Phalaka-yantra’ (see Figure 9). 
A Turtya-yantra (i.e. a quadrant) is normally incorporated on the back of the 
astrolabe for measuring the altitudes of the heavenly bodies. The back of the 
astrolabe can also function as the Cakra-yantra, which is a graduated circle 
with an upright peg at the centre. For using it as a Phalaka-yantra, starting a 
little above the centre, about 45 equidistant horizontal parallels are drawn up 
to the lower periphery on this astrolabe. Two concentric circles with different 
radii are drawn from the centre; these could be the equatorial circle and the 
Tropic of Cancer. The alidade of the astrolabe can, of course, function like the 
index required for the Phalaka-yantra, and can also measure the altitude of 
the sun. However, there is no circle divided into 60 ghatikas and 360 degrees 
of arc. 


There are two more inscriptions providing the necessary parameters for 
using the Phalaka-yantra. An inscription on the upper left quadrant reads 
tomkanagare phalaka-yantra-yogya | parama yastih 36 | 34, ‘In the city of 
Tonk, the maximum yasti appropriate for the Phalaka-yantra is 36 | 34’ The 
upper right quadrant bears the inscription phalaka-yantra carajya-khandah 
3 | 2| 26 | 18 | 2, ‘the segments of the sines of accensional differences for 
the Phalaka-yantra are 3 | 2 | 2 and 6 | 18 | 2’ Therefore Gangasahaya’s 
attempt of using the back of the astrolabe as a Phalaka-yantra is historically 
very valuable. Unfortunately, the present location of the actual astrolabe is 
not known. 


Sankara Balakrishna Dikshit reports that Sakharama Jos, a resident of 
Kodoli near Kolhapur, made several instruments including a Phalaka-yantra 
between 1790 and 1797 [Dik1981, p. 233n]. 


The third specimen was exhibited at the Lahore exhibition of 1864. It was 
described as ‘Falk yantra —-A graduated oblong plate, with inscribed circle 
and bar to give the shadow—for measurement of hours, angular distances, 
&c’ [Pow1872, p. 261]. Its present location is unknown. 


A fourth specimen was caused to be made by the Maharaja of Benares 
and was presented to the Prince of Wales. When the Prince visited the 
Maharaja on 5 January 1876, the Maharaja presented him a set of tradi- 
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Figure 9: Phalaka-yantra engraved on the back of an astrolabe. 


tional Indian astronomical instruments. There survives a list meticulously 
prepared by Bapu Deva Sastri. The list includes, aside from small replicas 
of the masonry instruments erected by Sawai Jai Singh in his observato- 
ries, the following instruments made according to the descriptions given by 
Bhaskaracarya: Gola-yantra, Cakra-yantra, Capa-yantra, Turtya-yantra and 
Phalaka-yantra. The list expressly mentions that the Phalaka-yantra was in- 
vented by Bhaskaracarya and that the details about all these instruments can 
be found in the Siddhantastromani and refers to the Bibliotheca Indica edi- 
tion by ‘Lancelot Wilkinson, Esq’ It is not known what happened to these 
instruments. These are not with any public museum in Britain; probably they 
were deposited in some royal palace and forgotten [Sar2014, pp. 12-15]. 


The fifth specimen of the Phalaka-yantra is with a dealer of scientific in- 
struments in the US. It is a compendium of several astronomical instruments 
incorporated in a wooden casket, on which the dials of the instruments are 
painted very crudely by a certain Joshi Ramachandra in 1885 at Kuchaman 
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in Rajasthan. The casket can be used as a diptych sundial when the lid is 
lifted up. Such diptych sundials were very common in Europe. On the up- 
per and lower sides, Ramachandra drew the dials of two traditional Indian 
instruments, viz., on the upper side the Dhruvabhrama-yantra invented by 
Padmanabha in about 1423 and on the other lower side the Phalaka-yantra 
invented by Bhaskaracarya in about 1150 (see Figure 10). In the Phalaka- 
yantra, there are several horizontal and vertical parallels. Upon this grid is 
drawn a circle which is divided into 60 ghatikas and numbered from 1-60, 
starting from the top and proceeding clockwise. Each ghatika is subdivided 
into 3 units which correspond to 2°. At the centre is pivoted an index. 


Figure 10: Phalaka-yantra painted on the bottom of a casket. (Photo courtesy 
of Dr. David Coffeen). 
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6.4 Svayamvha-yantras (Perpetual motion wheels) 


Now we come to a class of instruments called Svayam-vaha-yantras or ‘self- 
propelled’ instruments. In these instruments, a crucial role is played by mer- 
cury (parada, rasa) to which many extraordinary properties are attributed 
in Indian imagination [SY1995, pp. 149-162]. After describing the proper as- 
tronomical instruments, Brahmagupta goes on to deal with some automatic 
devices based on the outflow water clock which consists of a graduated hollow 
cylinder with an aperture at the bottom [BSS1902, ch. 22.46-56]. On the sur- 
face of the water in this hollow cylinder is set up a float made of the outer shell 
of a dry gourd filled with mercury. To this float is tied a strip of cloth, in which 
60 knots are made at regular intervals. As the water flows out of the aperture 
at the bottom and the level of the water in the cylinder goes down, the float 
also goes down pulling thereby the strip of cloth downwards. If the strip is 
attached skilfully to some objects, they can be made to perform certain tasks 
periodically. It is imagined that as the cylinder empties itself in sixty ghatis, 
these objects can display the passage of each ghatika with amusing periodic 
movements. Thus in a device named Vadhuvara-yantra, a sweetmeat in the 
form of a knot passes from the bridegroom’s mouth to the bride’s mouth at the 
passage of each ghatika.?° Lalla and Sripati accept these automata without any 
hesitation [SiDh1981b, ch. 21.10-17]; [SiSe1932, ch. 9.7-11]. Bhaskara rejects 
them as rustic contrivances (gradmya) because they are dependent (sapeksa) 
on human agency to refill them every day with water. He prefers machines 
that turn on their own in an ingenious manner [SiSi1981, Yantradhyaya v. 57]. 


FUSS TI AGA VTS TPA | 

UdRacHaae Bers FT Se WT I 

yad athorandhranalam tat sapeksatvat svayamvaham gramyam | 
caturacamatkrtakari yuktir yantram na hi gramyam || 

That self-propelled machine which consists of a cylinder with an aperture at the 
base is a rustic device (gramya), because it is dependant (sapeksa). However, [the 
real self-propelled machine] is not the rustic piece, but one [that is based on al 
design (yukti) which can astonish experts (catura-camatkrti-kart). 


6.5 Brahmagupta’s perpetual motion wheel 


In fact, Brahmagupta describes such a perpetual motion wheel in these words 
[BSS1902, ch. 22.53-54]: 


20 For details, see [Sar2008a]. 
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OUISAs Uh GAARA TOIT | 
aed Tat WT uRet Baeparars: Il 
fade et saraetser axel ware | 
fearEdquisaapasret was WAR Il 


laghudarumayam cakram samasusirarantaram prthag aranam | 
ardhe rasena purne paridhau samélistakrtasandhih || 

tiryakkilo madhye dvyadharastho’sya parado bhramati | 
chidranytrdhvam adho’tagcakram ajasram svayam bhramati || 


In [the rim of] a wheel made of light timber are inserted hollow spokes of equal size 
at equal intervals. [Each spoke is] half filled with mercury and the joints at the rim 
are sealed. In the centre of the wheel is inserted transversely an axis (tiryak-kila), 
which when set up on two supports, the mercury runs up and down the hollow 
space [in the spokes], and the wheel turns perpetually (ajasra) on its own. 


AW 
aey 


Figure 11: Brahmagupta’s perpetual motion wheel. 


6.6 Bhaskara’s three models 


Brahmagupta’s idea of the perpetual motion machine was taken up enthusi- 
astically and elaborated upon by Bhaskara who discusses three new models. 
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The Vasanabhasya describes their construction more fully and lucidly than the 
verses. Therefore, the relevant passages from the Vasanabhasya are translated 
below. 


Bhaskara’s first model is like Brahmagupta’s wheel, but the spokes are all 
slightly curved in one direction. This is an improvement on Brahmagupta’s 
model because curved spokes offer less resistance and thus help the rotation 
of the wheel. Bhaskara describes his first model thus [SiSi1981, Yantradhyaya 
vv. 50-5lab, Vasanabhasya, p. 476]: 


trrdiered agent vas Uh SRT: ... SANA: BGP: AAT: 
SAAT PAT BSA: | aay Araradag Uae Ue Wa: fepiSjeeet ASaT: | et: TAL 
ano ay oer aal aerate gh sata act Rann cA 
RARER TIF WaT! sat BiwH:| TaHyrt Tat GRAS weasel 
STAT AR Tata! TaTHS Teas wae | 

granthikilarahite laghudarumaye bhramasiddhe cakra arah .... samapramanah sama- 
susirah samataulyah samantara nemyam yojyah | tagca nandyavartavad ekata 
eva sarvah kincid vakra yojyah | tatah tasaém aranadm susiresu paradas tatha 
ksepyo yatha susirardham eva purnam bhavati | tato mudritaragram taccakram 
ayaskarasanavad dvyadharastham svayam bhramati | atra yuktih | yantraikabhage 
raso hyaramilam pravigati | anyabhage tu aragram dhavati | tenakrstam tat svayam 
bhramati | 

Into the rim (nemi) of a wheel, which is obtained by means of a lathe (bhrama- 
siddha) out of light timber, timber which is devoid of knots or thorns, should be 
inserted at equal intervals hollow spokes (ara) of the same size, having the same 
hollow space inside (susira) and same weight. All the spokes should be slightly 
curved in the same direction like [the petals of] the nandyavarta (Tabernaemontana 
coronaria) flower. Then into the hollow spaces of the spokes, mercury should be 
poured so that only half the hollow space [in each spoke] is filled. The ends of 
the spokes should then be closed and [the axis of] the wheel be set up on two 
upright supports like the ironsmith’s whetstone (ayaskara-sana). Then the wheel 
turns by itself. The reason (yukti) for this is as follows: [because of the curvature 
of the spokes] the mercury in one part of the wheel rushes towards the base of 
the spokes (@ramula) while in another part it rushes towards the top of the spokes 
(@ragra). Impelled by this [internal movement], the wheel turns automatically [and 
will continue to do so]. 


Besides thus modifying Brahmagupta’s wheel, Bhaskara proposes two other 
variants. 


In the second model, a groove is cut in the rim of the wheel and filled 
half with water and half with mercury. The water, while trying to flow down- 
wards, pushes the mercury and vice versa, this internal tension resulting in 
the rotation of the wheel itself. 


Having excavated the entire length of the rim on a lathe (bhrama-yantra) to 
produce a groove (susira) having a depth (vedha) as well as a width (vistara) 
of two arigulas, the top of the groove should be covered with Palmyra (tala, 
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Figure 12: Bhaskara’s first model with the spokes curved like the petals of the 
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Nandyavarta flower. 


Figure 13: Bhaskara’s second model. 
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Borassus flabelliformis) leaves or others and sealed with beeswax (madana) or 
other substance. The axis (aksa) of this wheel also should be set up on two 
upright posts [as before]. Then at the top of the rim, the Palmyra leaf should 
be pierced and [and through this hole] mercury poured into the groove until 
the lower [half] of the groove is filled by mercury. Then water should be poured 
on one side (i.e., in the upper part of the groove). This water will not be able 
to push the mercury because, though it is liquid, mercury is [exceedingly] 
heavy. After the hole [in the palm leaf is sealed], the wheel, impelled by the 


water, turns on its own.?! 


Bhaskara’s third model is much more complex; it is based on water wheels 
(jala-yantra, jala-ghati-yantra, araghatta) employed in irrigation.?? Here a se- 
ries of pots are tied to the rim of a large wheel. As the wheel is turned by 
human or animal power, the pots scoop up water from a low-lying river or 
a pond and discharge it into irrigation channels which are at a higher level. 
Bhaskara suggests that these pots should be successively filled with water 
from a reservoir by means of a siphon. The pots at the top, when filled with 
water, become heavy and move downwards, causing the wheel to turn. The 
water discharged from the pots below is made to flow into the reservoir by a 
channel below; thus there will be no need to refill the reservoir again [SiSi1981, 
Yantradhyaya vv. 53cd-56, Vasanabhasya, p. 477]. 


ay Tea wea sessed au asda Aaaweastes 
ae aay vale ws waders aga oa Pada) se cHaatenet 
ATMS PSA Hd Frstonsyoa res II 


atha cakranemyam ghatirbadhva jalayantravad dvyadharaksasamsthitam tatha nive- 
Sayed yatha nalakapracyutajalam tasya ghatimukhe patati | evam purnaghatibhir 
akrstam tadbhramat kena nivaryate | atha cakracyutasyodakasya adhahprandalikaya 
kundagamane krte punarjalapraksepanairapeksyam || 


Now tie up [a series of] pots along the rim of a wheel, set the axle (aksa) of the 
wheel on two supports, as in the case of the water wheel (jala-yantra), in such 
a manner that the water discharged from the siphon (lit. tube, nalaka) falls into 
the pots. Pulled downwards by the pots filled with water, the wheel turns and 


St TATA SHAG Sel SAGO BIT Sat AT TIT Tay AST T 
ama fag Y a Tae ad. eat a TIA wart TSA Alec | gay asc) 
wetted dt Set garshh Tat eee: UR + eI Halt Afeakeeag wast waa | 
yantranemim bhramayantrena samantad utkirya dvyangulamatram susirasya vedho 
vistarasca yatha bhavati tatastasya susirasyopart talapatradikam madanadina samlagnam 
karyam | tadapi cakram dvyadharaksasthitam krtvopari nemyam taladalam viddhua susire 
rasas tavat ksepyo yavat susirasyadhobhago rasena mudritah | punarekaparsve jalam 
praksipet | tena jalena dravo’pi raso gurutvat paratah sarayitum na sakyate | ato mu- 
dritacchidram svayam bhramatiti | 
[SiSil981, Yantradhyaya vv. 50-5lab, Vasanabhasya, p. 476] 
?2 On the history of water lifting devices in India, see [Hab2012, pp. 8-14]. 
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who can stop it! Now, when it is so arranged that the water discharged from the 
pots is transported to the reservoir (kunda) by means of a channel below (adhah- 
pranalika), there will be no need to fill the reservoir again and again. 


Bhaskara, however, does not explain how the channel below should be con- 
structed and, more important, how the water discharged by the pots into the 
channel below is made to go into the overhead reservoir which is by definition 
at a level higher than the water wheel.?? 


6.7 Bhaskara on the siphon 


Interestingly, at this place Bhaskara describes the siphon and its working prin- 
ciple in great detail as if it were a novelty. As we saw earlier in connection 
with the water clock, Bhaskara is usually indifferent towards mechanical de- 
tails. But now he describes the siphon elaborately with an analogy from daily 
life. The history of the siphon and of the many similar tools and devices has 
yet to written. Since descriptions of these are very rare in Sanskrit, the full 
passage from the Vasanabhasya is translated below [SiSi1981, Yantradhyaya 
vv. 53cd-56, Vasanabhasya, p. 477]: 


AAMT GAS ARIST THPRA AA Top TH sess 
aa dado afte feqerd car sess GHeata Aes She: area) Aaa 
PAPHOS Heol Teas eT Har CHA ANsTaeeat- 
ae od afe feat car assis Heat aoa steatfal st HHeasat she 
Rieat eters w west saat seosAcre: Peale 


tamradidhatumayasya ankusa-ripasya vakrikrtasya nalasya jalapurnasya ekama- 
gram jalabhande’nyadagram bahiradhomukham caikahelaya yadi vimucyate tada 
bhandajalam sakalamapi nalena bahih ksarati | tadyatha | chinnakamalasya kamalini- 
nalasya jalabhrdbhande ksiptasya jalapurnasusirasya ekamagram bhandad bahirad- 
homukham drutam yadi dhriyate tada bhandajalam sakalamapi nalena bahiryati | 


?3 In the Lahore Exhibition of 1864, in the section of the ‘Mathematical and Philosophical 
Instruments,’ an instrument was displayed which was inspired by Bhaskara’s third model. 
It was described thus in [Pow1872, p. 261] ‘31. Swayambahu yantra—A revolving disc 
turning by a stream of water, which flows by a siphon tube out of a vessel properly 
placed and dropped on the cogs or teeth of the disc. A revolution is maintained at a 
certain rate, and by this means time is ascertained after the machine having been once 
started at a known hour’ It must have been constructed specially for the Exhibition 
according to Wilkinson’s translation of the Goladhyaya. It is not known whether it is still 
extant in the stores of the Lahore Museum, which was established in the same building 
that was originally constructed for the Exhibition. 
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idam kukkutanadi-yantram iti silpinam haramekhalinam ca prasiddham | anena 
bahavascamatkarah siddhyanti | 

Take a tube, made of copper or any other metal; bend it like the elephant’s goad 
(ankuga), fill it completely with water. Hold one end in water in a vessel and the 
other end is left outside so that it faces downwards. When both ends of the tube 
are opened at the same time, all the water in the vessel flows out through the tube 
and falls outside the vessel. This happens in this way. Take a lotus stalk (kamalini- 
nala) and remove the lotus flower from it. The holes of the stalk are filled with 
water. Put [one end of] the stalk in a vessel filled with water and release the other 
end outside the vessel; all the water in the vessel flows out through the stalk. This 
[device] is well known to the artisans (siplins) and to the haramekhalins under the 
name kukkuta-nadi-yantra.*4 With this [device] many amusing tricks (camatkara) 
can be performed. 


Obviously inspired by Bhaskara, Ramacandra Vajapeyin describes very 
briefly in his Yantraprakasa two instruments named Kahala-yantra and Hasti- 
yantra in which a siphon is incorporated [Ms-YaPr, ch. 6.59-60]. The former 
device is shaped like a drum that tapers on both the sides (kahala); a siphon 
built into this drum draws the water upwards from a river and discharges it 
outside. The second device is constructed in the form of an elephant (hastin) 
in which a siphon is incorporated in such a manner that the elephant drinks 
water from a river with its trunk and discharges it outside as urine. Even if 
we assume that these devices operate forever when once they are set up, what 
purpose do they serve? If it is merely to lift water from low-lying areas, the 
devices need not be disguised as a drum or an elephant. In the form of a drum 
or an elephant that constantly urinates, they would just serve to entertain 
people, say in weekly market or in an annual festival. Or, in Bhaskara’s words, 
these are just camatkaras. 


But what exactly is the purpose of including these devices in the Yantrad- 
hyaya, which deals with instruments to measure time, altitudes and zenith 
distances and other such parameters? Bhaskara himself does not see any con- 
nection between the serious pursuit of astronomy and these self-propelling 
devices. He says that these have no relevance in elucidating the principles of 
Spherics (nedam golagritaya [vidyaya]). But then why did he take the trouble 
of discussing them in his book, even going to the extent of suggesting improve- 
ments on Brahmagupta’s original model and proposing two new models? For 
our disappointment, the Acarya says that he discussed these devices here only 
because the previous astronomers like Brahmagupta had discussed them (pur- 


24 The terms kukkuta-nadi-yantra and haramekhalin do not occur anywhere else. Monier- 
Williams’ dictionary explains that haramekhalin is ‘a particular class of artisans’, on 
the authority of [Bhaskara’s] Goladhyaya! If so, the term ilpin-s would subsume 
haramekhalin-s; but Bhaskara treats them as separate entities by mentioning them sep- 
arately. There is a medical text named Haramekhala said to have been taught by Hara 
to Parvati. 
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voktatatvan mayapy uktam).?° But Bhaskara’s discussion of perpetual motion 
machine served at least one purpose, that of generating a debate about the 
transmission of perpetual motion machines to Europe.”6 


6.8 Perpetual motion machines in Europe 


A perpetual motion machine or perpetuum mobile is a device which is supposed 
to perform useful work without any external source of energy or, at least, 
where the output is far greater than the input [AD1986, p. 71]. The idea of 
constructing such machines and of employing the power generated by them for 
useful purposes has fascinated the minds of many inventors in Europe since the 
Middle Ages. Various attempts were made to construct such perpetual motion 
machines, but none succeeded in fashioning a perfect. perpetuum mobile.?” 
Modern science ridicules these attempts as mere flights of fantasy. 


The American historian Lynn White, however, argues that such fantasies 
are also important in the history of ideas and that the concept of perpet- 
ual motion was a significant element in Europe’s thinking about mechanical 
power. White traces the origin of the perpetual motion machine to Bhaskara 
of the twelfth century. He states that Bhaskara’s two models of mercury filled 
wheels were immediately taken up by the Islamic world and amplified. The 
Islamic world in turn transmitted the idea to the West at the beginning of the 
thirteenth century, together with Indian numerals and the decimal place-value 
system. 


Europe responded to this idea of perpetuum mobile with great enthusiasm, 
and the engineers there began to design several new models. In contrast to 
India and the Islamic world, the medieval engineers of Europe tried to apply 
the idea of perpetual motion for practical purposes, for the material benefit of 
mankind. Already the industrial application of water-power and wind-power 
was revolutionizing manufacture, and the two new forces introduced by the 
°° ud TEU A ase Hens vale | 

Aé Tenses Taras area I 


evam bahudha yantram svayamvaham kuhakavidyaya@ bhavati | 
nedam golagritaya purvoktatatvanmayapyuktam || [SiSil981, Yantradhyaya v. 58] 


In this manner several perpetual motion machines can be constructed. But these 
belong to the juggler’s art (kuhaka-vidya), and not to the theory of Spherics. [Even 
so] I discussed these because they were described by ancients. 


26 For details of this debate and its resolution, see [Sar2008b, pp. 64-75]. 
27 The history of perpetual motion machines and the accounts of many charlatans who 
pretended to build these are quite fascinating; the internet is full of interesting entries. 
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Islamic world, viz. gravity and magnetism, appeared to operate with a con- 
stancy unrivalled by wind and water. White concludes his thesis with these 
words: 


Thus the Indian idea of perpetual motion [...] not only helped European engineers 
to generalize their concept of mechanical power, but also provoked a process of 
thinking by analogy that profoundly influenced Western scientific views [Whi1978, 
pp. 43-57, esp. 56-57]. 


Lynn White’s thesis that the foundations of modern power technology lay 
in the idea of perpetual motion was generally accepted by historians of tech- 
nology,”® but his attempt to trace the origin of perpetual motion machines 
to twelfth-century India was contested on chronological grounds. In their ex- 
cellent work Islamic Technology, Ahmad Y. Al-Hassan and Donald R. Hill 
argue that such machines were known to the Arabs long before Bhaskara’s 
time; they mention a manuscript which can be assigned roughly to a period 
between the ninth and twelfth centuries [AD1986, pp. 70-71]. Joseph Need- 
ham, on the other hand, asserts that both the Indian and Arabic accounts 
owe their inspiration to China, in particular to the clock tower designed by 
Su Sung in 1090 [Nee1965, vol. IV.2, p. 540]. 


The remarkable aspect of this debate is that all the parties based their 
argument on two English translations of Sanskrit texts available to them, 
namely Wilkinson’s translation of the Goladhyaya of Bhaskara and Ebenezer 
Burgess’ translation of the Suryasiddhanta. What they did not know was that 
the idea of perpetual motion did not originate in the twelfth-century book 
of Bhaskara but in the seventh century text of Brahmagupta which predates 
the Arabic manuscript and Su Sung’s clock tower. Moreover, Brahmagupta’s 
work is known to have been transmitted to the Abbasid court whereas no such 
transmission of Bhaskara’s works has taken place. 


Therefore, if credit is to be given for conceiving the notion of a perpetual 
motion machine, it should go to Brahmagupta. But then the Arab writers who 
elaborated on Brahmagupta’s notion or independently conceived of mercury 
wheels themselves, as also the European engineers who contributed to the 
modern power technology deserve credit to an equal degree. 


28 Cf. [Nee1965, vol. IV.2, p. 54]: ‘Lynn White has done a good service by pointing out 
that in correct historical perspective, the idea of perpetual motion has heuristic value, 
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7 Conclusion 


Going back to the astronomical instruments proper as described by Bhaskara, 
one is struck by the utter simplicity of design in these instruments. Leaving 
aside the water clock, the rest of the instruments can be reduced to two basic 
types: a wooden circle with a graduated rim, and a wooden staff. With these 
two, the astronomer measured the zenith distance as an arc and the gnomonic 
shadow as a line, and calculated the rest from such simple measurements. 
These instruments are such that they can be manufactured everywhere with 
little or no skill. The basic idea seems to be that a tool or an instrument is 
just a means to an end. The end may be elaborate but the means must be 
the simplest possible. 


However, Bhaskara lived at the turning point of the history of astro- 
nomical instrumentation in India. Soon these instruments described from 
Brahmagupta up to Bhaskara became obsolete with the introduction of 
the astrolabe which incorporates also the sine quadrant. Commenting on 
Bhaskara’s Cakra-yantra which consisted of a circular plate with a gradu- 
ated rim, Nrsimha Daivajna remarks in his Vasanavarttika of 1621 that ‘the 
same Cakra-yantra becomes astrolabe ( Yantraraja) when it is equipped with 
latitude plates (aksa-patra) and rete (bha-patra)’?? and then goes on to ex- 
plain the construction of the various components of the astrolabe and their 
functions, citing extensively from Mahendra Suri’s Yantraraja of 1370 and 
Ramacandra Vajapeyin’s Yantraprakaga of 1428 [SiSi1981, pp. 445-457].°° 


Nrsimha wonders why the great Bhaskaracarya did not include the as- 
trolabe (yantraraja) in his repertoire of astronomical instruments and offers a 
somewhat tame explanation: ‘Bhaskaracarya did not discuss the astrolabe be- 
cause its construction varies according to the latitude (dega) and time (kala) ?3" 


This is true, but only partially: in the astrolabe the latitude plates (aksa- 
patras) are latitude-specific and have to be calibrated according to the ob- 
server’s latitude; an important component called rete (bha-patra) has the po- 
sitions of the several bright stars marked on it; these positions vary as the 
longitudes of the stars change due to precession. But what Nrsimha fails to 


29 SqHT UHI TAMI AT TART SATE | 
idameva cakrayantram aksapatrabhapatrayutam yantraraja ity ahuh | 

[SiSi1981, p. 444] 
3° This long digression of Nrsimha Daivajiia with many citations is very valuable and 
deserves a separate treatment. 
2 Gerereaad wt cried artes freeaatrr sft srearraeatnl 
yantrarajakhyam idam yantram  desabhedat kdalabhedacca  visadrganirmanam — iti 


bhaskaracaryairnoktam | : 
[SiSi1981, p. 457] 
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state is that the construction of the aksa-patra and bha-patra is not as sim- 
ple as that of the Cakra-yantra, for the construction of these components 
of the astrolabe is based on stereographic projection which was unknown to 
Bhaskara. 


While commenting on Bhaskara’s description of the quadrant (Turyagola- 
yantra), Nrsimha discusses Padmanabha’s Dhruvabhrama-yantra which incor- 
porates the sine quadrant on its reverse side, with long extracts from Pad- 
manabha’s work. After discussing the advantages of the quadrant, Nrsimha 
again wonders why the great Bhaskaracarya did not discuss the uses of the 
quadrant and answers by saying that Bhaskara did not do so because he did 
not wish to extend the length of his book.*? 


But the real reason for Bhaskara not discussing the astrolabe and the sine 
quadrant was that these were not known in India well enough in the twelfth 
century. It is only in the second half of the fourteenth century that Mahen- 
dra Suri composed the first ever Sanskrit manual on the astrolabe, where 
he gave the Sanskrit name yantraraja to the astrolabe [Sar2008d, pp. 240- 
256]. And the sine quadrant was described in Sanskrit for the first time by 
Padmanabha around 1423 [Sar2012, pp. 321-343]. After the introduction of 
these two instruments, the older instruments described by astronomers from 
Brahmagupta to Bhaskara became obsolete. Nonetheless, just as the texts on 
these older instruments continued to be studied as part of the study of Jy- 
otihgastra, so too these instruments also must have been constructed and used 
until recent times, along with the astrolabe and sine quadrant with Sanskrit 
legends. 


32 tadvistarabhayannehoktam [SiSi1981, p. 459]. 


PART VI 


THE KARANAKUTUHALA 


ganesam giram padmajanmacyutegan 

grahan bhaskaro bhaskaradims ca natva | 
laghuprakriyam prasphutam khetakarma 
pravaksyamy aham brahmasiddhantatulyam || 


I, Bhaskara, having worshipped Lord Gane§ga, [the Goddess of] Speech, Brahma, 
Visnu, Mahegvara, and all the planets commencing from the Sun, venture to clearly 
set forth simple procedures for planetary computations which [give results that] 
are compatible with the Brahmasiddhanta. 
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Bhojaraja and Bhaskara: 
Precursors of Karanakutuhala 
algebraic approximation formulas 
in the Rajamrganka 


Kim Plofker* 


1 Introduction 


Telling time by the length of gnomon shadows is a very ancient practice. 
Prior to the development of spherical cosmological models and accompanying 
trigonometric techniques in the last few centuries BCE, such computations re- 
lied on non-trigonometric algorithms approximately relating shadow lengths 
to time and geographic location. Even after the full implementation of trigono- 
metric techniques, various algebraic approximations were still employed in the 
“Three Questions” (tripragna) problems of Sanskrit mathematical astronomy 
concerning the determination of cardinal directions, geographic position, and 
time for the observer’s locality. 


The illustrious Bhaskaracarya prescribed several such approximations in 
his karana or astronomical handbook Karanakutihala (epoch date 1183 CE). 
Some of these have recently been explored in [Plo2016], especially in relation 
to the famous algebraic approximation to the sine function associated with 
Bhaskara I [Gup1986], [Hay1991], [Shi2011]. The present paper examines some 
of their predecessors earlier in the karana tradition. 
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1.1 Shadow rules from ancient texts 


Some of the earliest surviving Sanskrit mathematical astronomy literature 
preserves pre-trigonometric rules relating length of a gnomon shadow to time 
of day, which continued to appear in medieval treatises long after trigono- 
metrically exact versions were known. Hayashi [Hay2017, pp. 7-8] describes 
versions of such a formula attested in sources ranging from the late first- 
millennium BCE Arthagastra to astronomical siddhantas of the tenth and 
eleventh century. All the versions are equivalent to the following expression: 


g 
t=-—Y d 1 
2(s+g) oy 
where d is the length of daylight in ghatikas at the given latitude and time 
of year, t is the elapsed time since sunrise in the morning (or the remaining 
time till sunset in the afternoon), g is the length of the vertical gnomon in 
the linear units angulas or digits, and s is the length of the shadow in digits 


at the given time. 


Sun 


gnomon 


shadow 


Figure 1: Right triangle formed by a vertical gnomon, a sun ray, and its 
shadow. 


Hayashi points out that the presentation of the rule “suggests that the ori- 
gin of these formulas lies in the idea that the time (t) is inversely proportionate 
to the sum of the lengths of the gnomon (g) and the shadow (s) which con- 
stitute the two orthogonal sides of the right triangle produced by the eclipse 
of the sun ray” (see Figure 1). If the noon shadow s,, is approximately zero 
to make the elapsed time at noon equal to half the day, and the shadow at 
sunrise or sunset is considered infinitely long, the relation serves quite well as 
a rule of thumb for telling time. 
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1.2 Trigonometric shadow rules 


With the advent of plane-trigonometric methods to compute arcs of reference 
circles on the terrestrial and celestial spheres, the problem of telling time from 
gnomon shadows in Sanskrit texts became primarily an elaborate exercise in 
right-triangle geometry. Dozens of mathematically equivalent similar-triangle 
proportion rules employing many different line segments and arcs were devised 
in Sanskrit treatises; see the siddhanta of VateSvara [VaSil986, ch. 1.178- 
196] for perhaps the most comprehensive set of examples. Here we will limit 
ourselves to defining standard concepts and notation for these calculations. 


Figure 2: The geometry of noon shadows of a vertical gnomon. Meridian po- 
sitions of the sun are shown at M on the celestial equator (on the equinox) 
and at B north of the equator. 


Figure 3: The shadow of a gnomon when the sun at B north of the celestial 
equator has a non-zero nata, i.e., is not on the meridian. 
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Figures 2 and 3 show the visible half of the celestial sphere above the local 
horizon NESW, centered at O with zenith Z, celestial north pole P, local 
meridian NPZMS, and celestial equator EMW. In Figure 2, rays from the 
noon sun on the local meridian extend between the tip G of the 12-digit 
vertical gnomon OG and the tip of the noon shadow, falling at Ag when the 
sun is at M on the celestial equator and A, when it is at B on a northern 
day-circle parallel to the equator. The (northern) local terrestrial latitude ¢ 
is the arc ZM of the meridian, while the (northern) ecliptic declination 6 of 
the sun at B is the arc BM. The noon equinoctial shadow sy) = AgO and its 
hypotenuse ho = AoG are given by the relations 


i 12 
oj ee ho ary oom EY (2) 


~ —" Reos¢’ ~ Reosd 


where the scaled trigonometric functions R sin and R cos are equivalent to 
the modern sine and cosine times a non-unity trigonometric radius R. 


When the sun has a nonzero declination 6, it also has a nonzero “half- 
equation of daylight” w, defined by the expression 


Rsind Rsingd 


eee Reosd Reosd 


(3) 


The length of a given day is equal to the length of the equinoctial day or 30 
ghatikas plus two times w, likewise expressed in ghatikas. The noon shadow 
$n = A,O on that day and its hypotenuse h,;, = A,G are given by 


i = 12 
ea Rsin(¢ — 9) hi a [5.2 4 (98, (4) 


Rcos(¢ — 6)’ ~ Rcos(¢ — 6) 
If the sun is south of the equator this arc becomes ¢ + 6 instead. 


When the sun is not on the local meridian, as in Figure 3, the tip of the 
gnomon shadow falls at A, away from the north-south line. The sun has a 
nonzero nata n or arc MQ of the equator corresponding to the arc of its 
parallel day-circle between its current position and the meridian. The com- 
plement of n extending to the east or west point of the horizon is the unnata. 
The lengths of the shadow s and its hypotenuse h depend on ¢, 6 and n as fol- 
lows (continuing to assume for convenience that ¢ and 6 are both northern): 


R+ Rsinw 12R 
= Vh? — 122 h= : . (5 
° R+ Rsinw —(R—- Reos(n)) Reos(¢— 6) - 


As before, if the declination is southern ¢ — 6 becomes 6+ 6 and R+ Rsinw 
becomes R — Rsinw in this expression. 
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2 Shadow approximations in Bhojaraja and 
Bhaskaracarya 


Table 1: Numbers of the verses covering various topics in the triprasna chap- 
ters of the Rajamrganka [RaBh1987, pp. 12-16] and the Karanakutihala 
[Kakul991, pp. 36-47]. 


Topic Rajamrganka Karanakutuhala 
Ascensional differences 1-2 1-2 
Ascendant 3-9 2-4 
Time from ascendant 9-11 5-6 
Length of day and night 7 
nata and unnata 12-14 7 
Longest day and noon shadow 15-16 

Current time from shadow 17-18 
Shadow/hypotenuse from nata 19-22 8-10 
nata from hypotenuse 23-25 11-12 
R sin of latitude and altitude 26 

Arcs from R sines by table interpolation 27-29 


Planetary latitudes, velocities, tropical longitudes 30-44 


List of declination-differences 13 
Finding declination by interpolation 45-46 13-14 
Approximation for declination 15 
Approximation for latitude 16 
Planetary true declination 47-48 

Planetary “day” length, time, etc 49-57 


The first known Sanskrit astronomical handbook of the second millennium 
is the Rajamrgarika with epoch date Saka 964 = 1042 CE attributed to Bhoja- 
raja (r. ca. 1005-1055), a Paramara king of Dhara; see [Rag2006], [CESS, 
A4.336-339], and [RaBh1987]. In its surviving form it is a rather sprawling 
work in several hundred verses, and appears to be a sort of hybrid of the 
karana and sa@rani or table-text genres [MP]. 
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The Rajamrganka’s better-known successor, the Saka 1105 = 1183 CE 
Karanakutuhala of Bhaskaracarya, is far more concise and elegantly con- 
structed in a traditional verse-only format, with no appended numeric-array 
tables or instructions for using them. The distribution of verses on computing 
direction, place and time in the tripragna chapters of the two works is shown 
in Table 1, where the particular rules we will focus on in the remainder of this 
paper are bolded. 


Despite their differences, the two handbooks follow roughly the same or- 
der in the shared subject matter of their tripragna chapters. The excerpts 
in Table 2 illustrate their different expository approaches on the subjects of 
seasonal variation in day length and the nata and unnata. The Rajamrganka 
takes three rather prolix anustubh verses to express what the Karanakutuhala 
mostly summarizes in one neat malinz stanza. 


But a more interesting feature of these tripragna chapters appears in the 
subsequent sets of anustubh and drutavilambita verses shown in Table 3. In 
these verses, Bhojaraja and Bhaskara present approximation rules for finding 
the gnomon shadow and hypotenuse at a desired time “without sines”: that 
is, by algebraic formulas depending only on the given day-length and the 
local noon or noon equinoctial shadow. Both texts here prescribe algorithms 
commencing with the length of the given day decreased by ten (or its half 
decreased by five). The Rajamrganka then proceeds to define a multiplier 
dependent on w and n and a divisor M — 1, which are combined with the 
noon shadow s, to give an approximation for the shadow s at the desired 
time equivalent to the following: 


9(20 + 2) 20+ 2w = «(M+ M—1)- (12)? + (s,- My? 


n2 fo M—1 
(6) 
The Rajamrganka’s “day-length minus ten” is here represented as 20 + 2w 
ghatikas. Note that this formula for s does not apply to the special case of 
noon: the appropriate noon shadow-length s,, is assumed to be already known, 
and obtaining the multiplier M for it would require dividing by n = 0. 


M= 


The Karanakutuhala’s stanzas, by contrast, construct somewhat simpler 
formulas for the shadow-hypotenuse /h rather than the shadow itself, including 
the special case of the noon shadow hy: 


1 Fdition has natad athonnatat. 
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Table 2: Verses on day length and nata/unnata in the Rajamrganka 
[RaBh1987, p. 12] and Karanakutuhala [KaKu1991, p. 38] tripragna chapters. 


Rajamrganka 3.12-14 : 


Karanakutuhala 3.7 : 


Ad VSB UISAT 119211 


Half the day decreased by the elapsed 
[part] of the day is the nata [from the 
meridian along the equator] in the east- 
ern hemisphere; when the past [part] of 
the day is decreased by half the day, 
[that] is the nata produced in the west- 
ern hemisphere. 


Uraryaerach 

feared wep Ad AC | 

Wea Ad fears 

waararaara_ 1193 II 

When the half-day is added to the ghati- 
kas of the remainder of the night, the na- 
ta is considered eastern; when the half 
day is added to the ghatikas of the past 


[part] of the night, then the nata is west- 
ern. 


adit fereory, 

sad career | 

sand qatsara sh: 
WPraSAS STITT 198 II 


The half-day decreased by the nata: that 
is said to be the unnata. From the nata 
and likewise from the wnnata, multiplied 
by six [to turn ghatikas into degrees], one 
should determine the RF sin etc. 


RASS SLU, Ill 


Fifteen ghatikas, increased or decreased 
by the vighatikas of the half-equation of 
daylight, are half the day or half the 
night [respectively]; when [the sun is] 
in the southern [hemi]sphere, vice versa. 
The difference of half the day and the 
elapsed ghatikas [of the day] should be 
the nata; and [when] half the day [is] 
decreased by the nata the unnata is pro- 
duced here. 


5 (1 wri \? 
hee |e = os 
o-( +2 (5 ae) | 


ha ® 
10 + wis) 


? 


51 wie \? 
hye (WS | 
o( +2 (5 a) ) 
he 


50n? 


10 (gh) — —__ 
+ ye O00 


(7) 
As discussed in [Plo2016], “half the day-length minus five” is equivalent to 
10 + w ghatikas, and “the half-equation of daylight divided by the first [as- 
censional] difference” is w'#") /(10.s9) (see also [MP, section 2.1.5]). Bhaskara 
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Table 3: Verses on algebraic approximations to the gnomon shadow and 
hypotenuse in the Rajamrganka [RaBh1987, p. 13] and Karanakutuhala 
[KakKul991, p. 39] tripragsna chapters. 


Rajamrganka 3.19-22 : 


Karanakutuhala 3.8-10 : 


feaart fafeHeat 
oe 


Sa 198 11 


Having made the day-length minus ten, 
then one should make [it] multiplied by 
nine [and] divided by the square of the 
nata at that time, plus a hundredth part 
of the day-length minus ten. 


ee IIRo Il 
FETA ATA- 


wah FT ea | 
aA TS 


BT fasta Ta: RIM 


That is to be known [as] the “multi- 
plier”; now, [that] minus one is consid- 
ered the “divisor”. One should make the 
sum of the multiplier and divisor and 
it should be multiplied by the square 
of the gnomon, added to the square of 
the product of the noon shadow and the 
multiplier. Having now determined the 
square root of that, one should divide 
by the divisor. 


seat ward RII 


The quotient here in digits etc., should 
be the accurate desired shadow. From 
[this] shadow one should calculate the 
desired hypotenuse, as [for] the equinoc- 
tial hypotenuse. 


fered fae wet wag 

adhd: GETMERTEAT | 

GATT AIURAATA Eat 

Geet: Oa ee Uc 

Half the day-length minus five [ghati- 
kas] should be the noon “divisor”. This 
square of the nata is separately multi- 
plied by fifty and divided by [the same 
square] increased by 900 [in] a separate 
place; [the quotient is] subtracted from 
the noon divisor; [the remainder] is the 
divisor desired [for the intended time]. 


Now if the nata is greater than fifteen 
[ghatikas], when subtracted from half 
the day, it is the divisor at that [de- 
sired] time. The half-equation of day- 
light divided by the first [ascensional] 
difference, halved, multiplied by itself, is 
decreased by its own sixth part. Added 
to ten [and] multiplied by the equinoc- 
tial hypotenuse, [it is] the “multiplier”, 
[which] divided by the divisor [is] the hy- 
potenuse beginning with digits. 


The square root of the product of the 
hypotenuse [with itself, separately] in- 
creased and decreased by twelve, is the 
shadow; [the square root] of the sum of 
the squares of twelve and the shadow is 
the hypotenuse. 
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also mentions that when the nata is greater than 15 ghatikas, the unnata itself 
can be used as the divisor instead of the more complicated expression involv- 
ing the square of the nata; but we do not investigate this variation in this 
paper. 

The rather cumbersome complexity of these “easy” methods for avoiding 
the explicit computation of R sines justifies itself when we consider their im- 
pressive accuracy, as revealed in the sample graphs of Figure 4. In these figures 
the shadow-length s in digits resulting from each formula, as well as from a 
trigonometrically exact version, is graphed against degrees of declination 6 for 
specified values of ¢ and n. For purposes of comparison, the hypotenuse-length 
produced by Bhaskara’s rule has been converted to shadow-length by apply- 
ing the right-triangle relation s = Vh? — 12?. (Although it might seem more 
intuitive to graph s against n for given values of ¢ and 6, as the examples in 
Figure 5 illustrate, the large variation in shadow-length during the course of 
a day makes it almost impossible to distinguish among the different function 
plots for any range of n-values greater than a few degrees.) 


The two authors continue their topic with the immediately following anu- 
stubh and drutavilambita verses, respectively, quoted in Table 4. Here they de- 
scribe rules for computing the nata n if the corresponding shadow-hypotenuse 
h and the half-equation of daylight w are known. 


These rules too are algebraic approximations that avoid “the procedure of 
finding R sines”. The Rajamrganka rule is equivalent to the expression 


9(20 + 2w's»)) 
h 20+ 2W@” o 
h—hny 100 


ner aw 


while the Karanakutuhala version can be expressed symbolically as follows: 


ho 5 (1 whris \? 
10 + we 10 4 
00 (1 = 2 = (5 =) }) 
- 9 
ho 5 (1 wish \? 
10 + wie) 104 : 
a (1 a (10 = (5 “) }) 


Both of these formulations appear to be the result of some sort of inversion 
of the rules represented by equations (6) and (7). Their even greater effec- 
tiveness can be estimated from the sample graphs in Figure 6, plotting n in 
ghatikas against 6 in degrees for given values of ¢ and h. As the graphs illus- 
trate, the algebraic approximations agree extremely closely with each other 


ner a 


and with the trigonometrically exact expression. 
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Figure 4: Comparisons of the shadow-approximations of Bhojaraja (solid red) 
and Bhaskara (dashed green) with a trigonometrically exact version (dotted 
blue). The graphs plot shadow-length s in digits against declination 6 from 0 
to 24 degrees, for various values of latitude ¢ and nata n, also in degrees. Left 
to right, top to bottom: 6=15,n=5; @=15,n=20; = 20,n = 45; 
g=25,n=20; @=5,n=25. 
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Table 4: Verses on algebraic approximations for determining the nata from 
the shadow-hypotenuse in the Rajamrganka [RaBh1987, p. 13] and Karana- 
kutuhala [Kaku1991, p. 39] tripragna chapters. 


Rajamrganka 3.23-25 : 


Karanakutuhala 3.11-12 : 


SEHUSHALET 
SETATSH IT: | 
feet 


wear Aster AFT 13M 


The desired hypotenuse divided by the 
difference of the desired and midday hy- 
potenuses, decreased by a hundredth part 
of the day minus ten, should be the divi- 
sor. 


ASTANA ART 
Wade AGATA: 128 II 


From the amount of the day decreased 
by ten [and] multiplied by nine, whatever 
is now the quotient with the divisor, the 
square-root of that should be the ghatikas 
of the nata. 


ast AeaTed: SAT 
fearlaedt arta: | 
SSMS ay 


Ud GATTI RSI 

And those are subtracted from the mid- 
day ghatikas of half the day past/future. 
Thus from the desired shadow and desired 
hypotenuse is the determination of time. 


The dividend divided by the hypotenuse 
should be the divisor; it is subtracted 
from the noon divisor. One should divide 
this remainder, separately multiplied by 
900, by 50 decreased by [the same] re- 
mainder. 


Terres fear AAAI 119211 


The square-root of the result is the nata. 
When the remainder is greater than ten, 
the divisor itself is that unnata. Thus 
the easy determination of the shadow is 
made without the procedure of finding 
R sines. 


3 Issues for future analysis 


Of all the many questions we could ask about these ingeniously derived ap- 
proximation formulas, the most interesting are probably the following: 


e Exactly how did Bhojaraja and Bhaskara each invent, test and refine their 


formulas? 


e Exactly what influence, if any, did the Rajamrganka’s tripragna chapter 
have on the development of the Karanakutuhala’s? 
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Figure 5: Unsuccessful comparisons of the shadow-approximations of Bhoja- 
raja (solid red) and Bhaskara (dashed green) with a trigonometrically exact 
version (dotted blue). The graphs plot shadow-length s in digits against na- 
ta n in degrees, for various values of latitude ¢@ and declination 6, also in 
degrees. The small differences between the plotted lines have become invisible 
due to the large variation in s as n changes. Left to right: = 20, 6 = 20; 
g=5,0=5. 


Unfortunately, neither of these questions is likely to be answerable in any 
conclusive way. We do know [CESS, A4.299] that Bhaskara’s great-great- 
great-grandfather Bhaskara Bhatta received the title vidyapati, presumably 
as a court astronomer, from Bhojaraja himself. So it would be only natural 
for the highly learned Bhaskara to be acquainted with Bhojaraja’s karana via 
a family library. But a better answer will have to await a thorough comparison 
of the two handbooks and the earlier texts that might have influenced them 
both. 


Similarly, we can make some general remarks about reconstructing the 
derivation of these approximations, building on the patterns tentatively 
sketched in [Plo2016]. For one thing, the designation of “multipliers” and 
“divisors” to facilitate the statement of complicated trigonometric rules for 
relating time to gnomon shadows is quite common in the triprasna chapters 
of astronomical treatises, and may have inspired their use in these innovative 
rules. The study and reconstruction of other similar approximation formulas 
in Sanskrit astronomical works may help us identify more clearly the nature 
and content of the medieval numerical-analysis “toolkit” that mathematicians 
such as Bhaskara relied on to create them. 
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Figure 6: Comparisons of the nata-approximations of Bhojaraja (solid red) 
and Bhaskara (dashed green) with a trigonometrically exact version (dotted 
blue). The graphs plot nata n in ghatikas against declination 6 from 0 to 
24 degrees, for various values of latitude ¢@ in degrees and hypotenuse fh in 
digits. Left to right, top to bottom: @¢ = 10,h = 18; ¢ = 15,h = 15; 
ob = 25, h = 25. 


PART VII 


REACH OF BHASKARACARYA’S 
WORKS AND ITS PEDAGOGICAL 
IMPORTANCE 


jayati jagati gudhan andhakare padarthan 
janaghanaghrnayayam vyatijayann atmabhabhih | 
vimalitamanasam sadvasanabhyasayogair 

api ca paramatattvam yoginam bhanur ekah || 


Triumphant is the Sun, who, out of great compassion for the people, all by himself 
with his brilliant rays making manifest all the objects engulfed by darkness, reveals 
the supreme truth to the yogis, who have purified their minds by the practice of 
austerities and yoga. 
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Persian translations of Bhaskara’s 
Sanskrit texts and their impact in the 
following centuries 


S. M. Razaullah Ansari* 


1 Introduction 


The translation movement of scientific texts initiated during the early Abbasid 
period (750-950) in West and Central Asian countries during the Islamic Mid- 
dle Age was naturally transmitted to medieval India during the Sultanate and 
Mughal periods, when learned scholars seeking patronization thronged to the 
courts of Indian Sultans, Mughal emperors, local rulers and nobles (Umara’). 
Some of those rulers and their courtiers were themselves scholars, who had 
keen interest to promote rational sciences, mathematics and astronomy in 
particular, and to acquire the medieval sciences in general by supporting the 
translations from Sanskrit sources, as their forefathers practised in Islamic 
countries earlier. I may mention the example of Sultan Firuz Shah Tughlaq 
(r. 1351-1388), who was keenly interested in astrolabes, [Sar2000, pp. 129— 
147] and ordered the translation of Sanskrit astrological material, of which 
two texts are known. 


1. Dala’il-i Firtizshaht (in verse), translated by the poet ‘Izzuddm Khalid 
Khani (or Khafi). It dealt with the rising and setting of the seven planets 
and their good and evil import. The tract has been reported by ‘Abdul 
Qadir Badaytni who saw it in Lahore in 1591 [Bad1973, p. 332].1 


*Email: raza.ansariQ@gmx.net 

' ‘Abdul Qadir Badayiini (1540-1615) was a famous translator of Sanskrit classics, for 
instance Mahabharata, Ramayana and a History of Kashmir into Persian at the insistence 
of Emperor Akbar. 
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2. Tarjumah-i Baraht or Kitab Baraht Sanghta, a translation of Varahami- 
hira’s Brhatsamhita by ‘Abdul ‘Aziz Shams Thanesart, about half a dozen 
manuscripts of which are known in India.? 


However, since in this paper, I wish to confine myself with the Mughal 
period only, a few words about the Translation Bureau founded by Emperor 
Akbar (1556-1605) will be appropriate. 


2 Akbar’s Translation Bureau 


The Bureau was founded in Fathpur Sikri (Agra). The main objective of Akbar 
was to promote exchanges between the Persian-knowing Muslims and Hindu 
intellectuals and simultaneously to satisfy Akbar’s own spirit of acquisition 
of learning. Already in 1574, Akbar commissioned the writer and historian 
‘Abdul Qadir Badayunt (1540-1615) to translate into Persian from Sanskrit 
(SK) the “Tales of Thirty-two Statues of the Throne of King Vikramaditya” 
(eleventh century). The actual title in SK is Singhasan Battis?, and in Persian 
Nama’-i Khirad Afza (Book on Enhancement of Wisdom) [Abb1992, p. 229] 
and [Riz1975]. 


During the subsequent years, however, the most popular epics of Sanskrit 
literature the Mahabharata (MB) and the Ramayana were also commissioned 
for translation into Persian. The former was commenced already in 1583 by 
Naqib Khan with the co-operation of ‘Abdu’l Qadir Badayuni, and assisted 
by Hajr Sultan Thanesart and Mulla Shir. Akbar ordered also Abu’l Fayd 
Faydi to versify the Persian text. In short that joint effort resulted into the 
complete translation of MB into Persian in 1587 with a detailed Muqaddama 
(Foreword) by Abu’l Fadl. It was entitled as Razm Nama.® The second epic, 
Ramayana, was translated in 1584 by Badayunt himself. It suffices to list below 
only translations of other Sanskrit texts with some important information, if 
any. 

Rajatarangint (The History of Kashmir) by Kalhana Pandit was translated 
by Shah Muhammad Shahabadi directly from Sanskrit into Persian and who 
presented it to Emperor Akbar on his first visit to Kashmir in July 1589. The 
Emperor ordered Badayuni to polish the language, which the latter carried 


? Cf. [JS1985, pp. 161-169] and the recent essay by Eva Orthmann [Ort2017]. 


3 For a detailed account of the team work see [Abb1992, pp. 232-233] or the original 
article of Rizvi [Riz1975]. 
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out and completed the revised Persian text in 1591.4 The Kathdsaritsagara 
(‘Ocean of the Streams of Stories’) is a famous eleventh-century collection of 
Indian legends, fairy tales and folk tales as retold in Sanskrit by a Shaiva 
named Somadeva and contains 22,000 slokas. The Persian translation of some 
parts of this Collection had been done during Sultan Zainul ‘Abidin in Kash- 
mir, entitled Bahrul Asma’. Akbar ordered Badayuni in 1594 to revise that 
archaic text into simple Persian for the sake of understanding and to complete 
the remaining part also.° 


Kalila wa Dimna is another world-wide known collection of fables in the 
form of animal stories, originally written in Sanskrit as Paricatantra. The 
fables were meant for princes to conduct their life wisely. They were translated 
into Arabic in 750 CE by Ibn al-Muqaffa (d. 756/759), into Middle Persian 
in 570 CE and in classical Persian in the fifteenth century by Husain Wa’iz 
Kashiff. Akbar ordered Abu’l Fad] to write an easily understandable Persian 
language version, which was completed by Abu’l Fadl in 1588, with the title 
‘Ayar-i Danish (Fineness of Wisdom). 


It may also be noted that Akbar was also keenly interested in world re- 
ligions, philosophy and history. He requested in his letter to the Portuguese 
king to send to India an embassy of philosophers and historians particularly. 
‘Abdus Sattar bin Muhammad Qasim Farishtah (the historian) was ordered 
by Akbar to learn Portuguese and Latin, in order to translate into Persian 
European philosophy and religious writings [Sal1993, pp. 31-32]. The result- 
ing codex is entitled Thamra al-Filasafa (Fruits of Philosophers). It contains 
also a biography of Jesus.° Finally to add is that the Translation Bureau did 
not neglect translation of scientific texts. For instance, a team of both Muslim 
and Hindu scholars headed by Fathullah Shirazi began translating Z7j-i Ulugh 
Beg into Sanskrit. In fact the reception of sciences also continued even up to 
the end of the Mughal period in the nineteenth century. For scientific works 
in Sanskrit and their translation or adaptation, see [Ans2009, ch. 8, pp. 251- 
274]. However, in the following, I am concerned only with the translation of 
Bhaskara’s works. 


* See [Ogu2010, pp. 33-37]. The paper is an excellent critical study of Persian translations 
of the Rajatarangini: one during Akbar’s time, another by Haidar Malik in 1618, and an 
anonymous abridged text during Jahangir’s reign. 

° [Abb1992, p. 240]. See also [Bad1973, pp. 415-416]. 

®° Sattar was actually a pupil of Fa. Jerome Xavier (d.1716), who spent twenty years in 
the service of Emperor Akbar and later was patronised by Emperor Jahangir. Sattar and 
Xavier translated mostly books of Christianity, see Gulfishan Khan [Kha1998], chapter 
4 on Religion. 
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3 Faydi, the translator of Lilavati 


The Lilavatt was translated by the poet and scholar Abu’l Fayd Faydi (b.1547— 
d.1596 in Lahore) by the order of Emperor Akbar. Abu’l Fayd Faydi joined 
the court of Emperor Akbar in 1568. His father Shaikh Mubarak (d. 1593)? 
instructed Faydi in traditional subjects such as religion, philosophy, grammar, 
science, and medicine. Faidi served as tutor to Akbar’s three sons, Salim (later 
Emperor Jahangir, r.1605-27), Murad, and Danial. Faydi was the elder bother 
of Abu’l Fadl, the chronicler of the reign of Emperor Akbar. He achieved 
highest recognition in both rational sciences (‘Ulum-i ‘Aqliya) and traditional 
sciences (‘Ulum-i Nagliya). It has been reported that he had thousands of 
books in his library. He was bestowed by Akbar the title of Poet Laureate 
(Malik al-Shura’) in 1588, with nom de plume Fayyadi. Although he compiled 
about 100 poetic works, unfortunately only a few survived. 


In 1583 Faydi was ordered by the Emperor Akbar to come to Lahore to par- 
ticipate in his Bureau of Translation. He was also commissioned to translate 
the Sanskrit text of Lilavatt by Bhaskaracarya which he completed in 1587. 
The following anecdote about his expertise of Sanskrit language is noteworthy 
[Aza1922, pp. 100]. 


For several years he acquired knowledge of Shastras [Sanskrit books] as a disguised 
Brahman in Banaras (now Varanasi). When his teacher came to know about it, 
he advised Faydi not to translate into Persian the Gayatrt Mantar® and the four 
Vedas. Faydi agreed and kept his promise. 


This legendary expertise is not to be taken literally. It might have been 
motivated by Faydi’s competition with other translators of Sanskrit works, 
for instance ‘Abdul Qadir Badayunt, the translator of the Ramayana into 
Persian, and a member of the team of scholars commissioned to translate the 
Mahabharata (see 2 above). 


Before I discuss his translation of the mathematical book Lilavati, it will 
be appropriate to list some of his other writings as well. Faydi was also com- 
missioned to translate into Persian the romantic story of emperor Nala and 
princess Damayanti as related in the Mahabharata, with the title, Nal wa 
Daman. It had been a very popular story containing themes such as love, de- 


” Shaikh Mubarak (1505-1593) had been an expert on classics of rational science, e.g. 
Ibn Sina’s works on natural philosophy (Shifa’ and Isharat), Almagest by Ptolemy and 
Nasiruddin al-Tisi’s ‘Non-Ptolemaic model of planetary motion’, as presented in his 
Memoir on Astronomy (Arabic Title: Al Tadhkira ft ‘ilm al-Hay’a, three Mss of which 
are extant in India to-date: one in Hyderabad (SL) and two in AMU (MA Lib.)). 

8 The Gayatri Mantra is a highly revered mantra from the Rgveda, dedicated to the Sun 
deity. Gayatri is the name of the Vedic meter in which the verse is composed. 
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ceit and war between Hindu deities and Nal. Faydi translated it from Sanskrit 
into Persian in the style of a Mathnavi. It contains about 4000 verses.® 


Besides Persian and Sanskrit, Faydi had actually a great command on the 
Arabic language. He wrote an exegesis of the Qur’an in Persian, completed in 
1594, with the title Sawati al-Ilham (Illumination of Inspiration).'° 


The remarkable feature of this text is that he used through out only 13 
undotted letters out of the 28 total letters of the Arabic alphabet. His book 
on ethics with the title Mawarid al-Kalam (Stages of Words) contained also 
only undotted Arabic letters. In passing I may mention that Faydi compiled 
in about 1585 his Diwan (Collections of Poems), which contained about 6000 
verses. Its title is Tabashir al-Subh (Prelude to Dawn). It comprises all genres 
of Persian poetry, viz., panegyrics (qasa’id), ghazals (poems on love), ruba ts 
(two couplets), mathnavis and elegies.' 


3.1 Survey of manuscripts of the Lilavati 


The Sanskrit original text was printed in Calcutta in 1932. It was translated 
into English by J. Taylor and published from Bombay in 1816 [Tay1816], and 
by H. T. Colebrook [Col1817]. The Persian text with the title Nuskha’-i Lila- 
vatt (Manuscript of Lilavatt) was published lithographically from Calcutta 
in 1827 and 1854. I may mention that Taylor secured from the well known 
Parsi scholar Mulla Firoz of Bombay a copy of Faydi’s translation and tried 
to assess the Persian text. His comments are as follows [Tay1816, Intro. p. 2]: 


His translation possesses that general accuracy which might be from a person of 
Fayzi’s talents and knowledge, aided by such eminent mathematicians as his own 
situation, or the influence of his Royal Patron could obtain. It is however often 
very obscure, and in several places there are considerable omissions.... The chapter 
on indeterminate problems and on transposition are altogether omitted. 


° Interestingly he talks about three thematic oppositions in the text. The first opposition 
is love and intellect (‘Agl), the second opposition is between love and beauty (Husn) and 
the third opposition is between ‘Ishq and Junin (frenzy); see for details the article in 
Wikipedia, accessed on 15.7.2017. See also [AS2006, pp. 109-141], not available to me 
presently. 

10 For a short write up and commentaries on this exegesis, see [Is]2002, pp. 114-118]. 
The author deals with works of Sheikh Mubarak and his two sons Faydi and Abu’ Fadl. 
For Faydi, see [Is]2002, pp. 112-121]. 

™ See details in the article on Faydi <www.iranicaonline.org/article/fayzi-abul.fayz>, 
author, Munibur Rahman, accessed on 15.7.17. 
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Note that the second sentence on obscurity is contradictory to the first sen- 
tence above. In fact in no other manuscript of the Lilavati have I found any 
marginal comment on the alleged obscurity of the Persian text. Moreover, 
Faydi and other successors were interested only in the commercial arithmetic 
of the Lilavati, which explains the omissions on such theoretical problems 
as indeterminate analysis of pure mathematics. In any case only a verbatim 
comparative study of Faydi’s text with that of the original Sanskrit text can 
decide whether Taylor understood the Persian text correctly or not. 


Here I do not go into the mathematical details of the text. Rather I survey 
the available manuscripts of Faydi’s translation, in order to stress its impact 
on the scholars of the Indian subcontinent. I shall confine myself to the ex- 
tant manuscripts in Indian and Pakistani libraries. For foreign collections the 
reader may consult the Catalogue by Rosenfeld and [hsanoglu [RE2003].!* The 
various manuscripts are listed by city (library symbol); full form of symbols 
for the libraries/Mss collections are listed in the Appendix. 


One each in Calcutta (ASL), Deoband (MDU), Hyderabad (IAU, SCL), 
London (BM), Lucknow (MNU), Patna (KhB), Srinagar (IL) and Tonk (TL), 
while 2 Mss each in Lucknow (RML) and Patiala (PL), 4 in Aligarh (HG, Sub, 
Sul, QD) and 3 in Rampur (RL), and 5 in New Delhi (JHL), the total = 25 
Mss.!° Besides these, 12 manuscript copies are extant in Pakistani libraries, 
out of which 2 Mss are in Lahore (PUL) and 1 in Karachi (NM) [Mon1983, 
pp. 214-215]. That is, presently 37 manuscripts are extant on the subcontinent. 
This number is not very large, but the book was available in print in the 
nineteenth century and therefore hand-written copies fell out of popular use. 


3.2 Other translations 


1. A Persian translation of the Lilavati which has been overlooked by his- 
torians of mathematics generally is presumably by an Uzbek scholar, Ibn 
Yalb, entitled Mirat al—-Hisab (Mirror of Arithmetic). The unique Persian 
manuscript is in a codex No. 6230/1, with 43 ff in the manuscript collec- 
tion of the Institute of Oriental Studies, Tashkent. This manuscript copy 
was scribed in AH 1231/1816 CE according to internal evidence. Noth- 


2 This catalogue is actually a revised and updated edition of Vol. 2 of the Catalogue 
by Matvievskaya and Rosenfeld [MR1983]: Mathematiki Astronomy Musul’manskovo i 
Crednevskov’ya i iz Trudy (VIII-XVII Centuries), 3 Volumes in Russian, Izdatel’stvo 
Nauka, Moscow, 1983. It is an excellent source of information on Islamic exact science. 
Thanks to the late Prof. Boris Rosenfeld (Moscow), who presented this set to me. 

'S Cf. [Qas2014, p. 234]. Qasmi missed 3 manuscripts: one each in Aligarh and Patiala 
and one in Tonk. 
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ing is known about the author. However according to the date given at 
the beginning of the manuscript, AH1098/1687-88 CE, the author lived 
presumably in the seventeenth century. 


I am happy that I could secure the paper by Hanifa R. Muzafarova (in 
Russian) on this Persian translation, the English translation of which by 
Shamim Bano (Delhi) was edited with annotations by me.!* Ibn Yalb’s 
translation comprises two parts. Part I (pp. 138-151) deals with the Lila- 
vate and is very detailed with mathematical contents. Part IT is the trans- 
lation of Bhaskara’s Bijaganita, of which Muzafarova mentions only the 
topics, viz., the system of linear equations and their solutions. 


2. H. J. J. Winter (London) and Arshad Mirza (Delhi) translated into En- 
glish the incomplete Faydi’s Persian version of the Lilavatt extant in the 
John Rylands Library in Manchester, dated 1720 cE. The partial text 
concerns commercial arithmetic [WM1952, pp. 1—10].1° 


3. The translation by Qadi Hasan b. Khwajah Tahir bin Khwajah Muham- 
mad is entitled Tarjumah Lilavati. The undated manuscript is in Hamidia 
Library, Bhopal.'® 


4. Mednimal bin Dharam Narayan bin Kalyanmal (of Itawah and of Hindu 
caste of Kayasth) compiled in Persian a treatise on arithmetic based on 
the Lilavati. The title is Bada’% al-Funun (Novel Techniques). The year 
of writing is 1664—the sixth regnal year of Emperor Aurangzeb. Its ten 
manuscripts copies are extant in Calcutta (AS) and in the libraries of 
Hyderabad in India.!” Four manuscript copies are in Pakistan.1® 


5. Anand Kahin bin Hemraj Kayesth from Guwaliar wrote a tract Hisab 
Namah. Its two manuscripts are extant in India, one in Suleman collec- 
tion, M.A. Library (AMU, Aligarh) and another in Cultural Academy, 
Srinagar (Kashmir), in which the title of the tract is Mukhtasiri dar 
Hisab (Summary of Arithmetic). According to the cataloguer Muham- 
mad Ibrahim, ‘this tract is actually a selection from Lilavati, written in 


4 (Muz1985, pp. 135-152] is listed by Rosenfeld and thsanoglu (2003) in their Cata- 
logue at [RE2003, No. 1136, p. 365]. But they assumed wrongly that he was an Indian 
mathematician. 

15 The title of their work is ’Concerning the Persian Version of Lilavati’. The title is 
misleading, as if they commented or evaluated Faizi’s text. But this is not true. The 
authors did not evaluate or comment, rather they translated the incomplete text just 
literally. 

16 See [Ham1986, p. 72, No. 4/872]. 

7 (Qas2014, p. 235] lists the libraries and details of manuscripts, see also [Rah1982, 
p. 410]. This catalogue comprises separate sections on Mathematics, Astronomy Medicine, 
Physics, etc. 

'8 For details, see [Mon1983, pp. 179-180]. 
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1820-21’ [Ibr1986, pp. 357-358]. There are extant three manuscripts in 
Pakistan: One in Karachi (NM) scribed in 1867 and two in Lahore (PUL) 
[Mon1983, p. 192]. The scribe states in the colophon of one Ms in Lahore, 
that it is ‘Lzlavate in Persian prose, ...on arithmetic and mensuration and 
that this translation was printed in Fakhrul Mutabi Press in Delhi’.!® 


6. A late Persian translation of the Lilavatt by Hasan ‘Ali Hatiqi was printed 
in 1862 at Dilkusha Press (probably at Delhi), a copy of which is extant 
in the University Persian Collection, Aligarh Muslim University, Aligarh. 


7. Faydi’s Persian text was also translated into Urdu in 1844 by Sayyid 
Muhammad Ghafil ibn S. Mahdi ‘Ali during Emperor Bahadur Shah’s 
reign (1837-1857). Its Ms is in Aligarh (Sul. 46/2). The title is Sharh 
Lilavatt (Commentary on Lilavati), scribed in 1844 with 89 ff [Ans1995, 
p. 28] and [Kho1995, p. 99]. 


8. Another Urdu translation was carried out by a Hindu scholar Debi Chand 
in 1855 [Ans1995, p. 28]. 


These fresh Persian translations and also Urdu versions of the Persian text 
of Lilavati, listed above, indicate that just two years prior to 1857—when the 
first War of Independence broke out in the Subcontinent, in short then a very 
difficult time—the patronization of scholars continued and the work on a fresh 
translation did make sense. The same was the case also with Urdu translations 
of astronomical-astrological works, which are also listed by Ansarullah in his 


paper. 


4 Bijaganita 


The Bijaganita was translated into Persian in ca. 1634-35 by ‘Ataullah Rushdi 
bin Ahmad Ma‘mar. His father was the architect of the Taj Mahal in Agra. 
‘Ataullah was also an architect (Muhandis). He designed in Aurangabad the 
mausoleum of Dilras Bano Begum Rabi’a Daurani (d. 1659), wife of Emperor 
Aurangzeb b. Shahjahan (r. 1658-1707).2? He was the elder brother of Lut- 
fullah Muhandis, who became a famous mathematician of medieval India. 
‘Ataullah is known to have written two mathematical works. 


'® This manuscript is in the Shirani Collection of Lahore (PUL), quoted by [Ans1995, 
p. 27]. 

20 This information is given in the inscription on a bronze plate, installed on the gate 
of the mausoleum. The name of its maker is given as Hibat Ra’i. Chughta’i (p. 31) cites 
Gazetteer of Aurangabad (1883) as his reference. The plate is dated AH 1072/1661-62 CE 
[Chu1957]. 
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1. Khulasatul Raz (Essence of Mystery [of Arithmetic]) is a book in Persian 
on arithmetic, algebra and mensuration. It is in verse form and is dedicated 
to Darashikoh (d. 1657), eldest son of Emperor Shahjahan. Actually, this 
tract is an abridged translation of the popular and famous Khulasat al- 
Hisab (The Essence of Arithmetic) in Arabic by Baha’uddin al-‘Amili 
(1547-1622), which was used as a textbook in madrasas of medieval India. 


2. Tarjuma’-i Byjganit is the Persian translation of Bhaskara’s original text 
in Sanskrit, entitled Vijaganita or Bijaganita.?! It was dedicated by the 
author ‘Ataullah Rushdi to Emperor Shahjahan. E. Strachey translated 
into English this Persian version [Str1813].2? Noteworthy is that ‘Ataullah 
praises Bhaskaracarya in the introduction of his text as follows:?° 


In the science of calculations it [Bhaskara] is a discoverer of wonderful truth 
and nice subtleties and it contains useful and important problems which are 
not mentioned in the Lilavati nor in any Arabic or Persian book. I have 
dedicated the work to emperor Shahjahan and I have arranged it according to 
the original in an introduction and five books. 


In the following, I confine myself with enumerating only the extant 
manuscripts of Bzjganit on the subcontinent. The following 11 manuscripts 
of Persian texts are extant in Indian libraries to-date according to my sur- 
vey: One manuscript each is extant in Banaras (BHU), Deoband (MDU) 
and Rampur (RL), two each in Hyderabad (SL, OUL) and Lucknow 
(MNU, MWL), and 4 Mss at London (BM, IO).74 I am including the 
Mss in the libraries of the British Museum and the India Office (Lon- 
don) here, since they were extant actually in India before their transfer 
to London. 


Besides the above mentioned translation, the following two translations may 
be noted also: 


2! See for Bhaskara and his writings [SS1966, p. 20], [Stol1972, pp. 5 and 15] and 
[BiGa2009, pp. 3-301]. According to Michio Yano (Ed.), ‘..it can be called the most 
reliable and most useful edition hitherto published, since Hayashi has meticulously col- 
lated the seven most recently published editions and added seven helpful appendices, 
22 The English translation of the original Sanskrit text was carried out by Colebrooke 
[Col1817]. 

3 Cited by Strachey (loc. cit.) in the beginning of his translation of the actual text of 
Bijganit, [Str1813, p. 28]. I have compared this translation with the Persian original and 
found it quite correct. 

24 [Str1813, p. 5] did not cite any manuscript from Indian libraries. [Qas2014, p. 235] 
and [Rah1982, p. 391] list six and five Mss in India respectively. For the four manuscripts 
abroad at Cambridge, London (Royal Asiatic Society), Munich and Paris, see [RE2003, 
pp. 372-373]. 
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1. The Indian scholar Muhammad Amin bin M. Sa‘id al-‘Alawi translated 
into Persian the Sanskrit text of Bzjaganita with the title, A ‘jaz al—Hisab 
(written in 1661) during the reign of Emperor Aurangzeb. It is extant in 
the Raza Library (Rampur).?° 


2. An anonymous translation with the Persian title is Badr al—Hisab (written 
in 1688-89) and is extant in the State Central Library (Hyderabad). It is 
scribed by Raghtnath in Dhaka (now in Bangladesh).?° 


5 Siddhantasiromant 


The Siddhantasiromant was composed by Bhaskara in 1150. This treatise 
on theoretical astronomy was translated into Persian in 1797 by Safdar ‘Ali 
Khan bin Muhhammad Hasan Khan, who dedicated it to Arastu Jah (d.1804), 
the prime minister of erstwhile Nizam of Hyderabad State. The translator 
gives this information in the opening folio (1b) of his other work, Zij-i Saf- 
dart. This unique manuscript is extant in the Salar Jung Museum Library 
(Hyderabad).?” This Zij was composed in 1819 and is a translation of Zaj-i 
Grah Chandarkayt Hindi, which may be identified with the Grahacandrika 
Ganita (Calculations for Planets and Moon) by Appaya s/o Marla Perub- 
hatta (ca. 1491).?° I have not been able to locate this Persian translation of 
Siddhantasiromant to-date. 


6 Karanakutuhala 


1. The Karanakutuhala is a handbook for the calculation of planetary motion. 
It was composed by Bhaskara in 1183 [KakKu2008]. Fortunately I have 
found its complete manuscript in the Raza Library (Rampur) [CPM1996, 
p. 336]. The title of the Ms is wrongly given as Risalah dar Hay’at-i 
Hindi (Tract on the Indian Astronomy), although it signifies correctly 
the contents. The folio numbers are also wrong. The correct ones are ff. 
118-143. The anonymous scribe has written on f.118a , lines 1-3, clearly 
as follows. 


25 Cf. [CPM1996, p. 355]. 

26 Ms No. Riyadr 182, 93 ff; [Sto1972, p. 5] and [Rah1982, p. 392]. 
27 See [Ash1988]. 

8 For details see [Ans2009, pp. 261-262]. 
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It is a short [Risalah] to learn calculations for the ephemerides of planets, 
consisting of [41] chapters, which have been translated from Hindavi language 
into Persian, and which Indians call as Karanktuhal, [and] was authored by 
Bhaskarachayzj... 


The title of the Risalah and the author’s name has appeared several times 
in the text. Note that it had been customary in Indo-Persian languages 
during the medieval period to call Sanskrit, the language of India (Hind 
in Persian), as Hindavi. On the last page f.143a, the last few lines of the 
colophon carrying the scribe’s name, date and place of the writing of this 
manuscript are missing. 


2. An anonymous Persian manuscript is extant in the collection of Punjab 
University Library (Lahore).?° It is also in a codex, with ff. 26b—95a. The 
cataloguer Monzavi presumes the title as Karanktuhal. He gives also the 
text of the beginning of this manuscript, which tallies exactly with that 
given in the Rampur Ms on f.118. In fact, the few lines given at the end 
of f.143a of the Rampur Ms are also identical with the colophon of this 
Lahore Ms, as communicated to me by the former assistant librarian of 
PUL, S. Jamil Ahmad Rizvi [Riz1980, p. 40]. Therefore I identify the 
anonymous Lahore manuscript as another copy of the Karanakutuhala. It 
may be mentioned that neither Storey nor Pingree mention these Persian 
translations [Sto1972, pp. 4-5] and [CESS1981, pp. 35-36]. 


3. Finally, I may add also that a commentary in Persian on the Karanakutuhala 
is also extant. Its title is Sharh Frankuhal(a), comprising 159 ff, in the 
Punjab Public Library, Lahore (Pakistan) [Abb1963, pp. 270-271]. The 
cataloguer Abbasi points out on p. 271, that ‘the word Frankuhal is de- 
rived from the Sanskrit word Bekaran Katuhal’. The anonymous author of 
the commentary states in the text that it was written in 1809 Vikrama/ 
1751 cE. Actually, this work comprises a translation of the Sanskrit text 
of the Karanakutuhala along with a commentary. Since no other Persian 
commentary is known to-date, this Ms appears to be very important. 


7 Conclusion 


From the above-mentioned, it is clear that both Muslim and Hindu scholars 
of medieval India were translating into Persian scientific texts in Sanskrit, 


2° Cf. [Mon1983, p. 363]. The Ms No. is sh/3/102/6261. The scribe is Gul Muhammad 
who has not given the date of his writing. 
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thereby utilizing their endowed receptivity in the best tradition of the West 
and Central Asia. 


Although that trend started in the zenith of Mughal sovereignty during 
Akbar’s time, it continued on its own momentum even during the reigns of 
Muhammad Shah®° and even of the last Mughal Emperor Bahadur Shah. That 
translation activity was not confined evidently to scientific texts, but extended 
also to Sanskrit epic poems: the Mahabharata and the Ramayana, the Upan- 
ishads and literary works as well.*! I have discussed also in some detail the 
seven Indo—Persian Zijes compiled in the nineteenth century which are based 
on the following Sanskrit astronomical works: Siddhantasiromani, Ganesa 
Daivajna’s Grahalaghava, Tithicintamant and Laghucintamani, the Brah- 
matul(ya), Makarandasarani, Grahacandrika, and Bhasvatt by Satananda of 
Puri (fl. 1099) [Ans2009, pp. 256-263]. On the other hand, Emperors Akbar 
and Shah jahan commissioned teams of Muslim and Hindu astronomers to 
translate into Sanskrit the Zij-i Ulugh Beg (ZUB) and the Zij-i Shahjahani 
(ZShJ). Therefore the following moot questions may be asked to understand 
fully the medieval Indian scientific scenario. 


1. What has been the effect of these translations on Sanskrit scholars and 
their writings during the late Mughal centuries? Did Islamic astronomy 
make some dent in Siddhantic astronomy? 


2. What happened to the school of translation founded by Sawa’i Jai Singh 
after his death? Did the translations in Sanskrit of Euclid’s Elements and 
Ptolemy’s Almagest by Jagannatha find an echo in Sanskrit scientific lit- 
erature and contributed to the methodological development of Siddhantic 
astronomy in the late Mughal centuries? 


Let me cite here a couple of instances to answer the earlier question in affir- 
mative. Pandit Nityananda, the court astronomer of Shahjahan, was ordered 
to translate in 1630 the ZShJ into Sanskrit. Manuscript copies of this San- 
skrit text with the title Siddhantasindhu are extant: One in the Maharajah 
Man Singh Museum, and three copies in the Royal collection (Khasmohor) in 
Jaipur.°? Nityananda wrote another astronomical treatise, Sarvasiddhantaraja 
in 1639, in which Islamic astronomy is presented in the style of Yuga astron- 


3° The copy of the Persian Bijganit by ‘Ataullah extant in Sa‘idiyah Library (Hyderabad) 
is dated 1733-34; the reign of Muhammad Shah is specifically mentioned by the scribe in 
the colophon. 

3! Cf. the recent catalogue by [Qas2014] for Sanskrit texts in general. I have already men- 
tioned Faydi’s translation of the romantic story of emperor Nala and princess Damayanti 
(Nal wa Daman in Persian) as related in the Mahabharata. 

82 One Ms No. 256 (Khasmohor collection) bears the seal of Shahjahan, cf. [Pin1996, 
pp. 471-48, esp. 476-480]. 
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omy.°® Further in one Sanskrit Ms No. 5484, Khasmohor collection (Jaipur), 
the lunar theory of the ZUB is compared with that of the ZShJ. 


May I finally come to the end by appealing to young generation of scholars 
to survey Sanskrit primary sources thoroughly and to trace this side of the 
history of science in medieval India, in order to complete the full circle of 
receptivity by both Persian-knowing scholars and Sanskrit vidvans. 
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33 For details, see [Pin2003, pp. 269-284]. 
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Appendix 


List of acronyms for manuscript libraries or collections: 


Acronym Name/place of the repository 


ASL Asiatic Society Library, Calcutta (modern Kolkata). 


BHU Banaras Hindu University, Banaras (modern Varanasi). 
BM British Museum, London. 
HL Hamidia Library, Bhopal. 


TAU Idarah Adabiyat-i Urdu (Institute of Urdu literature), Hy- 
derabad. 


IO India Office Library, London. 


IL Iqbal Library, Kashmir University, Srinagar, Kashmir. 
JHL Central Library of Jamia Hamdard, New Delhi. 
KhB Khuda Bakhsh Oriental Public Library, Bankipur, Patna. 


MAL /coll.||Maulana Azad Library, Aligarh Muslim University, Aligarh, 
Manuscript collections: Subhanullah (Subh), Habib Ganj 
HG), Suleiman (Sul), Qutbuddin (QD). 


MDU Madrasa Darul ‘Ulum, Deoband. 

MNU Madarasa Nadwatul ‘Ulama’, Lucknow. 
MW Madrasatul Wa‘izin, Lucknow. 

NM National Museum, Karachi, Pakistan. 


OUL Osmania University Library, Hyderabad. 
PL Public Library, Patiala. 

PPL Punjab Public Library, Lahore. 

PUL Punjab University Library, Lahore. 


RL Raza Library, Rampur. 
RML Library of the Raja of Mahmiudabad, Lucknow. 


SCL State Central Library, formerly Asafiyah, Hyderabad. The 
Mss are now housed in A.P. Govt. Oriental Manuscripts Li- 
brary and Research Institute, Hyderabad. 


SJM Salar Jung Museum Library, Hyderabad. 
SL Sa‘idyah Library, Hyderabad. 


TL Library of the Arabic and Persian Research Institute, Tonk, 
Rajasthan. 
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Note: Published catalogues of almost all these libraries are available. A 
number of catalogues of Persian manuscripts have been published by the Re- 
search Centre of Indo-Persian Language at the Iran Cultural House, New 
Delhi. However in a couple of madrasas, I found only an accession register. 
For want of space, I am not listing them in the bibliography. Moreover, I am 
including in this list the libraries of the India Office and the British Museum 
(London), since most of their manuscripts belonged originally to the Indian 
subcontinent. They are now housed in the British Library (London). For Mss 
collections of other libraries in Berlin, Paris, Vienna, Istanbul and Central 
Asian countries etc., see the catalogue by Rosenfeld and Thsanoglu [RE2003]. 
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The use of Bhutasankhyas in the Lilavati 
of Bhaskaracarya 


Medha Shrikant Limaye* 


1 Introduction 


The Bhutasankhya system is a method of expressing numerals with specific 
words in Sanskrit. In this system words having symbolic meaning are used 
to connote numerical values. The use of Bhutasankhyas can be traced to 
several centuries before the common era, as we find its usages in Pingala’s 
Chandassastra. Sanskrit astronomical and mathematical texts were usually 
composed in verse form so there was difficulty in denoting very big num- 
bers. Hence this method of object (or word) numerals became popular among 
Indian astronomers and mathematicians. The system has also been used in 
inscriptions and manuscripts for specifying dates. Various innovative methods 
of using Bhutasankhyas are found in mathematical texts. Bhaskaracarya was 
a skilled writer and one of the striking features of the Lilavati is the choice 
of precise and specific words. This paper throws light on the Bhutasankhyas 
used in the Lilavati of Bhaskaracarya. 


2 Numerical notations in Sanskrit 


Numbers have been an important medium of counting since primitive times 
and the base of the number system was ten in many early civilizations. In 
ancient India too the first nine natural numbers, ten and several powers of 
ten were denoted by words. Sanskrit words for the first nine natural numbers 
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are eka, dvi, tri, catur, panca, sat, sapta, asta, and nava. The words for groups 
of ten are found in the Rgveda.! The system of naming the notational places 
increasing successively in powers of ten was also developed at that time. In the 
Taittiriya Samhita the list is found up to 12** power of ten and the names are 
eka, dasa, Sata, sahasra, ayuta, niyuta, prayuta, arbuda, nyarbuda, samudra, 
madhya, anta and parardha.” 


3 The continuity of tradition 


The continuity of this tradition is seen in the works of later mathemati- 
cians. Aryabhata names ten notational places.? Sridharacarya,* Sripati® and 
Bhaskaracarya® enumerate eighteen numeral denominations. 


Mahaviracarya names twenty-four places.’ As regards to this, Alberuni 
points out [AIB1910, p. 174]: 


at grat ears aren TAP sige: | 

STE: BAIS Ga: GAS AT Fae II 

a fesrear Fiera areratet deareerar eretyasr: | 

aT Ugrerd Geass VSI Sa APTI 

HAA ATA AeatSt set ARS: | 

oe FET OTEAG BI Sx TAT THAT ATA [RgSa1936, 2.18.4-6 
2 Sa A ay sear daa: Ueda vo ad T Ves aad vw Pad o wad ude o =e 

OT UAge Wet Teas wTdaar A sr sea GAs: Ved | [TSam1990, 4.4.11 
Suh Gao ad UT ee SGA gd Ta Wa 

ledge OT Fs VIM WIM SSP SATII [AB1976, v. 2.2 
4 Ud Sar TASS at: US SAA Wad aleragarsst we Pred TI 

TAMERS teh SRat oie AAI! FEL ORATST AAS SAY: TST: II 

[PaGal959, vv. 7-8 


° Uh CRIA Md WT MeaASATaad TF Haz 

sat I wad w alferargé varas Saal 

fradeat ao Feretst ay WARISTAAT FEAT | 

SREP TTE EAT fe agp gare sgl ware ll [GaTil937, vv. 2-3] 


waar wel arses Serpe: AST: | 

Tara: Va STENT Het: Fa II [Lila1937, vv. 10-11] 
"ub ¢ wea fads cerita | dle eatene: wage ¢ weal 

Ugd aried 3S ergata aw | wet cae g aed ateeara 

Aae Caled Ga states: | age exe se areata 

wd atest verad wader | vat cgest da Herat ¢ steer l 
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I have studied the names of orders in various languages with all kinds of people with 
whom I have been in contact, and have found that no nation goes beyond thousand. 
The Arabs too stopped with the thousand which is certainly the most correct and 
the most natural thing to do...Those, however who go beyond the thousand in 
their numerical system are the Hindus. ...They extend the names of the orders of 
the numbers until the 18th order for religious reasons, the mathematicians being 
assisted by the grammarians with all kinds of etymologies. 


4 The Bhutasankhya system 


In spite of these developments, there was difficulty in denoting very big num- 
bers in astronomical and mathematical texts. To overcome this difficulty, a 
novel system using the alphabet was used by Aryabhata to denote numbers. 
But most of the letter chronograms, formed according to his system, were very 
difficult to pronounce and remember. Probably for this reason, the system was 
not accepted by later mathematicians. Hence another method was put to use 
to represent numbers, namely, the Bhutasankhya system. It is a method of 
expressing numerals with specific words having symbolic meaning in Sanskrit. 
In this system numbers are expressed by names of things or concepts which 
connote numbers. Varahamihira, Brahmagupta, Bhaskara I, Mahaviracarya 
and Sripati used this system extensively in their texts and Bhaskaracarya 
followed this tradition. This paper investigates how Bhaskaracarya has made 
use of the Bhittasankhyds (object numerals) in the Lilavati. 


5 Historical background of the Bhutasankhya system 


In the Katyayana Srautasitra the names of the metres Gayatri and Jagatt 
have been used to denote the numbers twenty-four and forty-eight respectively. 
But early usage of this system was without place-value. It was used with 
place-value notation in astronomical texts like the Suryasiddhanta and the 
Parcasiddhantika as well as in the Agni-Purana [DA2001, pp. 53-63]. 


aot Beeet Ge Aer ees | MF Aaeet wart Heres J feel 
fadaftaterart sete fatter | Siders abt wereat sar 


[GSS1912, vv. 63-68] 
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In the Vedanga Jyotisa, the words rupa and bhasamuha have been used 
to represent numerals 1 and 27 respectively.® In metrics, while giving the 
definitions of metres, the caesura was given by using word numerals. For 
example, in the definition of the metre mandakranta, the words ambudhi, rasa 
and naga are used to denote 4, 6 and 7 respectively.? The system is used in 
the dates of inscriptions and in manuscripts too. 


6 Advantages of the Bhutasankhya system in 
mathematical texts 


This system of metonymic expression of numbers was quite suitable for 
number-centric disciplines like mathematics and astronomy. Most of the San- 
skrit texts were composed in verse form and a common feature of mathemat- 
ical works was the use of various suitable metres. The metrical verse form 
was close to music and it helped a lot for memorization through recitation. A 
great variety of synonymous words in Sanskrit containing different numbers 
of syllables referring to a particular object could be employed to denote a 
particular number by using the Bhutasanikhya system. 


Although metrical convenience was the prime reason behind developing 
this system, it served another purpose of bringing together mathematics and 
culture. Various familiar concepts from the vedas, puranas, mythology and 
environment were utilized for object numerals. The use of object numerals 
indirectly helped to enrich pupils with our history and culture while learning 
mathematics. Moreover the Bhutasankhya system had a mnemonic value as it 
is always easier to remember numerical data with object-names. In addition, 
it helped in conserving the texts with better accuracy. Regarding this facet 
P. V. Kane says [Kan1958, pp. 701-703]: 


This was a very reliable method when in astronomy huge figures had to be employed 
and works were not printed but only copied by hand. In ancient times the writers 
of manuscripts might often omit zeros or other figures, but if words with a fixed 
meaning in relation to numbers were used, they would not be so easily dropped 
and as many works were metrical, the omission of a word, if any, might have been 
far more easily detected. 


° Fagg get erat Bods I gra! sepa Py aaifer aareh ar fais ay. 7 
fagerd facaedt Sort sgeipey! var aed caren fate: a fergary eal vj. 23 
fears wereaaraaal| rss sae Faeaerarariestail v7. 20 


[VJ1985, pp. 25 and 29] 
9 FTAPAPGRREAMAT at TAAAT! [Dev1997, p. 1092] 
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7 The use of Bhutasankhya System in the Lilavati 


It is observed that various innovative methods of using Bhutasankhyas are 
found in mathematical and astronomical texts. Single words indicating a digit 
were commonly used but sometimes a single word denoted a two-digit number 
too. Appropriate words were placed one after the other with place value to 
form long numbers and read from right to left as per the principle — ankanam 
vamato gatih (the numerals proceed to the left). Sometimes a compound of 
object numerals and usual numerals was conveniently used. Bhaskaracarya 
has employed all these varieties in the Lilavati. 


The following classification of Bhutasankhyas in the Lilavati will give the 
idea about the variety of words used by Bhaskaracarya to denote numbers. 


Bhutasankhyas related to astronomy and the calendar 


Kha, Nabhas, Abhra: The Sky (0): Although sunya is frequently used in the 
Lilavatt to denote zero, the synonyms of the sky kha, nabhas, abhra are 
used to denote zero because the sky was considered to be an empty space. 


Indu, Candra: The Moon (1): The moon is the only natural satellite of the 
earth and an object giving light at night. 


Ku, Bhi: The Earth (1): The earth is unique in many respects. 


Yuga: Age or Era (4): According to the Hindu calendar, yuga is the name 
of an epoch or an era. These epochs or long periods of years are four 
in number. Visnupurana’® mentions their names as Krta or Satya, Treta, 
Dvapara, and Kali. 


Go: Planets (9): One of the meanings of the word go is ‘a region of the 
sky’ [Mon1979]. In Hindu astrology, nine planets were known as Mavigala, 
Budha, Brhaspati, Sukra, Sani, Rahu, Ketu, Surya and Candra. 


Dik: The Directions (10): The numbers eight and ten were usually denoted 
by the word dik. The Sanskrit names for the eight cardinal points of the 
universe are purva, pascima, uttara, daksina, agneya, nairrtya, vayavya, 
wanya. The words urdhva and adhara are for the upward and downward 
directions respectively. By adding these two directions, the number becomes 
ten. In the Lilavati, dik denotes ten. 


0 od to aoe aesta Upp! wread ae wT sat eat FAI 
Tea ARs TS SIRI FEA Hd Fa aa alos + Fara! 
[ViPul986, 701-703] 
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Tithi: Lunar days (15): In the Hindu calendar, the basic unit is tithi or lunar 
day. There are fifteen days in one paksa. 


Bha: Lunar mansions (27): In Hindu astronomy, twenty-seven lunar man- 
sions — naksatras —are known. So the word bha meaning naksatras occurs 
for twenty-seven. 


Bhutasankhyas related to deities and concepts mentioned in Vedas 
and Puranas 


Yama: A pair (2): Yama, the ruler of the departed, is mentioned by the 
word mithuna (pair) in the Rgveda."! 


He is paired with a twin sister Yami or Yamuna.!? 


Agni: Fire (3): The sacrificial fire was of three kinds namely gdarhapatya, 


ahavaniya and daksina.'% 


Rama: (3): Traditionally three great persons are named as Rama namely, 
Parasurama, Ramacandra and Balarama. Parasurama was the son of Ja- 
madagni.!* Ramacandra, was the hero of the epic Ramayana and Balarama 
was the elder brother of Krsna, represented as armed with a plough-share 
and known as the patron of agriculture.!° Hence the word is used to denote 
three. 


Sagara, Abdhi, Ambhodhi: Ocean (4): This is a symbolic expression for the 
number four. Four principal oceans were reckoned, one corresponding to 
every quarter of the sky [Mon1979]. 


gay Flea Fae SMa HY Ice RAT. 
age sia yar aad AEA AUST FA Tail [RgSa1936, 3.39.3] 
2 err: frqatt: aAadh TATE! 
Sarat SAMA SAAT TART STA: II 
18 efron teresstat satsaa: | 
AMAIA Fa Witt: PeHArSAg: Il 
14 SUSE Ua ARTA FETA: | 
VARA TIM eSTISP POT: Il 


6 Fg WeME! TaeatseyaTT: | 
LAIARAT VA: HATTA HTT TE: II 


[AmKo2012, 1.1.61 


[AmKo2012, 2.6.13-14 


[MaBt1929, 1.66.48 


[AmKo2012, 1.1.24 
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Veda: (4): The word denotes four as the Vedas are four namely Rgveda, 
Yajurveda, Samaveda and Atharvaveda. 


Isu, Bana, Sara: Arrow (5): Madana or Kamadeva, Indian god of love, is tra- 
ditionally represented as armed with five floral arrows, namely, Aravinda, 
Agoka, Cuta, Navamallika and Nilotpala. Also five physical arrows of Ka- 
madeva are mentioned as unmadana, tapana, Sosana, stambhana, and sam- 
mohana. '6 


Agva, Turaga: Horse (7): The Rgveda Sanihita, mentions that the chariot of 
the Sun has seven horses.‘7 


Adri, Saila: Mountain (7): According to the Visnupurana, there were seven 
principal mountains called kulacalas namely Mahendra, Malaya, Sahya, 
Suktimat, Rksa, Vindhya and Paripatra.'® 


Kumbhin: Elephant (8): Eight elephants, diggajas, are associated with eight 
gods known as astadikpalas, who guard the eight cardinal directions. The 
names of the elephants are Airavata, Pundarika, Vamana, Kumuda, Afi- 
jana, Puspadanta, Sarvabhauma and Supratika.'9 


Vasu: (8): Vasus form a group of eight deities known as elemental gods 
representing aspects of nature. According to the Mahabharata the group 
of them includes Apa, Dhruva, Soma, Dhara, Anila, Anala, Pratytisa and 
Prabhasa.?° 


Rudra, Madanari, Iga: (11): Synonyms of Siva represent the numeral eleven 
as it was believed that Siva has eleven forms of Rudras. The Mahabharata 
gives the names as Mrgavyadha, Sarpa, Nirrti, Ajaikapadat, Ahirbudhnya, 
Pinakin, Dahana, Isvara, Kapali, Sthanu and Bhaga.?! 


Surya, Arka, Tigmakara, Divakara, Ravi: Sun-God (12): The concept of twe- 
Ive suns (Adityas) corresponds to twelve months of a year. According to 


6 anf sath oad a aanigerl Aeters wud West Saal 
SAARI SST: START | SATA HTT TSP STOTT: Weir: II 
[AmKo2012, 1.1.57, vv. 1-2 
17 Se car eat <a aera Sa BS srifearscheat fraser | [RgSa1936, 1.50.8 
18 weal Woe: Gel: UPHAM ATs: | reser wos art GOI: Il 
[ViPu1986, 2.3.3 
19 Ogre: Quectant Sr: SASS | Tera: STS: Gotteser FEPTST: Il 
[ViPu1986, 1.3. 182-183][AmKo2012, 1.3.3. 182-183 
20 et Yas Urs sesaMotsre: | WAIA WARTS Teast wht: Il 
[MaBt1929, 1.66.18 
"1 Fat AMET: Gar fafeat: VETS: | VaHTSST Aa: VAT: TAT: TRAST: II 
rears aia Pea Aersen:| sternarefeger: Park a wat: Il 
SeSAATAT HAT T Hera: | ATP TAT APTI Bal THT SAAT: Il 


[MaBt1929, 1.66.1-3] 
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the Mahabharata their names are Dhata, Mitra, Aryaman, Sakra, Varuna, 
Ansa, Bhaga, Vivasvan, Pusan, Savitr, Tvastr and Visnu.?? 


Vigva: (13): Visvedevas denote a group of deities. In the Rgveda, a number 
of hymns are addressed to them. Although the word Visva is found for the 
number thirteen, reference to thirteen deities in the group is not found in 
Rqveda. However, according to the Visnupurana they were the ten sons of 
Visva, daughter of Daksa.?° According to Monier Williams, their names are, 
Vasu, Satya, Kratu, Daksa, Kala, Kama, Dhrti, Kuru, Pururavas, Madravas 
and two others are added by some viz. Rocaka or Locana and Dhvani [or 
Dhiuri, or this may make thirteen [Mon1979]. 


Indra, Manu, Sakra: (14): In the Puranas it is said that fourteen manvan- 
taras make a kalpa - a period corresponding to a day of Brahma and every 
Manvantara has one Indra. According to the Visnupurana, their names 
are Svayambhuva, Svarocisa, Uttama, Tamasa, Raivata, Caksusa, Vaivas- 
vata, Savarni, Dasasavarni, Brahmasavarni, Dharmasavarni, Rudraputra, 
Rauncya and Bhautya.?* 


Bhutasankhyas related to philosophy 


Guna: Quality (3): According to Hindu philosophy, gunas, meaning qual- 
ities or fundamental operating principals of prakrti are three in number. 
They are sattva, rajas and tamas.?° 


2 aftat arcane: ByaT FataRT:| T Ustad FTAA ARTI 
Oat ASAT Seal ASST Ts Tl PT Aaa GST ST Slsar <a 
UHRAT AST Blea AM Sad | Tas SATA OTP: Il 
[MaBt1929, 1.65.14~-16] 

3 read TEI GA AAAS! AFT FT FEA Tare frat a ar sar 
UATAM SI Aa: TaTIM H Boy] fracared Tess: AA BTA SST I 

[ViPul1986, 1.15.105-106] 
4 aeaya AG: Yat AG: LARISSA SHARAF AS LAT TAT ETAT I 
yee Faatsdtar: BPM Va: Goel Saeaises Tl Se Ta 
arated wpatset Hae aa aa ATTA AAT Tar ART Il 
saat Sareea AST Aa Aa! ORT ARTA Beata Fall 
Sat TATA M eae AF ATs] QUAL Pasarela BRT: Il 
Taree Afar warattaat Aas Pagar HPTAT Prater seta Il 
SAGA AAT lsat AIST AAs! FATUTAT FT aaeat Ala IT A ERAII 
saree Vea aaa At A] BATT: PVA: HAT: TART: I 


Wages AT alata BRR FoI Vp ATS AAI 
[ViPu1986, 3.1.6-7, 3.2.15, 20, 24, 28, 32, 36, 40] 
25 ppt ath GSAS Tal OT TAA! «= [SaKKal837, Karika Bhasya 11, p. 10] 
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Bhuta: Elements (5): In Sa7ikhya philosophy the traditional number of gross 
elements was five and they were called pancamahabhutas. They are Prthut 
(earth), Jala (water), Agni (fire), Vayu (air) and Akaga (sky).2° It was 
believed that the whole universe is pervaded by these elements. So the 
word bhuta is used to denote five. 


Jina: (24): According to Jainism, Jina is the name which implies saints. 
Jina is especially one venerated as a tirthankara. Names of twenty-four 
tirthankaras are frequently referred to in Jaina texts. According to a 
treatise Devatamurtiprakaranam, their names are Rsabha, Ajita, Samb- 
hava, Abhinandana, Sumati, Padmaprabha, Supargva, Candraprabha, Pus- 
padanta, Sitala, Sreyanisa, Vasapatnya, Vimala, Ananta, Dharma, Santi, 
Kunthunatha, Ara, Malli, Munisuvrata, Nami, Nemi, Pargvanatha, Vard- 
hamana.2" Svayambhustotra composed by Acarya Samantabhadra contains 
an adoration of these twenty-four tirtharkaras [SvS2015]. 


Tattva: (25): According to Sankhya philosophy, there are twenty-five ele- 
ments or tattvas. They are avyakta, buddhi, ahankara, the five tan-mantras 
or subtle elements, the five mahabhutas or gross elements, the eleven organs 
including five jnanendriyani, five karmendriyani and manas or mind and 
the last one purusa, in all making the number twenty-five.?® 


fears: SifescslsaeAT OT: Ae LSTATAT: II 
[AmKo2012, 1.4.29] 


[SaKal837, Karika Bhasya 22, p. 20] 
27 ESSN VIM: | Gale: Tas Bore: SAM: II 
TS: Tera: Saat Sarat Aa: | Marat aaa eas Aatsa aaa | 
SrA SIATIRAgSA Baa: | AAR: oefarat ataredta: TAI 
dada varedterner Fe: | [DeMu2003, 7.1-3 


et aust Pret aft gerd art aera 
[SaKal837, Karika Bhasya 1, p. 1 


ameahadatd at Ah Healeghetese: Ge aah 
UTM | ah WI! at GSTs] Tada Taser Aa Aenea Het 
Uae Sar wT vafsartaaar steal [SaKa1837, Karika Bhasya 2, p. 3 


[SaKal837, Karika Bhasya 22, p. 21] 
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Other concepts used as Bhutasankhyas 


Rupa: Form, Figure (1): The word is used as a term for number one meaning 
a single specimen or exemplar. 


Netra, Locana: Eyes (2): As every human being has two eyes, the words 
netra, locana denote two. 


Yuga, Yugala, Yugma: A pair (2): This word, literally meaning a yoke, is 
used to denote two. 


Rasa: ‘Taste (6): This word is used for six because according to Ayurvedic 
tradition, there are six types of taste. Caraka Samhita mentions them as 
madhura, amla, lavana, katu, tikta, kasaya.?° Incidentally, Bhaskaracarya 


has listed all these sadrasas in a numerical problem on combinations.*” 


Svara: Notes (7): In music seven principal notes of the scale are found. The 
Natyasastra of Bharatamuni mentions them as sadja, rsabha, gandhara, 
madhyama, pancama, dhaivata, nisada.*! 


Anka: Digits (9): There are nine digits from one to nine. 


Nanda: (9): It is the name of a dynasty of kings in Magadha. There were 
nine kings who ruled the kingdom. 


Nrpa: King (16): Sixteen great kingdoms existed from 600 BCE to 400 BCE 
in India. According to the ancient Buddhist text Ariguttara Nikaya those 
mahajanapadas were Anga, Magadha, Kasi, Kosala, Vajji, Malla, Ceti, 
Vanisa, Kuru, Paricala, Maccha, Siirasena, Assaka, Avanti, Gandhara and 
Kamboja [AnNi1899, p. 252]. The word nrpa has reference to the kings of 
these sixteen kingdoms. 


Dhrti: (18): Dhrti is the name of a metre having eighteen syllables in each 
pada. 

Atidhrti: (19): Atidhrti is the name of a metre having nineteen syllables in 
each pada. 

Nakha: Nail (20): Humans have twenty nails. 

Utkrti: (26): Utkrti is the name of a metre having twenty-six syllables in 
each pada. 


Danta: Teeth (32): A grown-up human being has thirty-two teeth. 


9 ySg LAT SAT WMA: GAAS: AYR MA he HHI: II 


[CaSa1896, ch. 1.26.9] 
8 cpfemMleaenl TTag HITT HARTA 
vase: eptra aff SS aiaster: I [Lila1937, v. 116] 
31 eer TAT FUR PARATAT| yal daasta wars Psrearil 


[NaSa2006, 28.21] 
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8 Notable features of Bhutasankhyas in the Lilavati 


Bhaskaracarya displays high literary skill in the Lilavatt. Various metrical 
forms such as Malini, Sardilavikriditam, Sikharint and Vasantatilaka have 
been used by him in the Lilavati. So object numerals were very suitable for 
such elegant aksara-gana-vrttas. Bhaskaracarya had a wide vocabulary so he 
has used a variety of object numerals related to many branches of culture. He 
has used some uncommon ones too. For instance, the words Arka, Divakara, 
Surya, Ravi used by him are commonly found for the number twelve but the 
word Tigmakara, meaning the sun, is not frequently used in mathematical 
texts. Similarly the word Kumbhin (elephant) for eight and the words atidhrti 
and utkrti denoting nineteen and twenty-six respectively are rare. 


Although Bhaskaracarya has taken full advantage of the Bhitasarnikhya sys- 
tem, he has used the system wisely and selectively. He was not only a mathe- 
matician but also a good teacher. His book is written following the tradition- 
ally important maxim “proceed from the easy to the more difficult”. Most of 
the topics discussed in the chapters ending with Prakirnaka, are comparatively 
easier and the numerical examples too are composed in simple language rarely 
employing object numerals in those topics. The first instance of object numer- 
als on a large scale is found in the chapter on mixtures. There, while giving 
numerical problems based on the formulae to find weight and fineness of gold, 
he has used several object numerals in three numerical problems [Lila1937, 
vv. 104, 107, 109]. 


It is remarkable that all these numerical examples occur in the same math- 
ematical topic and contain similar styles of language. In definitions of mea- 
surement units (Paribhasa), only in the table for measurements of gold does 
he use the word Indra for fourteen [Lila1937, v. 3]. Also in the chapters on 
eight operations on numbers, the word Divakara is the only word found in the 
numerical example on multiplication where the multiplier is twelve [Lila1937, 
v. 17]. 


Bhaskaracarya has freely used the Bhutasankhya system particularly in the 
chapter on Ksetravyavahara (Geometry) of the Lilavati. A typical instance can 
be mentioned to illustrate the ease with which he has used the object numerals 
in a geometrical formula giving lengths of the sides of regular polygons of sides 
3, 4, 5, 6, 7, 8 and 9 inscribed in a circle of diameter 120000 units. As the verse 
contains big numbers consisting of five or six digits, the system was extremely 
suitable for expressing the numerical data.°? 


2 AS s Sensis: | TOM SaIs SSAA: HATA 
ayaa is ASA TaP Ne: | SRA FASTA II 
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Similarly one may find verses employing both the standard word numerals 
and the object numerals. For instance, in the verse giving the value of 7, the 
well-known ratio of circumference and diameter of the circle, the author has 
used usual numeral dvavimsati for twenty-two and the object numeral Saila 
for seven in the second line where the gross value of 7 equal to 2 is given. 
But in the first line the word bhanandagni denotes the number 3927 where 
bha stands for 27, nanda for 9 and agni for 3. The word khabanasurya denotes 
the number 1250 where kha stands for 0, bana for 5 and surya for 12. So the 
value is obtained as 027 equal to 3.1416, which is a better approximation of 
m. Here again two object numerals, bha and surya have been used to denote 


two-digit numbers 27 and 12 respectively.*? 


Occasionally, original number-words are mingled with the Bhutasankhyas 
[Lilal937, v. 191]. Here, the word khastayama (kha + asta + yama) has been 
used where kha denotes zero, asta is usual numeral for eight and yama denotes 
two. In another example Bhaskaracarya uses the word dasesarka to denote 
three different numbers giving values of the sides of three irregular solids. Here 
dasa denotes ten with usual numeral and iga and arka stand for eleven and 
twelve respectively [Lilal1937, vv. 215-216]. Also the word satsvaresu denotes 
a three digit number 576 where sat means six, svara denotes seven and isu 
denotes five [Lila1937, v. 223]. 


9 Conclusion 


The above analysis makes it clear that although a language tool is at hand, 
a skilled writer like Bhaskaracarya handles it in a careful and effective man- 
ner. Moreover, Bhaskaracarya as an excellent teacher judiciously employs the 
Bhutasankhyas wherever it was necessary for metrical structure. By selecting 
Bhutasankhyas from various branches of culture he also made his teaching of 
mathematics culturally relevant. This was possible for him because he had an 
excellent command over language. 


Culturally relevant teaching has now become more widely known and ac- 
cepted method to help students excel in education. It is noteworthy that 
ancient Indian mathematicians were thinking in a similar way and they tried 
to teach mathematics in the context of different cultural ideas. One of the dis- 
tinctive features of the Lilavati is the choice of precise and specific words and 


CSSA Sd HAS SAT: | 

FarasaaTat Farad GI TTR I [Lila1937, vv. 206-208] 
3 cored arated feerh warors: URI: a Be | 

aldatad fedse ae: wrals sar SST ERAPAE II [Lila1937, v. 199] 
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such clever use of language can be experienced in the use of Bhutasankhyas 
too. Hence to conclude it can be said that Bhaskaracarya’s mathematical skills 
and literary skills went hand-in-hand in the Lilavatu. 


Appendix 


The table below presents a list of the Bhutasankhyas used in the Lilavati. 


Word = |Number Verse Numbers Page Numbers 

3 | three 199, 203, 206 197-198, 203, 207 

He —_|nine 170, 206 158, 207 

SIGE II ninteen 191 190 

3fz seven 232 240 

3feT four 212 216 

3H zero 206, 208 207 

STAT [four 265 279 

3h twelve 86, 104, 164, 207, 208,/81, 100, 152, 207, 214, 
211, 215, 235, 240 221, 244, 247-248 

TA seven 206 207 

ZZ [one 175, 191 165, 190 

om fourteen 3, 109, 8, 103 

By five 207, 223, 232 207, 230, 240 

sar eleven 107, 215 102, 221 

sepid twenty-six {191 190 

oa one 119, 207 113, 207 

Sar |eight 265 279 

ag zero 45, 46, 47, 191, 199, 206,39, 40, 190, 197, 198, 207, 
208, 211, 255, 267 214, 265-266, 281 

JT {three 109, 191 103, 190 

aT nine 191 190 
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nine 
twenty-four 
twenty-five 
twelve 
fifteen 
seven 
thirty-two 
ten 

twelve 
eighteen 
twenty 
nine 

Zero 
sixteen 
two 

five 
twenty-seven 
five 

eleven 
fourteen 
two 

four 

two 

two 

two 

six 

twelve 
three 


eleven 


109, 206. 233 


219 
80, 167, 191, 230 
202 


175, 207, 224 
199, 207, 233 
206 

150, 224 

107 

199, 206, 207 
199, 203 

265 

175 

167 

191 

104, 206 

25, 69, 131 
54, 99, 100 
67 

174, 206, 232 
170 

207 

104, 203 


103, 207, 241-242 
190 

190 

225 

75, 154, 190, 238 
202 

233 

100 

16, 158 

190 

165, 207, 231 


197-198, 207, 241-242 


207 

141, 231 

102 

197-198, 207 

197-198, 203 

279 

165 

154 

190 

100, 207 

24, 65-66, 121 
49-51, 93, 95 
64 

163, 207, 240 
158 

207 

100, 203 
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one 
two 
eight 
thirteen 
four 
fourteen 
five 
seven 
four 
twelve 


seven 


61, 244, 257, 268 
104 

107 

104, 233 

104, 201, 206, 207, 229 
203 

191, 265 

160, 199 

207 

175, 199 

223 


56-57, 253, 267, 282 
100 

102 

100, 241-242 

100, 200-201, 207, 237 
203 

190, 279 

149, 197-198 

207 

165, 197-198 

230 


(Verse numbers and page numbers are as per [Lila1937].) 
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Implications of Bhaskaracarya’s Lilavati 
to the Common Core State Standards in 
Mathematics 


Hari Prasad Koirala* 


1 Introduction 


After the publication of the Common Core State Standards for Mathemat- 
ics (CCSSM, 2010) in the United States, over forty of the fifty states have 
adopted them in their school mathematics curriculum. The CC'SSM docu- 
ment is ambitious not only in terms of mathematical content in each grade 
level and development over time across grade levels, but also in terms of 
eight mathematical practices that are expected of every student irrespective 
of their grade level [CCS2010]. The purpose of this paper is to highlight how 
Bhaskaracarya’s text, entitled the Lalavati, written in 1150 CE can be used 
to address some of the standards from the CCSSM in the United States. 
The text contains topics from “arithmetic, elementary algebra, geometry, and 
mensuration” [Rao2004, p. 153]. It is written elegantly in poetry using every- 
day contexts such as flowers, forests, lakes, animals, people, sales, debts, and 
assets. All of these contexts have the potential to make mathematics more in- 
teresting and relevant to students even today. If students are convinced that 
mathematics is relevant to their lives, it can increase their perseverance in 
mathematical activities, which is one of the major goals of the CCSSM. This 
paper will discuss how some of the problems from the Lilavatt have the po- 
tential to motivate students in today’s world and engage them in meaningful 
mathematical activities. 


*Email: koiralah@easternct.edu 
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2 The CCSSM 


The CCSSM mathematical contents from grades K-8 have been categorized 
under 11 mathematical domains: counting and cardinality, operations and al- 
gebraic thinking, number and operations in base 10, measurement and data, 
geometry, number and operations—fractions, the number system, expressions 
and equations, statistics and probability, ratios and proportional relation- 
ships, and functions. These topics are further explored at the high school 
level, which are divided into six conceptual categories: number and quantity, 
algebra, functions, modeling, geometry, and statistics and probability. 


Among these topics, operations and algebraic thinking and geometry are 
given a high emphasis at the elementary school level. The number and op- 
erations in base 10 is expected in all grade levels K—5. The standards focus 
on whole numbers in grades K—2 and on fractions, decimals, measurement, 
ratio and proportions in grades 3-7. The CCSSM expects that the students 
will develop computational fluency using a variety of strategies [DP2012]. The 
CCSSM also argues that students need to reason mathematically and pro- 
vide justifications of their thinking. It states: “one hallmark of mathematical 
understanding is the ability to justify, in a way appropriate to the student’s 
mathematical maturity, why a particular mathematical statement is true or 
where a mathematical rule comes from” [CCS2010, p. 4]. If students are en- 
couraged to explain and justify their mathematical thinking early on, their 
understanding of numbers and operations will be naturally extended to alge- 
braic thinking in the middle and high schools. 


Besides mathematical content appropriate to particular grade levels, the 
CCSSM expects that every student has the opportunity to be involved in 
making sense of problems and persevering in solving them using abstract and 
quantitative reasoning. The students are also expected to recognize and use 
mathematical structure in problem solving and communicating their ideas 
with others. They are also encouraged to use tools and models to enhance 
their mathematical understanding. 


3 The Lilavatt 


Bhaskaracarya, born in India in 1114 CE and often referred to as Bhaskara II 
(hereafter Bhaskara), was one of the eminent mathematicians of the twelfth 
century. His most celebrated work, the Lilavati, has been very popular as an 
independent text because of its wide appeal and applications. This ancient text 
is composed of many computational rules and mathematical problems, rang- 
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ing from numbers and operations on whole numbers and fractions to quadratic 
equations and permutations and combinations. Several topics covered in the 
book are similar to the topics suggested by the CC'S'S'M for elementary, mid- 
dle, and high school mathematics. The major content domains suggested in 
the CCSSM but absent in the Lilavati are statistics and probability and 
functions. 


Despite these similarities, the Lilavati uses a different approach of presen- 
tation compared to modern mathematics textbooks in at least three different 
ways. First, the Lalavati was not written for commercial purposes, it was writ- 
ten to teach mathematics to Bhaskara’s daughter whose name was Lilavati. 
This was a genuine attempt of a father, a celebrated mathematician and as- 
tronomer, to motivate his daughter to learn mathematics and its importance 
in the world. She was considered an intelligent girl by Bhaskara and was ad- 
dressed by him with love and affection throughout the book. He wished his 
daughter to be remembered by people for many generations in the future 
through this book. Second, unlike a modern mathematics textbook, the Lila- 
vatt is a book of mathematics written in poetry. The entire book consists 
of 275 verses [Col1993]. It integrates mathematics and poetry in an unusual 
way by showing the power of both poetry and mathematics to encourage cre- 
ative thinking and problem solving. The book contributes enormously to the 
field of mathematics. However, it also contributes equally to the field of lit- 
erature. Third, the book takes a balanced approach to expository teaching 
and problem solving. Throughout the book, simplicity, conciseness, and mul- 
tiple strategies of solving problems are valued and encouraged. These ideas 
are illustrated in this paper by citing some Sanskrit verses from the Lilavati. 
The English translations of the chosen verses as well as their contemporary 
relevance within the context of the CC'S'SM are also provided. Discussed be- 
low are some mathematical principles valued by both the Lilavati and the 
CCSSM. 


4 Deepening mathematical understanding through 
multiple approaches to computations 


Although the Lilavatt provides many direct rules without explanations, there 
are parts in the book that emphasize multiple strategies for computations in 
solving problems. In Chapter 2, the book provides eight operations of arith- 
metic, namely addition, subtraction, multiplication, division, square, square 
roots, cube, and cube roots. Although the rules and problems on addition 
and subtraction are brief, they emphasize the importance of adding numbers 
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based on the places of their digits. It is interesting that Bhaskara recom- 
mended adding and subtracting either from right to left or vice versa. Even 
though adding and subtracting from left to right is not a popular strategy 
used by textbooks and teachers in our society, it would be beneficial to use 
both strategies suggested by Bhaskara, given that many elementary school 
students and preservice teachers do not have an in-depth understanding of 
place value concepts [Tha2010]. Clearly, the emphasis here is not whether 
a particular operation is done from left to right or viceversa, but whether 
students understand the place value system and demonstrate computational 
fluency. 


Perhaps the most notable implication of Bhaskara’s Lilavati in elemen- 
tary school mathematics is in the teaching of multiplication. The CCSSM 
intends that the third graders “understand properties of multiplication and 
the relationship between multiplication and division” (p. 23). In fourth grade, 
students are expected to “multiply a whole number of up to four digits by a 
one-digit whole number, and multiply two two-digit numbers, using strategies 
based on place value and the properties of operations” (p. 29). Just like in 
the CCS'SM, Bhaskara emphasized multiple strategies and rules to perform 
multiplication, providing an opportunity for students to understand its nu- 
ances. In the Lilavatt he described various methods of multiplication in two 
and a half stanzas. Considering the fact that he used only half a stanza to 
provide the rules of addition and subtraction, Bhaskara has given significant 
importance to multiplication in his book. He presented five different methods 
of multiplication, namely direct method, split method, factor method, place 
method, and the method of adding or subtracting [Lila1989]. 


Provided below is a verse from the Lilavati (verse 16) to illustrate various 
methods of multiplication. 


BAIA HAP TSS 
fears yor ta yar sg: ars eI 


bale balakurangalolanayane lilavati procyatam 

paticatryekamita divakaraguna ankah kati syuryadi | 
rupasthanavibhagakhandagunane kalpasi kalyanini 

chinnastena gunena te ca gunita ankah kati syurvada || 

Beautiful and dear Lilavati, whose eyes are like a fawn’s! Tell me numbers re- 
sulting from one hundred and thirty-five, taken into twelve, if thou be skilled in 
multiplication by whole or by parts, whether by subdivision of form or separation 
of digits. Tell me, auspicious woman, the quotient of the product divided by the 
same multiplier [Col1993, pp. 7-8]. 
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The above problem can be solved by five different methods described by 
Bhaskara as follows: 


iF 


Direct method: multiply 5 by 12 to get 60 ones, multiply 3 by 12 to get 
36 tens and multiply 1 by 12 to get 12 hundreds. Add all of them to 
get 1620. This method also includes the tatstha method used by previous 
Hindu authors [Col1993]. 


. Split method (subdivision of form): Split 12 into 8+ 4 and multiply 135 


by 8 to get 1080 and multiply 135 by 4 to get 540. Add these products 
to get 1620. This is the same as 135(8 + 4), the distributive property of 
multiplication over addition, which has been emphasized in the CCSSM. 
It is also important to note that 12 could have been split as 10 + 2. That 
would be more efficient than splitting 12 as 8+ 4. Bhaskara recommended 
splitting them into two convenient parts and given his emphasis on math- 
ematical conciseness and the importance of the place value system it can 
be argued that he would have preferred to split 12 as 10 + 2. 


. Factor method: 12 can be factored into 4 and 3. So first multiply 135 by 


4 to get 540 and then multiply it by 3 to get 1620. This method simplifies 
the place values and makes the problem easier to solve. 


. Place method (taking the digits as parts): This is the same as the tradi- 


tional algorithm that is commonly used in elementary classrooms. Multi- 
ply each digit of the multiplicand by each digit of the multiplier and add 
all of them carefully considering their place values. 


. Method of adding or subtracting: Add or subtract a convenient number to 


the multiplier to make the calculation easier and multiply the multiplicand 
by the new number. Then subtract or add the product of the added or 
subtracted number with the multiplicand. So 135 x 12 could be written 
in various forms, such as 135 x 2+ 135 x 10 or 135 x 20 — 135 x 8. This 
method is similar to the split method described above. 


These methods also lead to 135 x 12 = 135 x 2(12+2); so multiply 270 by 6 and 
multiply 540 by 3. Students are expected to understand that the problem is 
mathematically identical if the multiplicand is multiplied by a number as long 


as 


the multiplier is divided by the same number. It is also noteworthy that 


Bhaskara suggested to reverse the multiplicand and the multiplier to make 
computations easier, basically applying the commutative rule of multiplication 


(a 


xb=bxa). 


After focusing on multiplication, he introduces division simply as an in- 


verse process of multiplication, assuming that the students who are skillful 


in 


multiplication should have no difficulty understanding division. Besides 


this, he extends the factor method of multiplication to division. For example, 
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1620 + 12 is the same as 405 +3 (being reduced to least terms by the common 
measure 4). Through these examples, Bhaskara clearly indicated that varied 
methods of computations are important to enhance students’ computational 
fluency and mathematical thinking. These methods are also emphasized by 
the CCSS'M. Focusing on a variety of computational methods such as these 
enhances students’ computational fluency and understanding, particularly in 
two CC'S'SM domains: Number & Operations in Base 10 and Operations and 
Algebraic Thinking intended for the elementary school. 


5 Relevance of mathematics in day to day problems 


The Lilavati is organized into 13 chapters. Like many mathematics textbooks, 
it begins with definitions of technical terms and measuring units such as 
money, weights, time, and distance. All of these terms were related to the 
day to day problems of that time. Even though the book was not intended for 
the masses, the problems presented there were easy to make sense of as they 
were practical and relevant to the individual learner and to the community 
at large. Bhaskara used various contexts such as people, sales, profit, travel, 
and religious information to pose his problems. Provided below is a problem 
(verse 52) based on the Hindu religion and culture that Bhaskara followed: 


Brarekeat at gar aay | 

erate Se: Wert ster: 

WHoniowen feamarente cell 

amalakamalarasestryamsapancamésasasthaih 

trinayanaharistrya yena turyena carya | 

gurupadamatha sadbhih pujitam Sesapadmath 

sakalakamalasamkhyam ksipramakhyahi tasya || 

From a certain quantity of pure lotus flowers, a third were offered to Lord Shiva, 
a fifth to Lord Vishnu, a sixth to the sun, and a quarter to the goddess. The 
remaining six lotuses were offered to the guru. Tell me quickly the total number of 
lotuses. 


Bhaskara provided the rule of supposition to solve these kinds of problems. 
Supposing that the whole quantity of lotus flowers is 1, the problem can be 
solved as follows: 


Here, sath part of a whole is 6. Therefore the whole must be 6 x 20 = 120. 


His rule asked students to divide 6 by a0 which yields 120. 
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This problem can be easily solved by using simple algebra as follows: 


(25228) 6 
x = 6. 
3.5 6 4 


Solving for x, the total number of lotuses is 120. It is worth noting that these 
two solutions, numeric (by supposing the whole as 1) and algebraic (by sup- 
posing the whole as x) are very similar. In both cases students use supposition, 
1 for the numeric solution and «x for the algebraic solution. This maintains the 
structure of mathematics as suggested in the CCSSM. In grade 7, students 
are expected to “use variables to represent quantities in a real-world or math- 
ematical problem, and construct simple equations and inequalities to solve 
problems by reasoning about the quantities” (p. 49). In grade 8, students are 
required to “solve linear equations with rational number coefficients, including 
equations whose solutions require expanding expressions using the distribu- 
tive property and collecting like terms” (p. 54). If algebra is used, the problem 
above fits well with the 8th grade expectations from the CCSSM. 


Even though the above problem is presented in a religious context to make 
it relevant to people, the context can be easily changed to fit the needs of stu- 
dents in the United States or elsewhere. It would be worthwhile to ask students 
to change the context of the problems based on their situation. The teacher 
may state, “This problem was created by Bhaskara in India in 1150 CE. How 
would you change the context of this problem so that the problem remains 
mathematically the same?” After this exercise students could be encouraged 
to develop new problems in which both the contexts and mathematics are 
new. Such activities encourage student’s creativity and their ability to use 
language to formulate mathematical problems that are founded on everyday 
contexts of students. 


Problems like these also provide an opportunity for students to connect 
arithmetic operations to algebra, which is one of the major goals of the 
CCSSM. Questions can be asked: In Bhaskara’s method, can you suppose a 
number other than 1? Why or why not? Which method, numeric or algebraic, 
is easier to understand? Why? These questions will be helpful for students 
to understand that algebra is simply an extension of arithmetic and is more 
powerful in generalizing mathematics. 


Provided below is another verse (verse 53), which is framed in the context 
of pilgrimage, taxes, and charity: 


TATE MAT WAT AIST GTS ASAT HTT 


Ses genapy aps ope mer Se: arash 
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svardham pradat prayage navalavayugalam yo’vagesacca kasyam 
Sesamghrim Sulkahetoh pathi dagamalavan sat ca sesadgayayam | 
Sista niskatrisastirnijagrhamanaya tirthapanthah prayatah 

tasya dravyapramanam vada yadi bhavata Sesajatih Sruta’sti || 


A pilgrim gave half his money [to Brahmins] at Prayaga. He spent two-ninths of 
the remainder at Kasi and a quarter of the residue as taxes on the road. He then 
spent six-tenths of the remaining amount at Gaya. When he returned home from 
his pilgrimage, he was left with sixty-three niskas. If you have learned the method 
of fractional residues, state his original amount of money. 


This problem is more complicated than the lotus flower problem presented 
above. Bhaskara suggested solving this problem by using the method of frac- 
tional residues as follows: 


Suppose the pilgrim took 1 niska with him. Then, 


Prayaga :1 — ; a ; left 
Kast :2 x ; a asie, ; - — - left 
Taxes i x a 7 1.€ iB a mn left 
Gaye ig “oa 40 ot ao 60 


Therefore, the pilgrim had the amount of: 


63 


= = 540 niskas. 


60 


Assuming that the pilgrim had only one niska to begin with could be confusing 
to students, as they would be thinking that the pilgrim must have taken more 
than one niska for his journey. To avoid this confusion, the teacher should 
ask some questions such as: Can this problem be solved by assuming other 
numbers, for example assuming that the pilgrim had 100 niskas to begin with? 
If we begin with 100 niskas, does it make the problem solving process easier or 
more difficult? What would be the rationale of assuming the total amount to 
be 1? The discussion of such questions will help students to understand that 
assuming one or other numbers is fine. However, assuming 100 as a whole 
could lead to more difficult computations because it is not divisible by 9 or 7. 
Depending on their background knowledge, this may motivate them to solve 
this problem algebraically by setting the original amount as x. The problem 
can be solved step by step as above or directly by: 


= (2 ae: , (% Lge Pe es Gale ~ 63 
an) Or ae ig 4” 18 72 10° 72) 
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7x Tx 
That means (= _ =) = 638 > — = 63 


Even though this problem is more complicated than the lotus flower prob- 
lem, this provides an opportunity for advanced mathematical content for stu- 
dents. It also allows the teacher to differentiate instruction based on a stu- 
dents’ background knowledge of mathematics. 


Making mathematics related to the real world was so important to Bhaskara 
that he provided many other problems based on everyday contexts that in- 
volved varieties of mathematical topics. He provided several rules and prob- 
lems on purchase, sales, interest, and investment that were very practical. 
Here is one problem (verse 93) framed in the context of business investment 
that requires an understanding of ratio and proportion: 


pancagadekasahita ganakastasastih 

panconita navatiradidhanani yesam | 

prapta vimisritadhanaistrigati tribhistaih 

vanijyato vada vibhajya dhandni tesam || 

Three grocers invested 51, 68, 85 [niskas] respectively. Skillfully they increased 
their total assets to 300 [niskas]. State the shares of each. 


Bhaskara gave the following rule (verse 92, half a stanza) to solve these kinds 
of problems: 


water frerear fern wettest Gap Henryl 
praksepaka misrahata vibhakta praksepayogena prthak phalani || 


An individual’s share (after business) is the individual’s investment multiplied by 
the total output and divided by the total investment. 


Using this rule, the above problem can be solved as follows: 
Total investment = 51 + 68 + 85 = 204. Total output = 300. 
Therefore their shares are: 


51 x 300 68 x 300 85 x 300 
——— = 75; —~—— = 100; ———— = 125. 
204 i 204 ae 204 2 


This problem can also be solved algebraically by assuming a, b and c as indi- 
vidual investments and « as the total output. In this case, the solution would 
be: 
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ax br Cx 
a+b+c’ at+b+c’ atb+c 
Even though Bhaskara wrote his book more than 800 years ago, these prob- 
lems are still relevant in today’s society. Over this period, several standards for 
teaching mathematics have come and gone. However, no standards in school 
mathematics have undermined the relevance of mathematics in the everyday 
world. 


6 Teaching mathematics by drawing examples from 
nature 


Bhaskara seemed to have great love for nature and natural phenomena, which 
made him compose several problems involving nature, bees, butterflies, birds, 
and other animals. An example (verse 68) is provided below: 


Waitt Led ae Ardsheal 

alikuladalamulam malatim yatamastau 

nikhilanavamabhagascalint bhrigamekam | 

nisi parimalalubdham padmamadhye niruddham 

pratiranati ranantam bruhi kante lisamkhyam || 

From a swarm of black bees, the square root of half the total went to a shrub 
of jasmine. So did eight-ninths of the whole swarm. A male bee captivated by 
the fragrance was confined within a lotus because it closes at night. The scared 
black bee began to hum. A female bee heard the humming and started to buzz in 
response. O beloved, how many bees were there? 


This problem is fairly complex. Bhaskara provided the rule for assimilation 
of the root’s coefficients in verses 62-63, which essentially requires a solution 
to the problem by completing the squares on both sides of the equation. The 
rule specifically states “to add the square of half the multiplier of the root to 
the given number”[Col1993, p. 38]: 


Let the number of bees in the swarm be x. Then, 


1 8 x /1 
x 5% gt = 2 9 go? 


Setting y = $x, we get, 
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Because this is a standard form, we can use Bhaskara’s rule and add en on 
both sides. 


Hence, y = 386 or x = 72. Thus the number of bees in the swarm is 72. 


These kinds of problems and solutions fit well with high school algebra 
in the CC'SSM, particularly the domain of “Reasoning with Equations and 
Inequalities” abbreviated as A— RET. The following two standards are directly 
from the CCSSM [CCS2010, p. 65]: 


Solve quadratic equations in one variable. 


a. Use the method of completing the square to transform any quadratic equation 
in x into an equation of the form (x — p)? = q that has the same solutions. 
Derive the quadratic formula from this form. 


b. Solve quadratic equations by inspection (e.g., for gt = 49), taking square roots, 
completing the square, the quadratic formula and factoring, as appropriate to 
the initial form of the equation. 


While this problem fits well in the common core state standards, the problem 
posed by Bhaskara has many interesting aspects. First the problem is pre- 
sented in a verse using natural phenomena. It almost reads like a story and 
presents an account of an unfortunate situation two bees are going through. 
It shows the love the bees offer to each other and gives life to a mathematical 
problem that would otherwise be dull and routine. 


Bhaskara noted that these kinds of problems are easier to solve, if solved 
for «? rather than for 2. An opportunity for further mathematical thinking 
can be created if the teacher asks students: Is it better to solve this problem 
for x? or x? Why? After some discussion students can realize that solving this 
problem for 2x? saves some steps. 


Let the number of bees in the swarm be 227. Then, 


8 Qu? 
2 = = 2 = = 2 = 
2x x 9 (2x ) 2-> 9 w=2>2 hd 9. 
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Because this is a standard form, we can use Bhaskara’s rule and add ey on 
both sides. 


Hence, 7 =6 or 2x? = 72. Therefore the number of bees in the swarm is 72. 


This problem not only fits well with the algebra standards from the 
CCSSM but also can create a good opportunity for differentiating instruc- 
tion. If students are struggling to solve this problem algebraically, the solution 
can be obtained by guessing and checking. Because the total number of bees 
in the swarm was the square root of half the total, the logical guesses would 
be the numbers that are two times as large as the perfect squares. The first 
10 perfect squares are 1, 4, 9, 16, 25, 36, 49, 64, 81, and 100. Therefore the 
possible numbers of bees in the swarm are 2, 8, 18, 32, 50, 72, 98, 128, 162, 
and 200. The problem also states that eight-ninths of the total went to a shrub 
of jasmine, which implies that the total number of bees must be divisible by 
9. This leaves only three possible solutions from the above set of numbers: 
18, 72, and 162. Out of these three numbers, only 72 satisfies the equation: 


oo fie = 2. Therefore the total number of bees must be 72. In case the 
solution was not obtained by using the first 10 perfect squares, another set 
of perfect squares could have been tried. It appears that Bhaskara chose the 
numbers to be small enough so that the solution could also be obtained by 


guessing and checking. 


This problem is but one example from the Lilavati that integrates nat- 
ural phenomena with mathematical problem solving. There are many other 
context-based problems in the text which are consistent with the goals of the 
CCSSM in that the purpose of school mathematics is to help students to 
recognize and utilize the power of mathematical reasoning. 


7 Problem integrating different areas of mathematics 


As described above, Bhaskara presented many problems that naturally ex- 
tended from arithmetic to algebra. He clearly distinguished between vyakta- 
ganita (arithmetic) and avyaktaganita (algebra), and wrote a separate book on 
Bijaganita (algebra) focusing on the study of unknown quantities. Bhaskara 
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remarked in his Bijaganita that “mathematicians have declared algebra to 
be calculation accompanied by proofs; otherwise, there would be no distinc- 
tion between arithmetic and algebra” [BiPa2012, 8]. Even though Bhaskara 
distinguished between arithmetic and algebra by writing two books, one in 
arithmetic and one in algebra, some basic rules and concepts provided in the 
Lilavati are repeated again in the Bijaganita. It is clear that Bhaskara’s work 
shows how algebra grows out of arithmetic. The CC'SS WM also clearly indicates 
this relationship between arithmetic and algebra. The students are expected 
to understand the structure of numbers and develop computational fluency in 
the elementary grade levels and develop a more comprehensive understanding 
of those structures using algebraic principles in the middle and high school. 


Although it is important to integrate arithmetic and algebra as discussed 
above, mathematics does not end by integrating only these two areas. Chal- 
lenging mathematical problems integrate arithmetic, algebra, and geometry 
in a way people can understand. Bhaskara brought these pieces together in 
several problems including the one (verse 150) presented below: 


ated eters fares aga sreiteravet Rac: 

wt ceraiked Potrredsawareneay | 

tate fromssraatdd ft a Tea 

faut afe caiterd afafte: arta Tease: I 

asti stambhatale bilam tadupari kridasikhandi sthitah 
stambhe hastanavocchrite trigunitastambhapramanantare | 


drstuahim bilamavrajantamapatat tiryak sa tasyopart 

ksipram bruhi tayorbilat katimitaih samyena gatyoryutih || 

There was a snake hole at the foot of a pole, nine cubits high. A domesticated 
peacock was sitting on its summit. Seeing a snake at the distance of thrice the 
pole crawling towards the hole, the peacock obliquely pounced on the snake. If the 
peacock and the snake moved an equal distance, say quickly, how far from the hole 
did they meet? 


This problem can be presented as shown in the diagram in Figure 1. The 
problem integrates arithmetic, algebra, and geometry very well. At the same 
time, it is set in an appealing context, which makes the application of the 
Pythagorean theorem much more interesting. 


The problem can be solved using the theorem as follows: 


(27-2)? =27 +9? 
(27)? —54r+ 27 =27 +81 
27(27 — 2a — 3) =0 
(or) «=12. 
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ee 


Figure 1: The peacock and snake problem. 


So the peacock pounced on the snake at 12 cubits away from the hole i.e., 
the base of the pole. Besides integrating arithmetic, algebra, and geometry, 
this problem also introduces the concept of mathematical modeling. We know 
for sure that the actual path traced by the peacock cannot be a straight 
line and also the fact that the peacock and the snake cannot move at the 
same speed. However, by formulating such creative mathematical problems 
the students come to understand that certain simplifying assumptions need 
to be made. Such a situation creates an interesting scenario for mathemati- 
cal modeling which is one of the six content standards recommended by the 
CCSSM for high school mathematics. The CCSSM states that “mathe- 
matically proficient students who can apply what they know are comfortable 
making assumptions and approximations to simplify a complicated situation” 
(p. 7). Although Bhaskara did not use the term mathematical modeling in his 
writing, the solutions to some of his problems require it. 


This problem also allows students to realize that mathematical structures 
are valuable in all branches of mathematics, which is an important goal en- 
visioned by the CCSSM. It is also important to note that the Lilavatt was 
written in verses to address questions in science (astronomy) that required 
mathematics. The verses in the Lilavati perfectly follow the meter and prosody 
of poetic traditions in India during that time. When the verses are read with 
appropriate rhythms, styles, intonations, and facial expressions, they add a 
new dimension to mathematical problems. When the verses are read following 
these traditional standards, people consider the reading as a form of perform- 
ing arts. To make it more interesting, music can be added. So the mathematics 
becomes a playful activity. The Lilavati is an exceptional piece of work that 
integrates several branches of mathematics with science (astronomy), litera- 
ture (poems), and performing arts. If students have the opportunity to learn 
mathematics while integrating these various areas, there is a good chance that 
they will be motivated to learn mathematics and persevere in solving problems 
as emphasized in the CCSSM. 
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8 Integration of intuitive and formal approaches to 
mathematics 


Unlike geometry in ancient Greece, the Lilavati does not use an axiomatic 
approach to mathematics. The rules and problems are presented intuitively. 
Even though diagrams were not used, the descriptions of problems through 
verses were highly visual. Because of Bhaskara’s poetic ability, the situa- 
tion and contexts of the mathematical problems are descriptive and allow the 
learner to construct visual imagery of the problem situation. For example, the 
swarm of bees problem (verse 68) and the peacock and snake problem (verse 
150) are so descriptive that it is not difficult for students to construct visual 
imagery of the problems in their mind. Construction of visual imagery of the 
problem situation helps students to make sense of mathematical problems 
which is one of the mathematical practices suggested by the CCSSM. 


As stated earlier, the problems in the Lilavati use an intuitive approach 
to mathematics. For example, in the fraction problems (verses 52 and 53), 
Bhaskara suggested solving the problems by assuming the original quantity 
to be 1, which represents a whole. Even though it is possible to solve these 
problems by assuming other numbers, the process is simplest if the total is 
assumed to be 1. Nevertheless, as discussed above, these problems can be 
solved by using algebra, which is a more formal approach to mathematics. 
Problem after problem, the Lilavati provides an opportunity for students to 
integrate intuitive and formal approaches to mathematics. This promotes the 
idea that mathematics is a sense making process, and at the same time it is 
also a discipline that values abstract reasoning. Both of which are hallmarks 
of the CCSSM. 


9 Conclusions 


The purpose of this paper was to show how the problems from Bhaskara’s 
Lilavati, written more than 850 years ago have the potential to help students 
achieve some of the content domains and mathematical practices as outlined 
in the CCSSM. As shown throughout this paper, the problems in the Lilavati 
can be solved by applying the rules provided by Bhaskara and also by applying 
modern algebraic principles. If students are given an opportunity to solve these 
problems both by using Bhaskara’s rules and algebraic procedures, they will 
not only realize how the same problem can be solved in multiple ways, but 
also understand the inherent relationship between numeric operations and 
algebraic thinking, which is one of the goals outlined by the CCSSM. 


422 Implications of Bhaskaracarya’s Lilavatt to CCSSM 


Even though the Lilavati did not necessarily explain why the rules worked, 
most of these rules can be easily connected to modern algebraic principles as 
discussed throughout this paper. What is really unusual about the Lilavati 
is that it provides mathematical rules and problems using beautiful verses 
that combine mathematics with nature, people, business, and art. Such a 
combination of mathematics with our everyday world can be fascinating to 
students around the world and help them persevere in solving problems as 
envisioned by the CCSSM. 
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